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Abstract

Upward and downward refinement operators can be used to order the space of program schemata; these
operators make program generalization and synthesis more efficient. This paper presents a theorem

relating a pair of refinement operators to the sets of goals covered by schemata.



1. Introduction

Refinement operators have several applications in the automatic synthesis of logic programs. Refinement
operators were introduced by Shapiro [4, 5, 6], who used them for refining discarded hypotheses. The mathematics
of refinement operators in themselves were studied by Laird [1, 2], who described both “downward” refinement (of
which Shapiro’s operators were examples) and “upward” refinement. Tinkham [7] applies these ideas to allow pat-
terns in previously-seen programs to guide the synthesis of new programs: a generalization (upward refinement)
operator and a specialization (downward refinement) operator are used to form generalizations of known programs;
these generalizations (called schemata), together with the specialization operator, are then used to synthesize new

programs.

This paper presents a theorem showing that schemata which are related by generalization are also related by
the sets of goals they cover. This revises an earlier result proved in Tinkham [7], which used a slightly different defi-

nition of “covers”.

2. Language and operator definitions

Prolog is used in this paper as the basis for the language in which to express programs and schemata. Pro-
grams are represented as multisets of Prolog-like clauses; the clauses will differ from the standard Prolog form in
that the right hand side of a clause will be regarded as a multiset' rather than a sequence of literals. We will restrict

our attention to programs defining only a single predicate. Hence, one example of a program is:

{ flatten ([ 1, [ 1),
fatten ([RIS], [RIT]) : — {atom(R),\ ==(R, [ ]), flatten (S, T)},
fatten ([[UIV]IIW], X) : — {flatten ((UIV1,Y), flatten (W, Z), append(Y,Z, X)}}

Observe that this program would continue to be a correct definition of flatten even if the sequence of literals or

clauses were different; we are specifically choosing to study order-independent programs.

A schema has a representation like that of a program, except that a schema may contain predicate variables
and may contain the symbol O (empty clause). The special symbols O and { O } will be used to represent the most
specific and most general schemata, respectively. We will use “program” as the special case of “schema” in which
no predicate variables or empty clauses occur; hence, a program is a schema, but a schema may or may not be a pro-

gram.

! A multiset is a collection of objects in which repetition is significant, but, as in a set, order is not significant. The
operations [J (union), n (intersection), [ (subset), [J (proper subset), + (sum), and — (difference) on literals within
clauses and on clauses within schemata will be multiset operations. For a definition of these multiset operators, see Liu

[3].



3. Language definitions

Some terminology must be introduced here for describing programs and schemata. A ferm is an individual-
variable, an individual-constant, or a function symbol with its arguments. In the flatten program, X, [ ], and [R | S]
are all terms. A literal is a predicate symbol with its arguments; afom(R) is an example of a literal. A clause is

either O (representing the empty clause), a single literal, or an expression of the form
ﬂ«] i {}bz,...,ﬂ,n} )

where A1,...,4, are literals, and {1,,...,4,} is a multiset of literals. The literal in a single-literal clause and the literal
on the left-hand side of a multi-literal clause (4;) are positive literals; the literals on the right hand side of a clause

(A2,...,4,) are negative literals. As an example, one of the clauses in the flatten program is
fatten ([[UIVIIW], X) : — {flatten ((UI\V1,Y), flatten (W, Z), append(Y, Z, X)}

It contains a positive literal, flatten ([[UIV]IW], X), and three negative literals, flatten ((UIV1,Y), flatten (W, Z), and
append(Y,Z,X). A schema is a multiset of clauses which contains only one predicate symbol in the clauses’ posi-

tive literals. Thus, the flatten program above is a schema, as is

{ p(X) = {R(X,Y)},
pW) = {p(Z)}}

However,

{ p(X) : = {R(X,Y)},
9(Z) : = {p(D)}}

is not a schema, since it contains both p and ¢ in its positive literals. A schema which contains no predicate-vari-

ables and does not contain O is called a program. The definition of flatten above, for example, is a program.
The following notation conventions will be used for constant and variable symbols:
Individual-variables will be written as upper-case letters U, V, W, X, Y, Z.
Individual-constants will be written as lower-case letters a, b, c.

