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Section 1.

Euler refers to the book by John Wallis “Arithmetica Infinitorum” in which we
find a sequence of continued fractions due to Lord Brouncker. These are given without a
complete derivation and Euler wishes to provide this. Euler states that Brouncker
discovered the first continued fraction in this sequence and Wallis discovered the
remaining fractions. This is contrary to recent investigations [5] by Jacqueline A. Stedall
which show that Brouncker obtained the entire sequence himself, but never published it.
It was Wallis who made the sequence known to the world. The importance of Euler’s
paper is that he finds a nice derivation and generalization of this sequence for the first

time.

Section 2.

Euler examines the list of integrals




2.4 2.2.4.4

J- X°0x

Jl—xx 35 2.3.4.5

J x'ox 246 2-2-4-4-6-6
Ji-xx 3:5:7 2-3-4.5.6-7

| Xx°0x 2-4.6-8 2.2.4.4.6-6-8-8
JI-xx 357-9 2.3.4.5.6-7-8-9°

Using the substitution t* =1 - x* we can convert these integrals to the form

xPdx

O Sy

1

1—x?

O ey

1/j(1— x/@ "dx. Wallis after much work obtains the following table:

0

(1—t2)P dt. In Wallis, we find a table of the reciprocal integrals

P=0[ P= —1[ P= =2 = P=3
1/2 3/2 5/2

=041 1,1 213 I T 1.2.48
1 2 |13 24 |7135 2 46

=t |22 },81224 1,35 12246 |,357
1/2 71 2 |z 13 24 |7r135 2 46
=11 |13 |, 4135 |, 46 1357 |, 468
21 2 213 24 2135 2 46

=L 4451446 1,57 14468 1,579
3/2 3r 1| 2 |37 13 | 24 |[3r135 2 46
Q=21 |35 |, 6857 |, 68 3579 |,68]10
8 1 2 813 24 (81365 2 4 6

= |1 |6 6/, 7116687, 79 |16 6810/, 791
5/2 157 1| 2 (157 13| 24 |152 13 5| 2 4 6
Q=31 (57 |, 8579 |, 810 57911 |, 6 81012
8 1 2 |813 2 4 |8135 2 4 6




x P dx

N

1
The list of integrals that Euler is studying, j are from the row where Q =1/2.
0

Sections 3 and 4.

Euler now wishes to find expressions, A, B, C, D, E so that

AB =1?, BC =22, CD =3?, DE =42, etc. Then he can write the above list of integrals

as

I XOX :121.5
V1-xx Al

J- x’0x _BC 1 ABC
Jl-xx 2 A1.2.3

Jl_xx 2345 A 12345

_[ X°0x BCDE 1 ABCDE

_[ X' X BCDEFG 1  ABCDEFG

= =—- , etc...
JI-—xx 2-3-4.56-7 A 1.2.3-4.5.6-7

The above integrals have odd powers in the numerators. Euler now wishes to find
expressions for integrals with even powers. For this purpose, he studies the third column

of expressions above and “interpolates” to get

J‘ OX _1 1
Ji-xx A7
I xxox 1 AB
Ji-xx A 1.2



i x‘ox 1 ABCD

JI-xx A 1.2.3:4°

J x°Ox ABCDEF

, etc
V1-xx A123456

This is a conjecture totally in the spirit of Wallis.

For convenience, we also use the modern notation L(0) = A, L(1)=B, L(2)=C, etc.

Section 5.

=7 He calls this value g. From the first integral

1
Euler knows that I

dx
0 \/1—X2
above we see that g = % Since AB =1 we now have B = % =(q.From BC =4 we get

4 4 . . . :
C-= s etc. Euler lists these values and there numerical equivalents in a table.
q

Difference
A= % =0,636620

0,934176
B =q=1570796

0,975683
C= i =2,546479

q
0,987813

D= %Tq = 3,534292
0,992782



e-210_ 4507074

0,995257
F= 4'—q =5,522331

Euler now makes the following troubling statement:
“Here | attached a third column, which exhibits the numeric values of these letters to
show more clearly the extent that these numbers increase according to the law of

uniformity. This does not happen if | take a false value in the place of g.”

Just what is this law of uniformity? Euler hints that the value q = 2 has a special value.
T

Somehow it creates some uniform flow to the numbers A, B, C as they increase.

We can start with any value for A, then all the remaining letters are determined by

. . . . . . 2
this choice. However, there is something special about the choice g = —. Let us study
T

this as apparently Euler did. (We use our notation: L(0) = A, L(1) =B, L(2) =C, etc.).

