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1. INTRODUCTION

In this article, we aim to prove that if one picks an ordered pair of integers
d hen th bability that these i latively prime i 6
(x,y)at random, then the probability that these integers are relatively prime is ?or

60.8%. Recall that two integers x and y are called relatively prime or co-prime if their
greatest common divisor is 1. We will do this in three different ways. Our first proof is
longer and makes use of the Mdbius Inversion Formula. While this is longer than the
other two, it gives the flavor of the beautiful mathematics behind the techniques of
analytic number theory. The other two methods are shorter and use the concept of
probability and modulo arithmetic.

We state our result as

2

Theorem A Ifxand y are randomly selected integers, then Pr{(gcd(x, y)= 1} = i,
V4

where gcd(x, y) stands for the greatest common divisor of xand y

o0 2
Note 1) Euler (See also Osler ) proved that sz = %

n=1 n

2. {(s)= Z%, s> 1 1is the Riemann Zeta function. Thus our probability is (12) .
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Section 2. Proof of Theorem A using Mobius Inversion Formula

For r>0,r€Z,define S, ={(x,y)|x,y€Z, —r<x<rand —r<y<r}
Let N(r)be the number of elements in S and M (r) be the number of elements
(x,y)inS that are relatively prime. It is an interesting exercise to show that
gcd(x, y) =1if and only if the line segment joining (0, 0) to (X, y) contains no point (a, b)
with a, b integers. When the latter happens, we say (x, y) is visible from the origin.
Theorem A, will follow if we prove

Theorem B

M) 6

rox N(7) o
To prove Theorem B, we consider the following diagram. Clearly the eight points
(0, #1), (£1,0),(£L,£1)are relatively prime. Furthermore, if gcd(x,y)=1, then
ged(£x,ty)=1and ged(xy,+x)=1. Thus, we count the relative prime pairs (that is,
count (x, y) for which ged(x,y)=1) in the set 2<x<r,1<y<x.. In other words,
if M '(r) is the number of ordered pairs (X, y) such that ged(x,y)=1and 2<x<r and
1< y<x, then
M(r)=8+8M'(r).

But for each n from 2 to r, the number of integers y such that gcd(n, y) =1 is¢@(n). Thus

M'(r)= Z(p(n). Since ¢(1) =1, we conclude that

n=2

M(r)= 82 o(n).

n=1



Theorem B (and hence Theorem A) will be a consequence of

Theorem C:
r 3 )
> p(r)==r+g(r)
n=1 T

where g(7) is a function with the property that |g(7)|< MrInr for some constant M.

We will prove Theorem C in a moment. But first, let us assume its validity and

prove Theorem B. By the remarks preceding Theorem C, we have

M(r)= 82 p(n) = 8(%1*2 + g(r)j = 2—er +8g(7).
T V4

n=1

Clearly N(r)=(2+r)’ =4r> +4r+1

Therefore,
2477 24
+8g(r 24 og(r)
M(r)_( o 0 )j_ 28
N(r) 4r* +4r+1 4+ﬂ+i
roor
And hence,

&
m M (r) _ i’ 6

i >
roe N(r) 4 T
Before giving the proof of Theorem C, let us consider two examples.
Example ] Letn=20and S = {1, 2, ....., 20}. We need to partition S in to subsets

whose elements have the same gcd with 20. For each divisor d of 20, let
S, ={xeS|ged(x,20)=d}.Thus S, = {x | ged(x,20) = 1} = {1,3,7,1 1,13,17,19}.These
numbers are all relatively prime to 20. Hence S, has ¢(20) elements.

S,={x | ged (x,20)=2} = { 2,6, 14, 18} = {2.1,2.3, 2.7, 2.9}.



If we factor 2, the remaining numbers in S, are those relatively prime to 10 =

? . Hence there are ¢(10) of them.
20
The reader can show that S, has 40(7)2417(5) elements, S, has

(0(%):(“4)’ Sy, has (p(%)=gp(2), and S,, has (/7(%)=(/7(1) element. The sets

S.,8,,8,,55,8,,,9,, are mutually disjoint. Hence

20 = ¢(20) +¢(10) +@(5) + (4 + ¢(1)
In general, we have

Lemma 1: For any positive integer n we have

n=>Y o)

d|n

Here d |n means d is divisor of n and Z means that we are adding over the positive
dln

divisors of n.

Next, we consider the problem of recovering a function g(n), if we are given that

f(m)=2 g(d).

dln
In other words, given the above sum, can we find g(n)) in terms of f(d), d|n?

The answer is yes. It is given by the use of Mobius Inversion Formula.