Function symbols will be written as lower-case letters f, g, i. When needed for clarity, the arity of a

function or predicate will be indicated by a superscript: f2, p*.
Predicate-constants will be written as lower-case letters p, g, r.
Predicate-variables will be written as upper-case letters P, Q, R.

Mnemonic names for constants and functions (such as append and numerals) will also be used. As in Prolog,
when working with the list-forming functor “.” , we will usually use list notation, rather than explicitly nested
functions, to represent the list. For example, . (a, . (b, [ ])) will be written [a, b], and . (a, . (b, X)) will be

written [a, bl X].



For any particular application, we will define schemata in terms of a finite set of function symbols and predi-
cate-constants; this models a setting in which a finite set of Prolog predicates is “known”, having been previously
defined, and we are defining a single new predicate. A finite set K of function symbols, individual-constants, and
predicate-constants will be called a constant set. If K is a constant set and A is the set of all integers a such that
there is a predicate-constant in K of arity a, then L is defined to be the schema-definition language over K if L is the
set of all schemata o such that every function symbol, individual-constant, or predicate-constant occurring in ¢ is an
element of K, and every predicate-variable P occurring in ¢ has an arity ap such that ap [J A. (Observe that,

regardless of the choice of K, L will contain the elements [J and { O }.)

Example:

Let K ={ pl, qz, f I b}, and let L be the schema-definition language over K. Some examples of schemata in

L are:

D { p(X):={q¥,Z), p(f(Y)), p(Z)},
pb) }

2) { R(X) : = {p(X)}}

Example (1) is also a program, because it contains no predicate-variables. An example of an expression which is not

a schema in L is:

3) { p(X) = {r(X)},
p(f(2) :={p(D)} }

because it contains the predicate-constant », which is not a member of K. @

Three final language-related definitions will make the discussion of operators in the next section easier. Let L
be the schema-definition language over a constant set K. A most-general positive literal in a schema o [ L is a pos-
itive literal either of form PO, where P’ is a predicate-variable, or of form P"(X;, X5,...,X,), where P", n >0, is a
predicate-variable and X1, ..., X, are individual-variables occurring exactly once in . (Recall that, from the defini-
tion of a schema-definition language, n must be an integer such that there is a predicate-constant of arity n among
the constants in K.) A most-general negative literal in ¢ [ L is similarly defined as a negative literal either of form
PO, or of form P"(X;, X5,..., X,), where X, ..., X, are individual-variables occurring exactly once in o, with the
additional constraint that the predicate-variable P" must occur only once in ¢. This constraint is omitted from the
definition for positive literals because of the requirement that the predicate symbols appearing in the positive literals

of a schema must be identical.

A most-general term in ¢ 0 L is a term which is either an individual-constant or a term of form
(X, X,,...,X,), where f" is a function symbol and X, ..., X,, are individual-variables occurring exactly once

ino.



4. Operator definitions

This section describes an ordering relation on schemata and a family of refinement operators. In the presenta-

tion that follows, the substitution replacing all occurrences of V by ¢ will be written as {V \ ¢}.
Definition:

Define an equivalence relation = on schemata: For schemata o, and o0,, o1 = 0, exactly if o, and o, are iden-
tical except for, possibly, the naming of variables and the order of listing negative literals within a clause and clauses

within a schema.

Examples:
{P(X), P(a)} ={Q(Y), Q(a)}, since P can be renamed Q and X can be renamed Y.

{P(X):—{q(X), r(X)}, P(a)} = {P(a), P(X) :— {r(X), g(X)}}, since they differ only in order. ®

For simplicity of presentation in the remainder of the paper, two schemata that are equivalent in the sense of =
(that is, two schemata that differ only in variable names and in order of literals and clauses) will be considered to be

the same schema.