We calculate the following:

Q-
L(3) :LZ_Z _2 L@
2 1
L= 13
L3 2°LQ)
L=t T
@ 1’3
L) 52 17.32.5°

TLE) 22-42LQ)



Let us denote the partial product in the Wallis product as

1-3 3:5 5:7 (2n-1)(2n+1)

W= 2466 @

Then from the above calculations we can write in general

L= 2SS @Dy @D g
274267 (2n-2)°L() L(D)
L2n+1)= 2°-47.6°-(2n)°L(D) _ (2n+DL()

12.32.52...(2n-1)%  W(n)
Since  limW (n) :3 we get the two limits
T

L(2n) lim L(2n) 2

(5.1) lim = = and
2n-1 2n 7 (1)
(52) lim L2n+1) Q) .
2n+1 2
From these last two results we see that lim Lf] ) exists and equals 1 if and only if

L@ = 3 Otherwise, if L(1) # E the limit does not exist, but the separate limits through
v T

even and odd values on n do exist. Thus it is clear that the choice q=A=L(1) = 2 is
T

very special.
Euler will work intuitively in the next sections to move “uniformly” from A to B
to C and so on in the hope of getting the right result. Later in the paper, he will

demonstrate that his intuitive guess is correct.

Section 6.



Euler now hunts for A, B, C, D, E. He states his problem in a more general form:

Problem:

To find a series of letters A, B, C, D, etc...progressing by the law of uniformity in such a

way that AB =ff; BC=(f +a)’; CD=(f +2a)’; etc.
Given f and a we wish to have AB= f*, BC =(f +a)?, CD =(f +2a)?, etc.

Section 7.
Euler begins with the problem of finding expressions A, B, C, D, etc., such that

AB=f?: BC=(f+a)’; CD=(f+2a)°; etc.

2
Noticing that (f —%j(f +gj =f° _aT' Euler asks how he might increase

these two factors on the LHS so that the product is exactly f 2.
We start with

(7.1) AB=f?,

and assume that the desired increase is given by

A:f—i+5/—2, B:f+3+5/—2
2 A 2

v !

where s, A’ and B’ are to be determined. Multiplying by 2 we get
S S

(7.2) 2A=2f-a+—, 2B=2f +a+—.
A B'

Multiplying the above together we get using (7.1)

(7.3) (2f —a+i](2f +a+ij=4f2,
A B’



which can also be written as

2

AAB=4f2—a’ + > (2f —a)+ > (2f +a)+——.
B A A'B'

Since 4AB=4f? we have

2

s s s
a’=—(f-a)+—(2f +a)+ ,
Bl( ) AI( ) AIBI

and multiplying by A'B' we get
(74) a’A'B'=As(2f —a)+B's(2f +a)+s”.
We are free to choose s as we like, and a reasonable choice to simplify (7.4) is
(75) s=a’.
After we divide (7.4) by a®we get
A'B'= A'(2f —a)+B'(2f +a)+a”’.
Notice that this last expression can be written as
(A—(2f +a))(B'—(2f —a))=4f?
or
(76) (A-2f —a)(B'-2f +a)=4f".

We also notice that because of (7.5), (7.2) has become the important equations

2 2

(7.7) 2A=2f —a+%,and 2B=2f +a+%.

Section 8.
We now wish to determine appropriate expressions for A’ and B’. We see from

(7.6) that these expressions should startas A'=4f +--- and B'=4f +-.-. How does a fit

with 4f ? Since we have been examining the three equally spaced numbers f —%, f,



and f +%, it seems reasonable to think of 4f —2a, 4f,and 4f +2a. Thus we now

try the equations

(8.1) A':4f—2a+i, and B':4f+2a+i,
AII BII
where s’ , A’’, and B’ are to be found. Using (8.1) to remove A’ and B’ from (7.6) we get
s' s' 2
(8.2) (Zf —3a+—j(2f +3a+—}=4f .
AII Bll

Now compare (8.2) with (7.3). If in (7.3) we replace s > s', A'—»> A", B'—> B",
and a — 3a we get (8.2). Therefore (7.4) becomes after these substitutions
(8.3) 3%a’A"B"=A"s'(2f —3a)+B"s'(2f +3a) +5s"”.
We are free to select a value for s’ and a nice choice to simplify (8.3) is
(8.4) s'=3%a’.
Dividing (8.3) by by s’ get
A"B"=A"(2f —3a)+B"(2f +3a) +3°a’.
Corresponding to (7.6), this last expression can be written as
(85) (A'-2f —3a)(B"-2f +3a)=4f"2.

