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AbstractThis paper studies space bounded algorithms, i.e., algorithms that use a con-stant amount of scratch space, for the k{server problem. The paper �rst showsa characterization of the set of space bounded algorithms that are competitive in�nite metric spaces. The result yields a method for (1) e�ectively deciding if agiven space bounded algorithm is competitive in a given �nite metric space, and(2) for designing competitive space bounded algorithms in �nite metric spaces.The above results are then re�ned, in particular using the geometry of metricspaces, to develop two methods for obtaining an upper bound on competitivefactors of arbitrary space bounded algorithms. One of these methods is thenused to show that any algorithm, employing the Least Recently Used strategy,is linearly competitive on a uniform metric space.1 IntroductionOn-line problems arise quite often, and quite naturally in computer science. Thedynamic nature of these problems demands algorithms for these problems to makedecisions without full knowledge of the impact of their decisions on the future perform-ance of these algorithms. Many data structuring problems and scheduling problemsare on-line problems. [5] proposed an abstract model for capturing on-line problems,and subsequently [18] formulated a variant of on-line problems|the k{server prob-lem. k{server problems can be used to model a variety of problems in computerscience including, among others, paging and planning the motion of the several headsin a multi-headed disk. Essentially, the k-server problem is to come up with a k{server algorithm which, given as input a point, (typically called a request), in a metricspace, moves at least one of its k servers to that point (typically called servicing therequest), and then waits for the next request. Furthermore, the amount this algorithmmoves its servers, also called the cost of the algorithm, should be as little as possible.[18] conjectured that for each k, there is a k{server algorithm that, for any requestsequence, does not have a cost more than k times the optimal cost necessary to ser-vice the requests|this is now known as the k{server conjecture. k-server algorithmsthat have a cost within a constant factor of the optimal cost are called competitive,and the factor is called the competitive factor of the algorithm.For completeness, we �rst formally de�ne the k{server problem and some relatednotions in Section 2. In Section 2.2 we present a literature survey of the work thathas been done on this problem. As will be seen there, the k{server conjecture remainsunresolved.Our work, presented in Sections 3, is, in a lot of ways, along the lines of [5] and [18]mentioned above. In Section 3 we focus on k{server algorithms, that use a constantamount of scratch space, for the k{server problem (we call these space bounded al-gorithms) in �nite metric spaces. Most real{life problems that can be modeled ask{server problems get requests from a �nite metric space. Also, an algorithm thattakes up arbitrarily large amounts of scratch space, e.g., algorithms that take intoaccount their decisions on all the past requests before making a decision for the cur-rent request, are unlikely to make their decisions in real{time, thus making themimpractical for on-line problems. [5] gives an upper bound on the competitive factor2



of any space bounded algorithm in a �nite metric space; [18] presents algorithms for2 and (n�1) servers, leaving open the search for competitive space bounded k{serveralgorithms (2 < k < n � 1) in �nite metric spaces with n points. We essentiallysettle this question by characterizing the set of space bounded algorithms that arecompetitive in a given �nite metric space. In fact, our result yields a method fore�ectively deciding if a given space bounded algorithm is competitive in a given �nitemetric space, and also a method for designing competitive space bounded algorithmsfor any given space bound and any �nite metric space!In Section 4, we provide twomethods to compute upper bounds on the competitivefactors of competitive space-bounded algorithms operating on �nite metric spaces. Inparticular, focusing on the geometry of metric spaces, we show that the competitivefactor of the LRU paging strategy is linear in the number of servers (pages).2 The k{server ProblemLet M be a metric space with metric dM(�; �). We conceptualize M as