Example 2: Again we use n= 20 as an example to show how this can be done. Suppose

then

[(20)=2 g(d)=g()+g(2)+g(4)+g(5)+g(10)+g(20).

d|20



We want o express g(20) in terms of f(1), £(2), f(4), f(5), £(10), £(20). We list the
values of fat d =1,2,4,5,10,20 as follow
f(20)=g()+g(2)+g(4) +g(5) +g(10)+ g(20)
S(10) =g +g(2)+g(5)+g(10)
F6)=g)+g(2)+g(5)
f@)=g)+g(2)+g4
F(2)=g)+g(2)
J=g@
Thus
f(20) - f(/f10) = g(4) + g(20).
To get rid of g(4) let us subtract f(4). This gives something unwanted.
f(20) - £(10) - f(4) = g(20) - g(D) - g(2).
We do not want —g(1) — g(2). Well, we add f(2) . Thus
f(20) - £Q0) - f(4) + f(2) = g(20).
Therefore
g(20) = f(2) - f(4) -f(10) + f(20).
We are missing values (1) and f(5). Let us note that 20/1 = 20 and 20/5 = 4 have

square factors; 20/4 = 5 and 20/10 = 2 have one prime factors; 20/2 = 10 = 2.5 has two

prime factors, and 20/20 = 1 has no prime factors. Thus if we define

uM =1, p2)=-1, w(4)=0, u(5)=-1, u(10)=1, and £(20)=0
we see that

2(20) = Zu(%f(d)

d|20



This leads to the definition of

Mobius Function

L, ifn=1
H(n) =10, if n has a sqaure divisor

(-1)", if n is a product of r distinct primes.

A general statement shown by the above example is that

Mobius Inversion Formula: If f(n)= z g(n), then g(n)= Z ud)f (ij
n

dln d|n
We now return to Theorem C.

By lemma 1, n:Z(p(d) If f(n)=n, and g(n)=¢@(n), then Mobius Inversion

d|n

Formula gives,

o(n) = Zmd)(g].

dln

Therefore
a n
)= 3 @) |- 3 g~ L ut) T
n=1\_d|n Zl,jdgr d<r ‘755
We now use

8 x(x+1) 1 ,
k= =—x"+ ,
2 5 5% Jf(x)

where f(x) = g, and x = {%}



Therefore

d<r

> ptn- ;md{ ( j (—ﬂ LAy D )+Zu(d)f( j

Zﬂ(d)

1 2 d
(;u( )

= %rzz ,ucgczl) +G(r),

d>r

where

G(r)=) ud)f

d<r

To show that | G(r) |< Mrinr,

we observe that

d>r n>r

and

dsr d<r

Consequently,

Zﬂ(d)f( j

d<r

G |=

d>r d<r

i

Sh” (d)f( J

+Z u(d)f

zuan(g)

p(d)
d>r d2

ULy <Lj de=

Zy(d)f[ j< KZ%d)r = KrZ% = Krinr.

d<r

+Kr1nr<Mrlnr

d>r

To complete, the proof of Theorem C, all we need to show is that

> u(d
Z()

d=1

But this follows from

1

{Q)



[T (-p7)=(1-27)(1-37)(1-57)(1-77)(1-117)....

p prime
=1-(27+37+57+..)
H(23)7+(25) "+ (3.5) " +..)

~((235)7+(237) +..+(357)7)..

:Z,U(").

n

The sum on the first row is obtained when we multiply each of the prime factors with one
form all the other factors, the sum in the second row is obtained by taking the primes
multiplied by 1 taken from the rest of the factors. The sum in the second row comes form
the product of two primes from two of the factors and all 1 from the other factors. And so
on. The last equality is clear from the definition of the Mobius Function. A Similar

argument yields

o) s -

Therefore

This complete proof C



3. PROBABILITY ARGUMENT

We will use the fact that if S is a sample Space of all possible outcomes of an experiment,

then pr(S) = 1, where pr(S) denotes probability of S. Also if S = USn and the collection

{S,} is pair wise disjoint, then ZPr(Sj ) =1
We also need the modulo notation for easier argument. We say x is congruent to y

modulo n and write  x = y(modn) if n is a divisor of x —y.

It is not hard to see that for any given xe€Z and n >1, then
1
Pr({x|x=c(modn)}=—
n
If we pick x and y randomly and independently, then Pr(x = (0(mod n)) and
1
y=0(modn)} =—.
n
Let P = Pr(gcd(x, y) = 1) where x, y are randomly selected. Then, for a fixed n > 1,

Pr[gcd(f,Z] = lj =P.
non

A fact that can easily be established is that

ged(x, y) = n if and only if{ y = 0(modn)

Therefore Pr(ged(x, y) =n) = ll P
non



And since ) Pr(ged(x,y) =n)=1, we see thatszP =1and hence
n

n=1

1 6
i
n2
Another probabilistic argument can be given as follows.
x =0(mod p)
ged (x, y) = 1 ifand only if {or for all prime p
» =0(mod p)

Since  Pr{x=0(mod p) and y = 0(mod p)} = Lz and the negation of
p
x=0(mod p) and y =0(mod p)is x # 0(mod P)or y # 0(mod P), we see that
Pr{x # 0(mod p) or y # 0(mod p)} = l—i2
p

Since primes are independent, we conclude that

Pr{ged(x,y) =1} :H{l_izj:iﬂ(?) .
p

p
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