Definition:

Define a partial order on schemata, g , as follows: If k| =& : = S; and k, = a, : = S are clauses, where S

and S, are (possibly empty) multisets of literals, then x| g & exactly if

1) kK,isO, or

2)  there is a substitution @ such that «,6 = & and S,0 [ S| (where [ is the multiset subset relation).
If o and o, are schemata, then o g o exactly if

1) o and o, contain only O clauses, and o contains at least as many clauses as ¢,; or

2) o, contains at least one non-O clause, and there is a one-to-one mapping ¢ from clauses in o to clauses
in 0, and a substitution @ such that if x; U oy, x, U0y, and &, = ¢(x), then x| g x with substitution

6.

Example:

IfO'l is
{pU) :={0(a,V),r(b)} ,
p(a) }



and o, is
{p(2) .
p(W) = {S(X.Y)} ,
p(o):={pd} } .
then oy g oy, with & = {Z\a, W\U, S\Q, X\a, Y\V} . ®

The ordering g is easily seen to be reflexive (let & be the empty substitution) and transitive (since we can com-

pose substitutions). Tinkham [7] shows that g is antisymmetric and thus that g is a partial order.

Given an ordering on expressions such as g, Laird [2] defines an upward refinement y to be a recursively enu-
merable relation on expressions such that ¥ * is §, and a downward refinement p to be a recursively enumerable
relation on expressions such that p * is 5—1. When viewed computationally, ¥ and p are referred to as (upward and
downward) refinement operators. The notation y (o) denotes the set of all expressions which can be produced by
applying ¥ once to o, and ¥ * (o) is the set of all expressions which can be produced by 0 or more applications of y

too.

Two refinement operators are defined below, one for upward refinement (generalization) and one for down-
ward refinement (specialization). Each of the operators has been divided into two parts; hence, we will define gener-
alization operators y; and y, and specialization operators p; and p,. y; and p; kep the number of clauses and Os in

a schema constant and thus have more easily described properties, as explored in Tinkham [7].

Definition of y,

Let K be a set of function symbols and predicate-constants. Let L be the schema-definition language over K,

and let 1 and o, be schemata in L. Then o, [y;(c;) exactly if one of the following hold:

1)  Deleting negative literal: o, is derived from o; by deleting a most-general negative literal A from some

clause x in 0.

2)  Separating individual-variables: X is an individual-variable occurring more than once in o;, and o, is
derived from o by replacing one or more, but not all, of the occurrences of X by an individual-variable Y not

occurring in 0.

3)  Separating predicate-variables: P is a predicate-variable occurring more than once in ¢, and o, is derived
from o, by replacing one or more, but not all, of the occurrences of P by a predicate-variable Q not occurring
in o;. This rule may only be applied when the result will be a schema — that is a set of clauses with only one

predicate symbol in the positive literals.



4)  Generalizing predicate: p is a predicate-constant occurring in a negative literal in o, P is a predicate-vari-
able not occurring in o, and o, is derived from o, by replacing one or more occurrences of p in negative lit-
erals by P.

5)  Generalizing predicate: p is a predicate-constant occurring in a positive literal in o, P is a predicate-vari-
able not occurring in o, and o, is derived from o; by replacing all occurrences of p in positive literals and,
optionally, one or more occurrences of p in negative literals, by P.

6)  Generalizing term: o, is derived from o, by replacing one or more occurrences of a most-general term ¢ in
o by an individual-variable X not occurring in o;.

Definition of y,

Let K be a set of function symbols and predicate-constants. Let L be the schema-definition language over K,

and let o, and o, be schemata in L. Then o, [0y,(c;) exactly if one of the following hold:

D oy Uniop).

2)  Adding clause: o; and o, do not contain O, and o, is derived from o by adding one clause x to the set of
clauses in 0.

3)  Replacing most-general positive literal by O : Clause x in o is a set containing a single most-general posi-
tive literal and no negative literals, and o, is derived from o by replacing x by O .

4)  Deleting duplicate occurrence of O : ¢, is a set containing »n + 1 occurrences of O (and no other clauses), and
0, 1s a set containing » occurrences of O (and no other clauses), for some n > 0.

Definition of p

Let K be a set of function symbols and predicate-constants. Let L be the schema-definition language over K,

and let 0, and o, be schemata in L. Then o, [0 p;(o) exactly if one of the following hold:

1)

2)

3)

Adding negative literal: o, is derived from o; by adding a most-general negative literal 1 to some clause x

in oy, where xisnot .