being aset of points r1; r2; : : : ; ri; : : : Finite metric spaces are those which contain only �-nitely many points. For a �nite metric space M, the diameter of M is equal tomaxfdM(ri; rj) j ri; rj 2Mg. We use � and �0 to denote request sequences whichare essentially strings inM�. For all � and �nite �0, �0 �� will denote the request se-quence comprising �rst of the requests in �0 followed by requests in �. For a sequenceof requests � = r1r2 : : : rn in M, for each i � 1, �i denotes the request sequence �repeated i times.2.1 De�nitions and NotationDe�nition 11. A k{con�guration in M is a multiset of cardinality k and comprising of pointsin M. CkM denotes the set of all k{con�gurations in M.2. A matching fc1;c2 between k{con�gurations c1; c2 2 CkM is a multiset bijec-tion mapping points in c1 to points in c2; the weight of fc1;c2 , denoted byweight(fc1;c2), is equal toPi2c1 dM(i; fc1;c2(i)). For all c1; c2 2 CkM,DM(c1; c2)denotes the distance between con�gurations c1 and c2 and is equal to the weightof the matching between the two con�gurations with minimum weight.3. A sequence c0c1c2 : : :, such that for all i � 1; ci 2 CkM is a k{service in M. Wewill also say that this k{service in M starts at c0.4. The cost of a k{service s = c0c1c2 : : : in M, denoted costM(s), is given bycostM(s) = DM(c0; c1) +DM(c1; c2) + � � � :5. Let � = r1r2 : : : be a request sequence in M. A k{service in M, c0c1c2 : : :, isa k{service for � starting at c0 i� for all i � 1; ri 2 ci. For all c 2 CkM, for all�, skM(c; �) denotes the set of all possible k{services for � starting at c in M.3



6. For all c 2 CkM, for all �, the optimal cost in M for servicing � starting at cwith k servers, denoted optkM(c; �), is the minimum cost over all k{services inskM(c; �).We now proceed to formally de�ne a k{server algorithm and the notion of com-petitiveness of such algorithms.De�nition 21. A is a k{server algorithm in M i� [A : CkM � M� ! CkM] and (8c 2CkM)(8�)(8r 2M)[r 2 A(c; � � r) and A(c; � � r) = A(A(c; �); r)].2. Suppose A is a k{server algorithm. Then, for all request sequences � = r1r2 : : :and for all k{con�gurations c 2 CkM, A(c; �) is the sequence of con�gurationsstarting at c, given by A(c; �) = c�A(c; r1)�A(c; r1r2) : : :A(c; r1r2 : : : ri) : : :Thecost incurred by A in servicing �, starting at c, inM, denoted COSTM(A; c; �),is given by COSTM(A; c; �) = costM(AM(c; �)):3. For B, a real number, a k{server algorithm is B{competitive in a metric spaceM i� there exists a real number b such that for all c 2 CkM and for all �,COSTM(A; c; �)� B � optkM(c; �) + b:A k{server algorithm inM is said to be competitive inM i� it is B{competitivein M for some B. A k{server algorithm is B{competitive (competitive) i� it isB{competitive (competitive) in all metric spacesM.We now isolate a property of optimal servicing schedules for request sequences ina large class of metric spaces. The metric spaces M considered herein are those forwhich there exists a � > 0 such thatmin fdM(ri; rj) j ri; rj 2Mg > �:Finite metric spaces clearly constitute an example of such metric spaces.De�nition 3 A request sequence r1r2 : : : in M is a �{distinct sequence in M i�the cardinality of the set of distinct points in the sequence is exactly �.Lemma 1 Suppose M is a metric space wherein the distance between any two dis-tinct points is at least � > 0. For each k � 1, let �k be the set of all (k+1){distinctsequences in M. Then, for every k � 1, for every c 2 CkM, for every �nite � andevery �0 2 �k, optkM(c; �:�0) � optkM(c; �)+ �.Proof. Fix c; k; � and �0 = r1r2 : : : as above. Let s�;�0 be an arbitrary k{servicefor � starting at c. Then, s�;�0 can be written as c � s� � s�0 where c � s� is a k{servicefor � starting at c, and, c� � s�0 = cr1cr2 : : : is a k{service for �0, where c� is the lastcon�guration in s� . Note �rst that costM(c � s�) � optkM(c; �). Let ri be the �rst4