Notice that equations (8.1) are now the important relations

2,2 2,2

(86) A=4f-2a+° %  and B'=4f +2a+°0

Section 9 and 10.

Next we seek appropriate expressions for A’” and B’’. As we reasoned above to

get (8.1) we now try

(9.1) A":4f—2a+% and B":4f+2a+%.
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Using (9.1) to remove A’” and B’” from (8.5) we now have (corresponding to (8.2))

9.2) (21‘ —5a+s—j[2f +5a+s—j:4f2,
A B

and by a similar reasoning we will arrive at

2,2 2,2

9.3) A":4f—2a+5Aﬁl and B"=4f+2a+5Bﬁl.

Summarizing our results for (7.7), (8.6) and (9.3) we see

2 2

2A=2f-a+2 , and 2B=2f+a+>,
A B'

2A2 2A2
N=4f-2a+° % and B'=4f+2a4°2
242 242
A=af-2a+>2 and B'=4f +2a+> >
A B
Section 11.

The general pattern is now emerging and we can write our continued fractions as

a’ 3%a? 52a2
Af —2a+A4f—2a+4f —-2a+

(11.1) 2A=2f —a+

and

a’ 3%a’ 5232

(11.2) 2B=2f +a+
4f +2a + 4f +2a + 4f +2a +

Notice that (11.2) is obtained from (11.1) by replacing f by f +a. Inasimilar way,

replacing f by f +2a in (11.1) gives us

a’ 3%3? 52a

2C=2f +3a+
4f +6a + 4f +6a + 4f +6a +

replacing f by f +3a in (11.1) yields
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a’ 3%a? 5242
Af +10a + 4f +10a + 4f +10a +

2D=2f +5a+

and replacing f by f +4a in (11.1) yields

a’ 3a’ 5%a’
4f +14a + 4f +14a + 4f +14a +

2E=2f +7a+

and so forth.

Section 12.

The continued fractions of Brouncker are obtained from the above by writing

f =a=1.We get
2 2 2
oAl 3 8 4
2+ 2+ 2+ Va
2 2 2
ZB=3+1— EE =TT
6 +6 +6 +
2 2 2
2C:5+1_ 3_ 5_ ...:@7
10 + 10 + 10 + T
2 2 2
2E=7+1— S5 ---=9—7r,
14 + 14 + 14 + 4
2 2 2
JF_g Lt 3 5 _2%6
18 + 18 + 18 + O
Section 13.
17 3 5
Euler remind us that he previously derived 2A=1+— — — ...=— from
2+ 2+ 2+ T

the Gregory Leibniz series

(13.1) z_ A, 11 0
4 7 35 71



Euler has a neat way of doing this. From (13.1) we have

T
13.2) —=1-«.
(13.2) 1 a
So
(13.3) i=11 =1_1“+“=1+1“ =1+——.
7 l-a -a -a 4
(04
From (13.1) and (13.2) we have
1
(134) a==-5.
3
So proceeding as before
(13.5) 11 3 :3_9ﬂ+9ﬂ:3+ 9 34
a 1 1-34 1-34 1-348
f_ﬁ _3+7
3
Combining (13.3) with (13.5) we get
(13.6) i=1+ L 1 =1+ 1 19
4 -1+ - -1+3+ 1 2+ 1
@ -3+ — -3+ —
B B

From 13.1) and (13.4) we have
1
(13.7) ﬁzg—y.

So proceeding as before
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1_ 1 _ 5 _5-2y+2 _ 2% _ 25
1 1-5y 1-5y 1-5y e 1

i=1+ 1 =1+ ! =1+ 1 ,
9 9 9
2+ 2+ 2+ —F—
1 25 25
-3+— -3+5+ 1 2+ 1
B -5+ — -5+ —
I /4
etc.
Section 14.

Euler now poses the problem to find representations for A, B, C, ..., as infinite

products and ratios of integrals.

Problem.
To investigate the values of the individual letters, expressed first (1) through continual
products, then (2) however expressed through integral formulas, for the series A, B, C, D,

etc...that continues according to the law of uniformity in such a way that

AB = ff;BC = (f +a)*;CD = (f +2a)’;etc...
Section 15.

f2 (f +a)?

Since A=?, B= , C , etc., we have

_ (f +2a)?
D
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2 f2 fic f* (f+2a)
B (f+a)’ (f+a)’ (f+a)? D
C

(Notice the morphing of the continued fraction A into the Wallis like product!)

