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1. Introduction
Recently the authors were translating a paper of Leonhard Euler [1] from French
into English. Euler wrote of “oblique-angled diameters” and “orthogonal diameters”
without explanation. Apparently these ideas were familiar to mathematicians in his day,
but have been ignored in the education of modern mathematicians. It is the purpose of

this article to bring these simple ideas to the attention of today’s readers.
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Figure 1:
ET1s an oblique-angled diameter

Definition: Given a curve ACTDB shown in figure 1. The line E7 , which intersects the
curve at T, is called an oblique-angled diameter if it bisects all chords (such as AB and

CD), that are parallel to the tangent line at 7.
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In other words AM = MB and CN = ND since the chords 4B and CD are parallel to the
tangent line at the point 7 where the oblique-angled diameter ET intersects the curve

ACTDB.

Figure 2: An orthogonal diameter OY

Many curves possess an oblique-angled diameter. For example, any curve that is
symmetric about an axis has this property. In Figure 2 we see a curve that is symmetric
about the line OY. Clearly this line bisects all horizontal chords. In this special case we
call OY an orthogonal diameter. 1t is also clear that every diameter of a circle is an
orthogonal diameter.

While many curves possess one oblique-angled diameter, in the case of the conic
sections all appropriately defined diameters have this property. For the parabola, we
define a “diameter” as any line parallel to the axis of the parabola. In this case, all
diameters are oblique-angled diameters. We will prove this in section 2. For the ellipse
and the hyperbola, we define a “diameter” as any line that passes through the center of

the curve. In section 3 we will prove that all such diameters are oblique-angled diameters.



2. The parabola



T
Figure 3: The parabola
Theorem 1. Let ATB be a parabola and let £7 be any line parallel to the axis of the
parabola. Let AB be any chord parallel to the tangent line at 7. Then ET bisects the chord

AB at the point of intersection M.

Proof Since all parabolas are similar, without loss of generality, we can call the equation

of the parabola y = x”. Call the coordinates of the point T, (xT, yT) . The slope at this

point is & =m = 2x, . The line AB has the equation y = mx+b and intersects the

X

parabola at the points where x” —mx—b = 0. The solutions of this equation are

2
Nm +4b = x, ++/x; +b . Thus the x coordinate of the point 4 is x, —/x; +b , and

the x coordinate of the point B is x, ++/x; +b . Since the point M has x coordinate x, it is

clear from this result that the point M bisects the line segment AB.
Thus any line parallel to the axis of a parabola is an oblique-angled diameter.

Next we consider the ellipse and the hyperbola.



3. The ellipse and the hyperbola

Figure 4: The ellipse

Theorem 2: Every diameter of an ellipse is an oblique-angled diameter.
Proof: Recall that a diameter is any line that passes through the center of the ellipse. In

Figure 4 we see a section of the ellipse given by the equation
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The line OF is by definition a diameter of the ellipse since it passes through the centre of

the ellipse. This diameter intersects the ellipse at the point 7" which has coordinates

2
(x;, ;). Differentiating (1) we get y'=— bzx . Thus the slope of the tangent line at the
a
point 7'is given by
2
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The equation of the chord AB , which is parallel to the tangent at 7" is
3) y=mx+c,
for some number c¢. The coordinates of the points 4 and B are found by solving (1) and

(3) simultaneously. We are lead to consider



2 2
X mx+c
X ko)

L,
a’ b?

which simplifies to the quadratic equation
(b2 +a’m’ )x2 +2a’mex+a’c’ —a’h’ =0.
The roots of this quadratic are

2
(4) x=——2 _4A,

b*+a*m’
where A is an expression involving a, b, ¢ and m whose exact value will not concern us.
The x-coordinates of the points A and B are thus given by
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Thus it is clear that the x-coordinate of the midpoint M of AB is

. - a‘em
(5) M b +a*m®

We must show that the diameter, which passes through 7" also bisects the chord 4B and

thus passes through the point M. This diameter has the equation

y:&x.
(6) *r

Thus we must solve the equations (3) and (6) simultaneously and show that the solution

is identical to (5). Thus we have 2Ty —mx+c.and solving for x we get
Xr

cxy

(7) Yr —MXxyp .
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Using (2) to eliminate m, after some manipulation, we see that (5) and (7) both become
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and are thus identical and the theorem is proved.
Theorem 3: Every diameter of a hyperbola is an oblique-angled diameter.
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Proof: The equation of the hyperbola is x_z_ ;
a

=1. Repeating the above argument
with this equation produces terms which differ only by an occasional sign. We leave it to
to the reader to complete the details.
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