request point in �0 such that ri 62 c�. Since �0 is a (k + 1){distinct sequence andsince c� 2 CkM, from the pigeonhole principle we can conclude that such an ri exists.It now follows that either DM(c�; cr1) 6= 0 or there exists j, 1 � j < i such thatDM(crj ; crj+1) 6= 0. Hence, it follows that costM(c� � �0) � �, since any matching ofk{con�gurations in M with non{zero weight has weight at least �.Thus optkM(c; � � �0) � costM(c � s�;�0) = costM(c � s�) + costM(c� � s�0) �optkM(c; �) + �:2.2 Survey of Results on the k{Server ProblemThe k{server problem was proposed in [18] as a variant of the metrical task systemsstudied in [5]. Metrical task systems are essentially domains of dynamic systems; thesystems themselves, in the terminology of [5], are scheduling algorithms. A metricaltask system is a pair (S; d), where S is a collection of states, and the state transitioncost function d is a function that associates a real number with every ordered pairof states. A metrical task system is said to be symmetric i� d is symmetric. As ascheduling algorithm is given tasks, it changes from one state in S to another; witheach such change of state there is an associated cost (given by d). The schedulingalgorithm makes its decision of which state to go to based on its current state and thetask at hand; clearly, these decisions are made without full knowledge of their futureimpact on the costs to be incurred by the algorithm.Prior to this formulation of metrical task systems, [19] studied an on{line al-gorithm (essentially a scheduling algorithm), \move-to-front", for dynamically main-taining a linear list, and showed that the amortized performance (proposed in [20]) ofthis algorithm is within a constant factor of the optimal for this problem, i.e., the bestperformance over all algorithms, including o�{line algorithms, for this problem. [15]coined the term competitive for such algorithms, i.e., those on{line algorithms, for agiven problem, whose amortized performance is within a constant factor (competit-ive factor) of optimal cost (o�{line cost) for that problem, and devised competitivecaching strategies for snoopy caching systems.[5] adopted the notion of competitive algorithms, and showed that in general forevery metrical task system with n states, there is a competitive scheduling algorithmwith competitive factor no more thanO(n2), and in particular, for symmetric metricaltask systems, this factor is no more than 2n � 1. (As will be pointed out later, ourmodel for �nite metric spaces and space bounded server algorithms is essentially asymmetric metrical task system. Thus these results apply to our model too.)Most practical problems such as planning the motion of the several heads in amulti-headed disk under a sequence of requests, and the paging problem do not needthe generality of metrical task systems, and can be formulated as server problems [18].As far as competitive on{line server algorithms are concerned, [18] showed the seriouslimitation that the competitive factor of a k{server algorithm can be no lesser than kif the metric space of requests has at least k+1 points! They also conjectured, what isnow well-known as the k{server conjecture, that for each k, there is a k{competitive(competitive factor of k) k{server on{line algorithm. The truth of this conjecturestill remains an open question. [18] also devised a 2{server algorithm, and showed,5



using what they call the method of residues, that this algorithm is 2{competitive forsymmetric metric spaces. In [18] there is also a study of the server problem wherethe servers are allowed excursions and the metric space of requests is �nite; theyresolve the cases of 2 and (n{1) servers in a metric space with n points, and mentionanalogous results for less than (n{1) servers as an open problem. Our work, presentedin Section 3 below, sheds some light on this problem.For practical problems, it is imperative that on{line algorithms make their de-cisions in real-time. It thus seems natural to study algorithms that do not take intoaccount a lot of past history or possible future requests. Memoryless on{line al-gorithms, a special case of such possibly fast on{line algorithms, that do not basetheir decisions on anything other than the current request to be serviced (in theterminology of the k{server problem) and the current positions of the servers, werestudied in [6]. They presented a k{server algorithm DOUBLE COVERAGE for re-quests on the real line R1, and showed, using amortized analysis, that this algorithmis k{competitive; furthermore, they isolated a necessary condition for memorylessalgorithms to be competitive on the real line. In [9], it was proved that an analogof DOUBLE COVERAGE is k{competitive on trees (with path length as the associ-ated metric). [6] also presented a k{competitive k{server algorithm for asymmetricmetric spaces{the weighted cache problem, and showed that there is no memorylesscompetitive algorithm for this problem.