Continuing in this way we get the infinite product

Ao ff (f +2a)°(f +4a)>(f +6a)°(etc...
T (f +a)(f +3a)(f +5a)2(etc...

which can be written for the purpose of convergence as
(15.1)

_f(f+aa) (f+2a)(f+da) (f+da)(f+6a)
(f +a)(f +a) (f+3a)(f+3a) (f+5a)(f+5a)

The above product and the products for B, C, D, have been checked with Mathematica

(a=1,and f =1, 2,3,4.).

Section 16.

Euler has previously derived the following lemma:

Integrating from O to 1 we have



,[ x"*ox _m+k m+k+n m+k+2n m+k+3n

n/(l_xn)n—k T om m-+n m+2n m+3n

m+k +4n J- X OX

m+4n W

(Here we see eighteenth century mathematics. In the above expression, the
infinite product on the RHS | diverges to infinity while the integral tends to zero. No

doubt Euler is aware of this, and the results he will obtain are valid.)

We will be more careful than Euler and avoid x”. To derive an improvement on the

1
m-1

. . x"dx I
above expression for the integral | = J— we make the substitution

(l _ Xn )(n—k)/n

0
(16.1) t = X"

and get

L Sty et 1r(mjr(kj
l==|t @t dt==-—~"12
n n

)

Using zI'(z) =T'(z +1) we get

15



(oia) (" Heey
) ()

[m+k+njr(m+n+1] r(kj

_(m+k) n n ~\n

m (m+njr(m+k+n+lj n
n n

Continuing in this way we get

=1
n

r(m(fﬂ)nj rm
I:(m+k)(m+k+n)(m+k+2n)m(m+k+rn) n n

m(m + n)(m + 2n)(m + 3n) (m+rn) 1_(m+k+(r+1)n). n '
n

Using (16.1) and the beta integral we can finally write our improved form of Euler’s

lemma

1 1

(16.2) X"tdx  (m+k)(m+k+n)(m+k+2n) (m+k+rn) [ x™Ddy
. (1— X" )(nfk)/n m(m +n)(m+ 2n)(m+3n) (m+rn) (1+ " )(nfk)/n :

0 0

Next Euler lets n=2a, m=f and k =a in (16.2) to get

xox f+a f+3a f+5a J~ X" OX

L f f+2a f+3a™) j_y=

(Note the typo in the third factor in the denominator of the RHS, 3a should be 4a.)

16



1 1
J x"ldx  (f +a)(f +3a)(f +5a) m(f+(2r+1)a)Jx”2(”l)a+1dx
i

_x P f(f+2a)(f +4a)(f+6a)  (f+2ra) Lex=)?

0 0

F(f+r+1j F(l
(f+a)(f +3a)(f +5a)  (f +(2r+1)a) 2a \2

J

—+r+3/2
2

T f(f +2a)(f +4a)(f +6a)  (f +2ra) F(f j 2a
a

r(x+n+1/2) .. .
i = lim(x + n)?
Using T(X+n+1) n_m( ) (see (16.5) below) we get

(16.3)

j x"tdx _lim (f +a)(f +3a)(f +5a)  (f +(2r+1)a) N
[

a2 e f(f +2a)(f +4a)(f f+2
) X )1 (f +2a)(f +4a)(f +6a) (f +2ra) 28 2f+r+1/2
a

Next Euler replaces f by f +a in the last expression to get

(16.4)

1

J Xf+afldx _
(1_ Xza )1/2
0

i (F+28)(F +4a)(f +6a)  (f +(2r+2)a) Jr
= (f+a)(f+3a)(f+5a) (f+(2r+Da)

L+r+1
2a

Lemma on limits

17
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(165) lim I'(x+n+1/2)

= (x+n)?
e (X +nNn+1)

Proof:

Using Stirlings formula T'(m+1) = limy/2zm m™e™ for large m we get

m—o0

C(x+n+1/2) . N (XN =1/2)(x+n—1/2)n12) g-(n-1/2)
r'(x+n+1) no= [(X+n)(x+n)*xme=0em '

Now the numerator can be written as

V (X+n=1/2)(x+n—1/2)" B e tent/d

(x+n-1/2)
/ (X+ n) 1— 1 (X+ n)(x+n—1/2)£(1_ 1 } e—(x+n—1/2)

2(x+n) 2(x+n)

and so we have for large n

(x+n-1/2)
/ (X+ n) 1— 1 (X+ n)(x+n—l/2) (1_ 1 e—(x+n—1/2)
I'(x+n+1/2) lim 2(x+n) 2(x+n)
'(x+n+1) o= m(x + ) e g0

l 1 (x+n-1/2)
=lim |1- (X_,_n)(fl/Z) (1_ pl/2
N> 2(x+n) 2(x+n)

= lim(x +n)?

n—oo

This checks with Mathematica and completes our lemma.