Unifying individual-variables: X and Y are distinct individual-variables occurring in o, and o, is derived

from o by replacing all occurrences of ¥ by X.

Unifying predicate-variables: P and Q are distinct predicate-variables occurring in o, and o, is derived

from o by replacing all occurrences of Q by P.



4)  Replacing predicate-variable by predicate-constant: P is a predicate-variable occurring in o, p is a predi-

cate-constant, and o, is derived from o by replacing all occurrences of P by p.

5)  Replacing individual-variable by most-general term: X is an individual-variable occurring in oy, ¢ is a

most-general term, and o, is derived from o; by replacing all occurrences of X by .

Definition of p,

Let K be a set of function symbols and predicate-constants. Let L be the schema-definition language over K,

and let ¢ and o, be schemata in L. Then o, [ p,(o) exactly if one of the following hold:

1)) oy Upi(oy).
2)  Deleting a clause: o; and 0, do not contain O, x is a clause in 0, and o, is derived from o by deleting x.

3)  Replacing 0O by a most-general positive literal. 0 [ o, and o, is derived from o by replacing O by a most-
general positive literal. This rule may only be applied when the result will be a schema — that is a set of

clauses with only one predicate symbol in the positive literals.

4)  Duplicating O : o, is a set containing n occurrences of O (and no other clauses), and o, is a set containing

n + 1 occurrences of O (and no other clauses), for some n > 0.

We add two definitions for discussing these operators:

Definition:

Let o and o, be schemata. If oy Oy, * (0,), we will say that o, is a generalization of o,. We will also say

that o is more general than o,.

A schema o is said to be a generalization of a set of schemata 1 if ¢ is a generalization of every schema in I1.

Definition:

Let o, and o, be schemata. If oy O p, * (0,), we will say that o is a specialization of o,. We will also say

that o is more specific than o,.

A schema o is said to be a specialization of a set of schemata I if o is a specialization of every schema in 1.

Example:



To illustrate the use of the refinement operator p,, here is an example derivation of a program max from the
most general schema, { O }. (Changes at each step are indicated in bold.) First, apply rule 3 of p, to produce a

2-clause schema:

{o}
- {0O, 0}

Then replace each O with a most-general literal:

- {P(X1,X2,X3), 0}
- {P(XI,X2,X3), P(Y1,Y2,Y3)}

Next, add some most-general negative literals to the clauses:

- {P(XI,X2,X3), P(Y1,Y2,Y3) : — {R(Y4,Y5)}}
- {P(XI,X2,X3) : - {Q(X4,X5)}, P(Y,Y2,Y3) : = {R(Y4, Y5)}}

Then replace predicate-variables by predicate-constants:

- {max(X/,X2,X3) :— {Q(X4,X5)}, max(Y1,Y2,Y3) : — {R(Y4,Y5)}}
- {max(X1,X2,X3) :— {Q(X4,X5)}, max(Y1,Y2,Y3) : — {Y4 > Y5}}
- {max(X1,X2,X3) : — {X4 >= X5}, max(Y1,Y2,Y3) : — {Y4 > Y5}}

Finally, unify the individual-variables until the goal program is produced:

- {max(X1,X2,X3) :— {X4 >= X5}, max(Y1,Y2,Y3) :— {Y4>Y1}}
- {max(X1,X2,X3) :— {X4 >= X5}, max(Y1,Y2,Y3) : = {Y2>YI}}
- {max(X1,X2,X3) :— {X4 >= X5}, max(Y1,Y2,Y2) : = {Y2>YI}}
- {max(X1,X2,X3) :— {X4 >= X2}, max(Y1,Y2,Y2) : = {Y2 > YI}}
- {max(X7,X2,X3) :— {X1 >= X2}, max(Y1,Y2,Y2) : = {Y2 > YI}}
- {max(X7,X2,X1) : - {XI] >= X2}, max(Y1,Y2,Y2) : = {Y2 > YI}} °