[7] proposed a new approach for k{server algorithms. Essentially, the algorithmmoves its servers in a virtual metric space, keeping track of all relevant history inthe positions of the servers in the virtual metric space. They �rst showed [7] thattheir 2 server algorithm which uses this approach is 2{competitive on any metricspace; they also showed [10] that this approach can be generalized to obtain a 11{competitive algorithm for the 3{server problem. As yet no k{competitive algorithmsfor k servers, k > 2 are known that work on all metric spaces; recently, the existenceof a (2k� 1){competitive algorithm has been shown [17].Towards fast, on{line algorithms, [8] presented a 4{competitive algorithm for 2servers on any metric space. Most often, in practice, problems requiring on{linealgorithms have �nite metric spaces, e.g., the paging problem. Early on, [18] stud-ied on{line algorithms on �nite metric spaces, and presented an (n{1){competitive(n{1){server algorithm for a metric space with n points. They also presented a2{competitive 2{server algorithm for �nite metric spaces. The results in [5] hadalready established the existence of competitive algorithms on �nite metric spaces;[18] presents explicit competitive algorithms for 2 servers and (n{1) servers. InSection 3 below, we present a characterization for the competitiveness of a class ofpossibly fast on{line k{server algorithms. We call these algorithms space bounded .Space bounded algorithms service requests based on the current con�guration of serv-ers, the contents of its �nite bounded memory and the position of the current request.Furthermore, our characterization yields an algorithm for deciding whether a givenspace bounded k{server algorithm is competitive on a given �nite metric space.The server problem has been used as a model to study algorithms for variousother problems. For example, [4] motivated by applications in data compression, de-bugging and physical simulation, studied on{line algorithms for locating checkpoints6



in long computations, by formulating this as a server problem. [14] studied the spe-ci�c problem of paging and proved that the competitivity of certain algorithms toimplement paging improves if the programs being executed (and hence causing pagefaults, etc.) are structured and hence exhibit locality of reference.In recent years, there has been a growing interest in devising randomized k{server algorithms. Although randomized algorithms are not relevant to this paper, wesummarize some of this work here. [3] showed that the power of randomization in on{line algorithms is essentially limited by proving the existence of an e�cient simulationof randomized on{line algorithms by deterministic ones! [11] presented a randomizedk{competitive k{server algorithm on a class of metric spaces they call resistive. [16]present a randomized algorithm for the bipartite matching problem, and show thatit achieves the best possible performance among on{line algorithms for the problem.[1] studies a variant of this problem, and shows that the competitive factor for thebest possible deterministic on{line algorithm di�ers from the competitive factor forthe best possible randomized algorithm for this problem by only a constant.3 Space Bounded k{Server AlgorithmsDe�nition 41. We say that an algorithm A is I-space bounded i� on any input, A uses at mostI bits of memory in its computation.2. We say that algorithm A is space bounded i� it is I{space bounded for some I .In this section, we study space bounded k{server algorithms on �nite metricspaces M. Examples of space bounded algorithms are algorithms which performbounded look back on the request sequence. Competitive space bounded k{serveralgorithms are desirable, since, in practical applications of the k{server problem suchas multi{head disk scheduling, request sequences can grow arbitrarily long in a shorttime span and hence algorithms which are not bounded in their space usage wouldcertainly fail to provide real time solutions!Let A be any arbitrary I{space bounded k{server algorithm on M. Prior toservicing request R, A's state can be e�ectively captured by the current positions ofA's k servers along with the settings of the I memory bits which A uses. Thus A canin fact be in one of CkM � 2I states. A will service R based on its current state andthe position of request R in M. We now proceed formally.De�nition 51. Suppose A is an I{space bounded k{server algorithm. Suppose M is a �nitemetric space. The graph induced by A onM, denoted GA(M), is the weighted,directed multi{graph with labeled edges and with vertex set (CkM � 2I). Thereis a directed edge ((c1; �1); (c2; �2)) labeled r in GA(M) i� there is an r 2 Msuch that fA((c1; �1); r) = (c2; �2). Furthermore, this edge is assigned a weightequal to DM(c1; c2). Notice that all edges between two vertices have the same7