Section 17.
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Euler gets the ratios of integrals

xox o xox
N ' N |
Xf+2a—lax . Xf+a—lax
Ji-x2' . Ji-xz'
Xf+3a716X - Xf+2aflax

N o x/l—x2a

]

o]

etc...

c-|

We will show that Euler has made a rare error here. The right hand sides should be

multiplied by f, f +a,and f +2a. This error has been checked with Mathematica.

Euler now divides (16.4) by (16.3)

lr-
Xf+a—ldX
“ f(f+2a) (f+2a)(f+4a)m(f+(2r+2)a)(f+(2r+2)a)><
L METS = (f +a)(f+a) (f +3a)(f +3a) (f+(2r+Da)(f +(2r+1a)
1 2a \(1/2
) i)
/f
—4+r+1/2
2a
1/iJrrJrl
2a
/f
—+r+1/2
Since Yea —1 we have

i+r+1
\ 2a
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(17.1)

l(' Xf+a—ldX

) o) . f(f+2a) (f+2a)(f+4a)  (f+(@na)(f+(2r+2)a)
i ME Con(ft+a)(f+a) (f+3a)(f +3a)  (f +(2r+Da)(f + (2r +1)a)
J (1_X23)1/2

0

Comparing this with Euler’s (15.1)

_f(f+aa) (f+2a)(f+da) (f+da)(f+6a)
(f +a)(f +a) (f +3a)(f +3a) (f +5a)(f +5a)

we see that they differ by the factor f.

This shows that

1
~

Xf+a—ldx
_y2a\t2
Mzézﬂ
17.2) L
(17.2) x "dx f f
] (1—X2a)1/2

0

(For convenience, we use the modern notation L(0) = A, L(1) =B, L(2) =3, etc.)

Replacing f by f +ma in (17.2) we get

(17.3)
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1

Xf+ma+a—1dx

(1_X2a)1/2

0 _lim (f +ma)(f +ma+2a) (f+ma+2a)(f+ma+da)
jthaldx oo (f +ma+a)(f +ma+a) (f +ma+3a)(f+ma+3a)

1—X2a /2
0

(f +ma+(2r)a)(f +ma+(2r + 2)a)
(f +ma+2r+da)(f +ma+(2r+1)a)

and

1

J‘Xf+ma+a—ldX
2a 12

(17.4) 0

1

Xf+ma—1dx - f +ma.
J(l—xza)llz

0

(This completes our demonstration of Euler’ omission of the factor f + ma from (17.4) .

In section 27, equation (27.3) as well as in section 30 Euler does not omit this factor in

essentially the same equations.)

Euler now poses a generalization of his previous problem.

A MORE GENERAL PROBLEM

To find a series A, B, C, D, etc. that proceeds uniformly in such a way that
AB = ff +¢;BC =(f +a)> +¢;CD =(f +2a)® +c;DE = (f +3a)® +c;

where, in the case of single products, the letter f is increased by a quantity a.
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PREVIOUS SOLUTION FOR CONTINUAL FRACTIONS

Section 18.

Euler begins with the problem of finding expressions A, B, C, D, etc., such that
AB=f?+c; BC=(f+a)’+c; CD=(f+2a)°+c; etc. The solution is an alteration
on the previous work. The following sections 19 to 23 are a very minor variation on
sections 7 to 11.

Section 19.

We start with
(19.1) AB=f?+c,
and assume that the desired increase is given by

A:f—i+5/—2, B:f+2+5/—2,
2 A 2

where s, A’ and B’ are to be determined. Multiplying by 2 we get
S S

(19.2) 2A=2f -a+—, 2B=2f +a+—.
A B'

Multiplying the above together we get using (19.1)

(19.3) (Zf —a+ij(2f +a+ij=4f2 +4c,
A B

which can also be written as

2

AMB=4f% —a?+ > (2f —a)+—(2f +a)+ ——.
B A AB'

Since 4AB =4f? +4c we have
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2

a’ +4c=—(2f —a)+ > (2f +a)+ ——,
B A AB'

and multiplying by A'B' we get
(19.4) (a® +4c)A'B'=A's(2f —a)+B's(2f +a)+s>.
We are free to choose s as we like, and a reasonable choice to simplify (19.4) is
(19.5 divide (19.4) by a® + 4c we get
A'B'=A(2f —a)+B'(2f +a)+a” +4c.
Notice that this last expression can be written as
(A—(2f +a))(B'—(2f —a))=4f* +4c
or
(19.6) (A-2f —a)(B-2f +a)=4f*+4c.
We also notice that because of (19.5), (19.2) has become the important equations

2 2
a +4C,and 28:2f+a+a ;4(:.