Tinkham [7] proves several properties of ¥, and p,. Among these are 1) that ; and p; are inverse operations;
2) that 7, and p, are inverse operations; and 3) for schemata o and 05, 0y g 0, iff oy U p5 * (o) (that is, the order-
ing induced by the specialization operator is the same as that of g ; hence, generalization and specialization are

indeed refinement operators).
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5. Operator properties

To relate the refinement operators to the set of goals which can be “computed” by a schema, we define the set

of goals covered by a schema and then present a theorem relating this set of goals to the refinement relation <.
Definitions:

An interpretation is a set I of ground atoms. A goal is a single ground atom. A schema o is said to cover

goal g in I if
1)  one of the clauses in ¢ is the symbol OJ; or

2) o contains a clause x of the form « : — {4,,..., 4, }, and there is a substitution 6 such that 9 = g and

either 4,0 isin I or o covers 4,0, for 1 <i < n.

The set of goals covered by a schema o in an interpretation / will be denoted by C, (o).

Example:

Let I be {g(a), q(b), r(a)}, and let ¢ be { p(a), p(f(X)) : — { p(X), g(X)}}. o covers the goal p(a), because
o contains the clause p(a), and p(a) {} = p(a). o also covers the goal p(f(a)), because o contains the clause
p(f(X)):—{p(X), g(X)}: if we apply the substitution {X\a} to the literals of this clause, obtaining
p(f(a) :— {p(a), g(a)}, we see that p(f(a)) matches our goal, p(a) is covered by o, and g(a) is in I. o does not
cover p(b) or p(f(b)). ®

We can now prove a theorem which shows that schemata related by g are also related by the sets of goals cov-

ered: If o, is a specialization of o,, then ¢ covers a subset of the goals covered by o>.

Theorem:

Let o1 and o, be schemata and / be an interpretation. If o} g o5, then C;(o) U C;(03).
Proof:

Since oy § 03, 01 U py * (02).

Case 1: o is derived from o, by adding a literal 1 to clause ko =« :— {A{,..., A,} of 0, to produce clause
Ki=a:={A,..., 4, A}ino,: Leto' =0, — {x,}. Any goal that is added to C;(c ) by adding clause x; would
also be added by clause «», since {4,60,..., 4,0} U {4,0,..., 1,0, 10}. Thus C;(c"+{x;}) U C,;(c'+{K,}); that
is, Cy(oy) U Cy(or).

Case 2: o is derived from o, by a substitution ¢ which a) unifies two individual-variables or two predicate-

variables, b) replaces all occurrences of an individual-variable by a a term, or c) replaces one or more occurrences
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of a predicate variable by a predicate constant:
If o contains O, then o, also contains O, so both schemata cover all possible goals.

Otherwise, consider the effect of replacing a single clause x¢ =a¢ :—{1,0,...,14,6} in o, by
k=a:~{A,....,4,}. Leto'=0;—{Kx¢}; the new schema is thus ¢ '+ {x}. Any goal that is added to C;(c ') by
k¢ will also be added to C;(c ") by x, since ¢ can be applied to the literals in x as the first step in matching the posi-
tive literal to the goal. That is, if g is a goal that is covered using clause x ¢ and substitution € in o4, then g will be
covered using clause x and substitution ¢6 in o '+ {x}. By repeating this argument for each clause in o, we see

that the set of goals covered by o is a subset of those covered by the more general schema o,.

Case 3: o is derived from o, by deleting a clause : Let g be a goal covered by o,. Since every clause in o

occurs in o, as well, g is covered by o,.

Case 4: o is derived from o, by replacing one occurrence of O by a clause consisting of a single most-gen-

eral positive literal : Let g be a goal covered by o;. Since o, contains O, g is covered by o,.

Case 5: o consists of n occurrences of 0, and o, consists of n—1 occurrences of O : Since a schema con-
taining O covers any goal, o and o, are both schemata which cover all goals; hence, any goal covered by o is also

covered by o,. ®

In summary, we see that operators y, and p, are refinement operators, corresponding to the relation g; and

that this relation also corresponds to a subset relation on the set of goals covered by a schema.
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