weight. Vertices of GA(M) are called states induced by A on M, and theset of vertices, denoted by SA(M), is called the state space of A in M. Forany state s in SA(M), C(s) denotes the con�guration of the servers in s. Forany two states s1; s2 in SA(M), the distance between the two states, denoted�A;M(s1; s2) is de�ned i� there is an edge (s1; s2) in GA(M) and its value isthe weight of that edge.2. A path in GA(M) is sequence s1; s2; : : :, si 2 SA(M), such that for each i � 1,si 2 SA(M) and there is an edge (si; si+1) in GA(M). The length of a path isthe number of states in the path. The cost of a path is the sum of the weightsof edges in the path. A cycle in GA(M) is a �nite path s1; s2; : : : ; sn such thats1 = sn and for all 1 � i 6= j < n; si 6= sj . The path induced in GA(M) by �at s0 2 SA(M), denoted by PA(M; s0; �), is the sequence of states s0s1 : : :snsuch that for all i, 0 � i < n, there is an edge (si; si+1) labeled ri in GA(M).� induces a cycle at s0 2 SA(M) i� the path induced by � in GA(M) at s0 isa cycle.3. A path s1; s2; s3 : : : in GA(M) is a �{distinct path in GA(M) i� there is asequence of edges (s1; s2); (s2; s3); : : : such that the cardinality of the set of la-bels of these edges is � and there is no sequence of edges (s1; s2); (s2; s3) : : :such that the cardinality of the set of labels of these edges is less than �.A cycle s1; s2; : : : ; sn(= s1) in GA(M) is a �{distinct cycle in GA(M) i�s1; s2; : : : ; sn(= s1) is a �{distinct path.We note here that for a �nite metric spaceM, for each I � 0, and for each k � 1,(CkM� 2I ; DM) is a symmetric metrical task system [5]. I-space bounded algorithmsare possible candidate scheduling algorithms for this task system. As noted earlier inSection 2.2, [5] asserts that for each such task system, there is an I-space boundedalgorithm that is competitive with a competitive factor no more than (2jMj � 1).Below, we characterize the set of I-space bounded algorithms that are competitivescheduling algorithms for this task system. Furthermore, we show that given an I-space bounded scheduling algorithm in a suitable form, the competitiveness of thisalgorithm in a given �nite metric space is decidable!Theorem 1 Suppose M is a �nite metric space, and A is a space bounded k{serveralgorithm. Then, A is competitive in M i� for all � � k, every �{distinct cycle inGA(M) has cost 0.Proof. Suppose the hypothesis.(=)) Suppose A is competitive in M. Now suppose by way of contradiction that� � k and that there is a �{distinct cycle C in GA(M) with cost greater than 0.Let s0 = (c0; �0) be a state in C. Let � be the shortest request sequence whichinduces cycle C in GA(M) at s0. Let ac = COSTM(A; s0; r0r1 : : :rn). Clearlyfor every i � 1, COSTM(A; s0; �) = ac � i. LetR = fr j (9si; sj 2 GA(M))[(si; sj) is an edge, labeled r; in cycle C]g:8



Since C is a �{distinct cycle, � � k, it follows that the cardinality ofR is at mostk. Let cf be a k{con�guration such that R � cf . Now consider the k{services = c0cfcf : : : cf : : : Clearly costM(s) = DM(c0; cf). It is also clear that switnesses the fact that for all i � 1, optkM(c0; �i) � DM(c0; cf). Therefore,limi!1 COSTM(A; s0; �i)optkM(c0; �i) = limi!1 ac � iDM(c0; cf) =1:Thus, A is not competitive, giving us a contradiction.((=) Suppose every �{distinct cycle, � � k, in GA(M) has cost 0. We will showthat there exists a B and b such that(8s 2 SA(M))(8�)[COSTM(A; s; �)� B � optM(s; �) + b]:Claim 1 There exists b such that for every �{distinct sequence � in M, � � kand for every s 2 SA(M), COSTM(A; s; �)� b.Proof Claim 1. Let b =Psi 6=sj2SA(M)�A;M(si; sj). Suppose � � k and �is a �{distinct sequence inM. Suppose by way of contradiction that s 2 SA(M)is such that COSTM(A; s; �)> b. Then, in the path in GA(M) induced by � ats, some edge of non-zero cost, say (s1; s2), is traversed at least twice (otherwise,from the de�nition of b, COSTM(A; s; �) cannot be greater than b). Thus, thereis a �0 contained in � such that �0 induces a cycle in GA(M) at s1. Let C be thecycle of shortest