(19.7) 2A=2f —a+

Section 20.
We now wish to determine appropriate expressions for A’ and B’. We see from

(19.6) that these expressions should start as A'=4f +--- and B'=4f +---. How does a

fit with 4f ? Since we have been examining the three equally spaced numbers f —%, f

,and f +%, it seems reasonable to think of 4f —2a, 4f,and 4f +2a. Thus we now

try the equations

(20.1) A'=4f—2a+%, and B'=4f+2a+%,
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where s’ , A’’, and B’ are to be found. Using (20.1) to remove A’ and B’ from (19.6) we

get
(20.2) [Zf —3a+%)[2f +3a+%)=4f2 T 4c.

Now compare (20.2) with (19.3). If in (19.3) we replace

s—>s', A> A", B'—> B", and a —» 3a we get (20.2). Therefore (19.4) becomes after
these substitutions
(20.3) (3*a”®+4c)A"B"=A"s'(2f —3a)+B"s'(2f +3a) +s"”.
We are free to select a value for s> and a nice choice to simplify (20.3) is
(20.4) s'=3%a” +4c.
Dividing (20.3) by by s’ get
A"'B"= A"(2f —3a)+B"(2f +3a)+3%a% +4c.
Corresponding to (19.6), this last expression can be written as
(20.5) (A"-2f —3a)(B"-2f +3a)=4f* +4c.
Notice that equations (20.1) are now the important relations

2,2 2 9

Section 21 and 22.

Next we seek appropriate expressions for A’” and B’’. As we reasoned above to

get (20.1) we now try
(21.1) A":4f—2a+% and B":4f+2a+%.

Using (9.1) to remove A’” and B’” from (20.5) we now have (corresponding to (20.2))
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(21.2) [Zf —5a+%j[2f +5a+%)=4f2 +4c,

and by a similar reasoning we will arrive at

2,2 2,2
(21.3) A"=4f—2a+% and B'=4f +2a+> 28 €

Summarizing our results for (19.7), (20.6) and (21.3) we see

2 2
2A=2f—a+2 % and  2B=2f1a+l ;4‘:,
242 2A2
A=df 20452 T4 od B=4fizaiod tAC
A B
242 2,2
A=af _2a4 22 T4 o0 B=4f2as > ® FAC
A B
Section 23.

The general pattern is now emerging and we can write our continued fractions as

a’+4c 3%a’+4c 5%°a’+4c

(23.1) 2A=2f -a+
4f —2a+ 4f -2a + 4f -2a +

and

a’+4c 3%*a’+4c 5%°a’+4c

(23.2) 2B=2f +a+
4f +2a + 4f +2a + 4f +2a +

Notice that (23.2) is obtained from (23.1) by replacing f by f +a. Inasimilar way,

replacing f by f +2a in (23.1) gives us

a’+4c 3%a’+4c 5%°a’+4c
4f +6a + 4f +6a + 4f +6a +

2C=2f +3a+

replacing f by f +3a in (23.1) yields

a’+4c 3%a’+4c 5%a’+4c

2D=2f +5a+
4f +10a + 4f +10a + 4f +10a +
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and replacing f by f +4a in (23.1) yields

a’+4c 3%a’+4c 5%°a’+4c

2E=2f +7a+
4f +14a + 4f +14a + 4f +14a +

and so forth.

Section 24.

With AB+ f®+c, BC=(f +a)>+cCD =(f +2a)* +c, DE =(f +3a)° +¢

we have
2 2 2
A:f +c’ B:(f+a) +c’C:(f+2a) +C,etc.,so
B C D
A f?+c  f?+c  (f?+c)C  (f?+c) (f+2a)’+c
B (f+a)?+c (f+a)’+c ((f+a)?+c) D '
C
Section 25.

The product emerging is

(25.1)

_ (f*+c) (f+2a)°+c (f+4a)°+c (f+68)°+c
((f+a)?+c) (f+3a)’+c (f+5a)+c (f+7a)’+c

This product will not converge as written. Squaring we can write

(ff +c)((f +2¢':1)2 +C) ((f +2a)2 +c)((f +4¢':1)2 +C) etc
(f +a)® +c)((f +a)*> +c) ((f +3a)® +c)((f +3a)° +c)

(25.2) A* =(ff +c)-
which does converge.

Case 1 in whichc=-bb
Section 26.

Replacing ¢ by —b? in (23.1) we get
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a’—4b* 3%a’-4b* 5%a%—4b?

(26.1) 2A=2f —a+
4f —2a + 4f-2a + 4f-2a +

which can also be written as

(a+2b)(a—2b)
(3a+ 2b)(3a—2b)
(5a + 2b)(5a — 2b)
4F — 234 (7a+2b)(7a - 2b)
4f —2a+etc...

2A=2f —a+

4f —2a+

4f —2a+

Returning to (25.1) we have

_ (f2-b%)  (f+2a)°-b® (f+4a)*-b> (f+6a)’-b®
“((f+a)?=b?) (f+3a)2—b® (f+5a)2—b’ (f+7a)’—b*

which we rewrite in the convergent form

(f +b)(f +2a-b) (f+2a-b)(f+4a-b) ..

(26.2) A=(f —b)-
(f ra+b)(f +a—b) (f +3a+b)(f+3a—b)

There is a misprint in the last factor. It should be (f +2a+Db)(f +4a-b)
(f +3a+b)(f +3a- b)

Section 27.

This section is a slight variation on section 16. Euler begins again with his lemms:

Integrating from O to 1 we have

'[ x"*ox _m+k m+k+n m+k+2n m+k+3n
n (1_Xn)n—k m m+n m+2n m+3n

m+k+4nI X7 0OX
m+4n n(l_xn)n—k'

Again he lets n=2a and k = a, but he changes m fromf to m= f +band gets

f+b1
(27.1) f+a+b‘f+3a+b.f+5a+b ..... ax

f+b f+2a+b f+dath IJ )_IJ
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Next he lets n=2a and k = a, but now he changesm fromf to m= f +a—band gets

f+2a—b'f+4a—b‘f+6a—bnnj X“ox _ px"ox
f+a-b f+3a-b f+5a-b

e e

(27.2)

Dividing (27.2) by (27.1) he gets the product in (26.2). Therefore

X f+afb716X . X f+bflax

Note that this time he has the correct factor (f —b) which he neglected in (17.2)

(27.3) A=(f—b)-j

when b =0.

Section 28.

Euler exhibits the example of (26.1)

a’—4b? 3%a’-4b? 5%a%-—4b?

2A=2f —a+
4f -2a + 4f-2a + 4f-2a +

With f =2, a=b=1wehave AB=f*-b*=3, BC=(f +a)* -b* =8,
CD =(f +2a)* —b® =15, DE =(f +3a)® —b® = 24, etc.

(28.1) ap=—3-> > 2L 4 I

6+6+6+6+ 6 +

Euler writes:

3.3 5.5 7-7 9.9

“But it will be this in continual products: A= . . . -etc...
2-4 4.6 6-8 8-10
Then it will be considered this way in integral formulas: A:j XX :j Xxox
VI-xx 41— xx
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We can also write the infinite product using (26.2)

_py. (D) +2a=b) (f+2a-b)(f+dab)

A=(f
(f+a+b)(f+a-b) (f+3a+b)(f+3a-Db)

(28.2) A—1.3'3.5'5.7'7.9'9...
' 2-4 4.6 6-8 8-10

Using (27.3) we get the ratio of integrals

X f+a7bflax . X f+bflax

(28.3) A=(f-b)[ = 'Jﬁ_xza'
XOX XXOX
A:'[\/1—xx :J-\/l—xx'
Since the above two integrals are 1 and 7 /4 we get
(28.4) A=4/r.
Case 2 in which c = + bb
Section 29.

Now we let ¢ =b? in (23.1)

a’+4c 3%a’+4c 5%°a’+4c

2A=2f —a+
4f —2a+ 4f -2a + 4f -2a +

to get

a’+4b®> 3%a’+4b*> 5%°a®+4b’

(29.1) 2A=2f —-a+
4f —2a + 4f-2a + 4f-2a +

In the infinite product (26.2)

( _p). (FDf+2a-b) (f+2a-b)(f+dab) . -

A=( (f +a+b)(f +a-b) (f+3a+b)(f+3a-b)

we can replace b by either +bi or —bi to get

(29.2)
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A= (1 —b/"D)- (f +bV=1)(f +2a—b/-1) _(f+2a+bx/—_1)(f+4a—bx/—_1)_etcm

(f +a+by-1)(f +a—bv-1) (f +3a+bJy-1)(f +3a—b/-1)

and

(29.3)

A= (f +b\/__1).($f —by/=1)(f +2a+by/-1) (f +2a—b/=1)(f +4a+bﬂ)-etc...