length containing edge (s1; s2) (Note that such a cycle mustexist). Since � is a �{distinct, it follows thatC is a �0{distinct cycle, �0 � � � k.Furthermore, the cost of this cycle is non-zero since �A;M(s1; s2) > 0. Thus,we have a �0{distinct cycle, �0 � k, of non-zero cost giving us a contradiction.Claim 1Let D be the diameter of M. Let � be any request sequence in M, and let sbe any state in SA(M) .Case 1: � is a �{distinct sequence in M, � � k. Then, by Claim 1,COSTM(A; s; �)� b.Case 2: Let � = �0 � �1 � : : :, such that �0 is the empty sequence, and forevery relevant i � 1, �i is the smallest (k + 1){distinct subsequence of �following �i�1. (Note: In case � is �nite, or past a �nite point is a �{distinct sequence in M, � � k, then there will be only a �nite number ofvalues for i for which �i will be de�ned|hence we say \relevant i" above.In this case the trailing piece of �, �nite or in�nite will be a �{distinctsequence, � � k.) Let ri 2 M such that �i = �0i � ri. Clearly, for everyi � 1, ri 62 �0i, and �0i is a k{distinct sequence. For each relevant i � 1, let�ji denote the subsequence �0 � �1 � : : : � �i of �. Then, for every i � 1,COSTM(A; s; �ji) � COSTM(A; s; �ji�1) + k � D + b;9



and, by Lemma 1 optM(s; �ji) � optM(s; �ji�1) + �:Therefore, for every i � 1,COSTM(A; s; �ji)optM(s; �ji�1) � k � D + b� :Furthermore, the trailing piece of � (see the parenthetical note above), isa �{distinct sequence, � � k, and hence, by Claim 1, A will incur no morethan a cost of b in servicing this trailing sequence. This sequence may notadd to the optimal cost of servicing �.Therefore, combining Cases 1 and 2 above, for every � and every s in SA(M),COSTM(A; s; �) � k � D + b� optM(s; �) + b: Theorem 1We present two important consequences of this theorem below.Theorem 2 Suppose A is an arbitrary I{space bounded k{server algorithm on �nitemetric space M. Then, it is decidable whether A is competitive on M.Proof. If A is an I{space bounded k{server algorithm on a �nite metric spaceM, then the graph GA(M) induced by A on M is �nite. Thus, from Theorem 1,verifying whether if A is competitive is equivalent to verifying that all �{distinctcycles, � � k, in GA(M) have zero cost. Since the latter veri�cation is e�ective, thetheorem follows.Consider the following algorithm for the k{server problem.If the request point r is currently occupied by any of the k servers, then noserver moves; otherwise, service r using that server that was least recentlymoved to service a request in the past.The above algorithm is essentially the Least Recently Used(LRU) algorithmwhichis used to implement memory paging in operating systems.Theorem 3 LRU is a competitive k{server algorithm for any �nite metric spaceM.Proof.It is easy to verify that all �{distinct cycles, � � k, in GLRU(M) have zero cost.Thus, from Theorem 1, it follows that LRU is competitive.10



4 Upper Bounds for the Competitive FactorCompetitive factors have been proven for speci�c algorithms with speci�c metricspaces. Intuitively, calculating the competitive factor of an algorithm involves theexamination of an in�nite number of possible request sequences. Clearly, this isintractable. This section introduces two �nite methods for calculating upper boundson the competitive factor of arbitrary space bounded algorithms.For the rest of this paper, let M be an arbitrary �nite metric space with mpoints, and let A be a space bounded (no more than b bits) k{server algorithm thatis competitive in M. � will denote request sequences consisting of points in M ands will denote states in SA(M). Recall the de�nitions and notation from Sections 2.1and 3. We also adopt standard graph theoretic de�nitions of closed walks (also calledcircuits in the literature).De�nition 6 A closed walk in GA(M) is a sequence of states s1; : : : ; st in SA(M)such that for each i, 1 � i < t, (si; si+1) is an edge in GA(M), and s1 = st.Note that a cycle (see De�nition 5) is just a closed walk so that only the �rst andlast states in the walk are the same.4.1 Upper Bounds Based on CyclesLemma 2 For all s in SA(M) and all �, PA(M; s; �) can be divided into a �nitenumber of closed walks and remaining states that do not contain a cycle.Proof. Any repeated states in PA(M; s; �) represent a closed walk. The �rst staterepeated identi�es a cycle. Remove cycles from PA(M; s; �), retaining the initialpoint. Now parse through the remainder states, again removing cycles. Repeat theprocess until no cycles are found. With each iteration the size of PA(M; s; �) isdecreasing, thus we know this is a �nite process. Inductively, at the end of eachiteration, we can see that PA(M; s; �) is composed of a �nite number of closed walksand some remaining states. When the process stops, the remaining states have nocycles and hence the lemma.For any closed walk y in GA(M) and any s in y, let �y;s be a request sequence thatinduces y, starting at s. Note that 8s; s0 in y, COSTM(A; s; �y;s) = COSTM(A; s0; �y;s0).Therefore, when referring to closed walks, we can refer to COSTM(A; s; �y;s) simplyas COSTM(A; y).The cost incurred by an optimal servicing of a request sequence can vary depend-ing on it's initial state. However, over all possible states, there is a minimum costfor servicing any given request sequence. Let �(M; �) denote this minimum cost ofservicing �.In particular for a closed walk, y, every state s in y has a corresponding requestsequence, �y;s, that induces y in GA(M). Abusing notation, letCOSTM(A; y) = minf�(M; �y;s) j s 2 yg:11



Since every cycle is a closed walk, the above notation applies to cycles as well.For a cycle s, let Rs = COSTM(A;s)optM(s) . Then, let R = maxfRsg.Theorem 4 The competitive factor of A operating in M is bounded above by R.Proof. Let w denote the sum of the weights of all arcs in GA(M). In this proof, swill range over cycles, and y will range over closed walks.By de�nition of R, 8s 2 GA(M), COSTM(A; s) � R � optM(s).Furthermore, for the composition of any v cycles, s1; s2; : : : ; sv in GA(M), wehave vXi=1 COSTM(A; si) � R � ( vXi=1 optM(si)):However, a closed walk is the composition of cycles. Therefore, COSTM(A; y) �R � optM(y). For all �, by Lemma 2, it is known that PA(M; c; �) is made up ofa �nite number of closed walks, y1; y2; : : : ; yt, plus a remainder path. Let �v be thepart of � inducing the remainder path. Then,COSTM(A; c; �) � tXi=1 COSTM(A; yi) + COSTM(A; s; �v); andoptM(C(s); �) � tXi=1 optM(yi):Therefore, COSTM(A; s; �) � tXi=1 COSTM(A; yi) + COSTM(A; s; �v)� R � tXi=1 optM(yi) + COSTM(A; s; �v)� R � optM(C(s); �)+ COSTM(A; s; �v)� R � optM(C(s); �)+ w:Then, by de�nition, the competitive factor of the algorithm is no more than R.By Theorem 4, we now know that to calculate an upper bound for the competitivefactor for a space bounded algorithm, we only need to look at the �{cycles, that itcan generate, where � > k.4.2 Upper Bounds Based on the Geometry of the Metric SpaceWhile Theorem 4 will give us a very good upper bound, calculating it is still aformidable task. As we examine larger metric spaces, the number of candidate closedwalks grows exponentially. This section provides another upper bound. Although not12



as accurate, it exploits both the geometry of the metric space, as well as the propertiesof the algorithm. Hence, it yields good upper bounds on the competitive factor ofspeci�c algorithms on speci�c metric spaces.De�nition 71. For every pair of states, s1; s2, let  (s1; s2) be the length of the longest requestsequence � such that (1) � consists solely of request points in C(s2), and (2)A(s1; �) 6= s2 and there exists a request point r such that A(s1; � � r) = s2.Then, the convergence factor of A, denoted 	 is de�ned as	 = maxf (s1; s2) j s1; s2 2 GA(M)g:2. � is a short request sequence i� there exists a con�guration, g such that startingat g, the adversary can service � by moving exactly one server once.  1 denotesthe set of all short request sequences.3. Rm(�) = max f CP (c; �)CA(g; �) j c 2 G(M;P );g witnesses � is short gThe following lemma follows from the de�nition of 	 and  1, and justi�es thede�nition of Rm below (see De�nition 8).Lemma 3 For all � 2  1, such that j�j > 2	, there is a �0 2  1 such that j�0j � 2	and Rm(�) = Rm(�0).Proof. Let � 2  1 (as witnessed by con�guration g) such that j�j > 2	. Afterservicing �, starting at con�guration g, the adversary must be in a con�guration thatdi�ers from g in exactly one point. Let � = �1 � �2 such that the adversary doesnot move any server for servicing �1, moves one server to service the �rst request in�2, and does not move any server to service the rest of �2. Clearly, each of �1 and�2 consist of only k distinct points. Since j�j > 2	, at least one of �1 and �2 musthave cardinality more than 	. From the de�nition of 	 it follows that if a requestsequence, �, consists of only k distinct points and the player, starting at some statec, incurs a non-zero cost for servicing each of the requests in �, then j�j � 	. Thisimplies that the cost incurred by the player, starting at state c, to service the requestsequence �0 = �01 � �02 where �01 is the �rst 	 requests in �1 (all of �1, if it has lessthan 	 requests) and �02 is the �rst 	 requests in �2 (all of �2, if it has less than 	requests) is the same as for servicing �. Thus Rm(�0) = Rm(�).De�nition 8 Rm = maxfRm(�) j � 2  1g.13