+a—bV-1)(f +a+bv—1) (f +3a-bv-1)(f +3a+bv-1)

Multiplying (29.2) times (29.3) we get

A? = (ff +Dbb) LT

+bb)((f +2a)® +bb)  ((f +2a)® +bb)((f +4a)* +bb) et
((f +a)? +bb)((f +a)®> +bb ((f +3a)? +bb)((f +3a)°> +bb)

which is the same as our (25.1) with ¢ =b”.

Section 30.

If we replace b by bi in (27.3)

X f+a—b—1aX - X f+b—lax

\/1_)(23 ’ \/1_X2a '

A=(f-b)-|

we get

f +a—l—b\/jlax

X f—l+b«/jlax

(30.1) A=(f—bﬂ)jx

and if we replace b by —bi we get

f+a—1+b/—1 ax

Il_XZa ) Il_XZa '

X f-1-bv/-1 ox

(302) A=(f+by=Df~

1_ X2a

Section 31.

1_X2a '

If we multiply (30.1) times (30.2) we get,



X f+a—1—bﬁ6x X f+a—1+bﬁax

I 2a ' 2a

(311) A =(ff +bb) V1 X_ VX
J' X f-1+b —18X . X f-1-b —laX

[1_ X2a Il_ X2a

Section 32.
_ x"1ox
In the denominator of (31.1) we set = = oV and get

1-x“®

[x ™ ov - x™tov.
Now make the substitutions

The sum: j(xbﬁ1 +x eV = p

Difference: J'(xbﬁl —x oV =q
and get
(32.1) [ oy [x ey = PP

4

Section 33.

If we replace x by exp(log x) in p and q of the previous section we get

p= J‘(eblogx«/z +e—b|ogxﬂ)av’

q= J(eblogxﬁ _e—blogx\/fl)av,

(Here Euler writes Ix for our log x.) Using the identities

e e = 2cosg and et —e T = 2/ 1sing
with ¢ =blog x we have

p=2jav cos¢ and q =2J—_1I6Vsin¢.

31
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Using (32.1) we see
(33.1) wz(jawosqﬁ)u(javgngﬁ)?

which is the denominator of (31.1).
Section 34.
The same argument with numerator of (31.1) would have given Euler
(jxaav cosg)? + (jxaav sin ¢)?
and thus (31.1) can be expressed as

(jxaav cos@)’ + (jx""@V sing)®
(jav cos@)® + (jav sing)®

(34.1) A% =(ff +bb)

x " ox

/1_ X2a

where we recall oV =

and ¢ =blog x.

Section 35.

Euler remarks briefly on the integrals (I need help with the Latin here.)

f-1 f-1 f
JX oxcos(blog x) and JX axsm(blogx).

[1_ X2a /1_ X2a
Section 36.

Euler begins by writing the formula for integration by parts
[PoQ =PQ-[QeP.

He then takes P = cos(blog x)and oQ = x"™x and gets

f

(36.1) I x"oxcos(blog x) = XTcos(b log x) + (blog x)
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A second integration by parts uses P = sin (blog x) and 6Q = x"*éx and we get

f
(36.2) j x "Loxsin(blog x) :XTsin(bIog X) —2 j x "Lox cos(b log X)

Now, starting with (36.1) we can replace the integral on the RHS with (36.2) to obtain

o—

f f 1
x " cos(blog x)dx = XTcos(b log x) + %{XTsin(b log x) —%j x " cos(blog x)dx
0

which simplifies to

f f 2
1 X bx b

1
X'~ cos(blog x)dx:Tcos(bIog X) + Py sin(blog x)—?jxf’l cos(blog x)dx .
0

o—

Solving for the integral we get

Xf

36.3) | x"oxcosblx =
( ) I ff +bb

(f cos(blog x) + bsin(blog x)); .

In a similar way, starting with (36.2) we get

Xf

ff +bb

(36.4) jx oxsin(blogx) = (f sin(blog x) —bcos(blog x))

(Note that neither of the above integrals connect with the integrals in previous sections.

All of those had v1—x* in the denominator.) Perhaps Euler was showing his skill in the

use of complex numbers.
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