The following lemma shows that a bound on the competitive factor of a spacebounded algorithm can be computed simply by considering all the request sequencesin  1 de�ned above. Furthermore, Lemma 3 above implies that the number of suchrequest sequences that need to be considered is �nite.Lemma 4 The competitive factor for A operating in M is bounded above by Rm.Proof. For all � in  1, the cost of the algorithm for servicing � is clearly boundedabove by Rm times the cost of the optimal for servicing �. Suppose � =2  1. Then, �can be broken down into subsequences �1; �2; : : : ; �n such that (8i j 1 � i � n)[�i 2 1]. Therefore, COSTM(A; s; �)optM(C(s); �) = COSTM(A; s; �1 � �2 � : : : � �n)optM(C(s); �1 � �2 � : : : � �n)Let s be the starting state forA and for each i, 1 � i < n, let si+1 = A(si; �i). Letg1 = C(s), and for each i, 1 < i � n let gi denote the con�guration of the adversaryjust before servicing �i. Let t be such that,(8i j 1 � i � n) �CP (st; �t)CA(gt; �t) � CP (si; �i)CA(gi; �i)� :Then, COSTM(A; s; �1 � : : : � �n)optM(C(s); �1 � : : : � �n)= COSTM(A; s1; �1) + � � �+ COSTM(A; sn; �n)optM(g1; �1) + � � �+ optM(gn; �n)� COSTM(A; ct; �t)optM(gt; �t) � Rm:For each state s 2 SA(M), let maxout(s) denote the maximal weight over alledges, in GA(M), exiting state si.Theorem 5 Let � equal the distance between the closest two points in M . Then, theupper bound on the competitive factor of P is2	 �maxf(maxout(s) j s 2 SA(M)g�Proof. From Lemma 4 it follows that a bound on the competitive factor of a spacebounded algorithm can be computed simply by considering all the request sequencesin  1 de�ned above. By de�nition of  1, for servicing each of these request sequences,� (in  1 as witnessed by con�guration g), the adversary moves exactly once, andhence, optM(g; �) � �. Since GA(M) is �nite by de�nition, there is an absolutelargest distance between any two states. This distance is maxfmaxout(s) j s 214



GA(M)g. By Lemma 3, we know that while servicing �, starting at any state s, thealgorithm will not move more that 2	 times. Therefore, for any starting state s,COSTM(A; s; �) � 2	 �maxfmaxout(s0) j s0 2 SA(M)g:Hence, for any � and s,COSTM(A; s; �)optM(C(s); �) � COSTM(A; s; �)optM(g; �)� 2	 �maxfmaxout(s0) j s0 2 GA(M)g�5 LRU is Linearly CompetitiveTheorem 3 asserts that LRU is a competitive paging strategy. Using our results fromSection 4.2, we show below that, in fact, the competitive factor of LRU is linear ink, the number of \servers" (pages) used.Theorem 5 shows that an upper bound on the competitive factor of a space-bounded server algorithm can be found by looking at a combination of the conver-gence factor of the algorithm and the geometry of the metric space the algorithmsis operating in. This o�ers a wide range of competitive factors among various al-gorithms. Clearly, the worst algorithm can allow the servers to \wander" no morethan every vertex in the digraph before converging. Therefore, an upper bound wecould establish for the competitive factor of such an algorithm isXs2SA(M)maxout(s)� :In fact, this is the absolute largest upper bound possible for any algorithm.However, it is also not hard to create much better algorithms. Suppose that theplayer's server con�guration contains the last k distinct points requested. Clearlythe adversary can not remain in the same position for more than k requests, i.e., theconvergence factor of this algorithm equals k. Therefore, there exist algorithms withconvergence factor k, and their competitive factors are bounded above by2k �maxfmaxout(s) j s 2 SA(M)g�Consider the worst maxfmaxout(s) j s 2 SA(M)g. Clearly, the algorithm mustonly move one server per request. If it moved more, the new con�guration would notre
ect the last k distinct points requested. Therefore, exactly one of the player'sservers may move the largest distance, F , in the metric space. Thus the worstmaxfmaxout(s) j s 2 SA(M)g = F . 15
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