Oct 20, 2006
Euler’s little summation formula and special values of the zeta function

Thomas J. Osler
Mathematics Department

Rowan University
Glassboro NJ 06028

Osler@rowan.edu

1. Introduction

In this note we present an elementary method of determining values of the zeta
function (z) for z=0,—-1,—2,---. We use a little known summation formula due to

Euler.

The zeta function, defined by the series

(@=L, Re(x)>1,

n=l n
is one of the most important special functions in mathematics. The functional equation

for the zeta function is
C(-2)=202n)" cos(%z)r(z)e; (z).

Euler found closed form expressions for { (z) when z is an even natural number. He

2 4 6

i T T
showed that £ (2)=—, £ (4)=—, £ (6) =——, and in general
C(2) 6 c4) %0 C(6) 945 g

© 1 (_1)p+122p—] B2
2p)= = L
L(2p) ;nzp 2!
(See Knopp [3, page 237].) Here the numbers B, are called Bernoulli’s numbers, and
Pp 15, pag n

they are all rational. The first few are

1 1
BO :l,Bl :—E,Bz :g,B4 :—E,Bé :E,..., and B3 :BS :B7 :...:0,

and their generating function is

o0
Loy
e'—-1 = n!




These can all be calculated recursively by starting with B, =1 , and using

ol
(1) B, + B, + B, +--+ B =0
0 1 2 n—1

for n=2,3,4,---.

Using the functional equation and the special values of the zeta function at

positive even integers shown above, we can calculate the values
B +1
€(0)= B, ,and {(-n)=——2L for n=1,2,3,... .
n+l1

A second method [1, p. 12] of finding these values of the zeta function is to use the

theory of residues applied to a contour integral representation of C (z).

In this paper we show that these values of the zeta function can be found without
using either the functional equation or the special values of the zeta function at positive
even integers. Nor do we need contour integrals and the theory of residues. We use only a
rarely seen elementary summation formula due to Euler that we call “Euler’s little
summation formula”. This little summation formula [2] was found by Euler as an
intermediate item in the derivation of his “big” result [3, pp. 518-535] that we call today
the Euler-Maclaurin summation formula. In the next section we will show a simple
derivation of the little summation formula and in section 3 we will use it to find the
values of { (z) for z=0,—-1,-2,---

2. Euler’s little summation formula for infinite series

Definition: Let ¢, b and / be constants and let

Spnf ()= fla)+ fla+h)+ f(a+2h)+--+ f(b),



where b=a+ Nh ,withN=0, 1,2, ... . Here weread S, , f(x)as “summation of
f(x) from a to b with increment /. Usually we sum with increment /2 =1, and in this
case we suppress the 4 and write S, , f(x) = .S, f(x).

Theorem (Euler’s little summation formula): Let f(x) be a function with M +1

continuous derivatives over the interval a < x <oo, and let us use the
notation f(0) =lim f(x). Then
' M Soc (n) X
@SS W= f@-y =L g,
n=2 .
where

R, =—
(M +1)!

(£ + L)+ S ) ),

and x_ is in the interval c < x. <c+1.
Proof: From the hypothesis f(x)is a function of x with M+1 continuous derivatives.

Thus (for a < x), we can expand f(x) in a Taylor’s series with M+1 terms and a
M £(n)

remainder: f(x+h)= Zf—'(x)h” +7y,,
= n!

S L

1! and x" is in the interval x <x < x+ /. Summing from a to
_+_

where r,, =

b=a+ Nh we have

(n)
() LSSt = b,,f(x>+ZM iR, |

where R, = S, ,r, 1s described by



hA1+1

v 1),(f“““( )+ IO+ S ().

and x, is in the interval ¢ < x, < c+ & . Notice that
Spnf(x+h)= fla+h)+ f(a+2h)+-+ f(b)+ f(b+h),
and
S ()= fla)+ fla+h)+ f(a+2h)+--+ f(b),
SO
Spnf xR =S, , f(x)=f(b+h) - f(a).
From this last relation and (3) we get

M (n)
S+ - flay=Y w2l Z0) “’f Oy 1k,

n=1

and isolating the first term in the sum and dividing by /& we get

i a bhffn)(x) 1

() =L 1 1
4 SonS (X)—hf(b+h) hf( a)— o R

n=2
Now let #=1, and let b — oo, then this last relation becomes (2) and the theorem is
proved. o
3. Euler’s little summation formula for infinite series and the zeta function
We can use (2) to determine recursively the wvalues of C(z) for
z=0,-1,-2,-3,---. Let

—z+1

X
—z+1

fx)=

The 7 th derivative is

f(")(x) - 1)’”1 z(z+1)(z+2) - (z+n— 2)
.xz+n 1




If Re{z} >1, then lim f(x) = f(e0) =0 and we have from (2)

L 1 D"z(z+1)(z+2)---(z+n-2) 1
(5) HSOC xz (Z l)az 1 z n| aSOO z+n—1 +RM s
where
R, =(-1)" z(z+1)(z+2)-(z+ M —1) 1 N 1 N 1
v (M +1)! ) o)™ ()T

1

* + * + *
(xa )Z+M (xa+1)z+M (xa+2 )Z+M

and x < x, <x+1. Notice that +---<C(z+ M), and thus

we have
(6) |RM|S|Z(Z+1)(Z+2)...(2+M—l)|g(Z+M).
(M +1)!
Leta=11n (5) to get
(7 (z)_ 1 +z( 1)"Z(Z+1)(z+2)...(Z+n_2)C(Z+n_1)+RM.
n=2 n!

While (7) was proved with the restriction Re{z} >1, by the theory of analytic

continuation, (6) is valid for all z except z = 1.
For z=-N, with N a nonnegative integer, the remainder in (7) is zero if

M = N +2 . Notice also that

z+n—-2

(Z+n—2)§(z+n—l):(z+n—2)( +A+B(z+n—2)+C(z+n—2)2+---j,

and thus

lim (z+n 2 (z+n-1)=1.

z—>—(n-2

Returning to (7) we see that for N =0,1,2,--- , we have



Y (=1)" (~N)(=N +1)(-N +2)--(-N +n—2)

ZEIPNC(Z):_J\:—lJ’Z n! B
N (_1)N+2(_N)(—N+1)(—N+2)..-(_1) lim (Z+(N+2)_2)C (Z+(N+2)—l)
(N+2)! N

Thus we have

o ol WWN(N-D(N=2)-(N=n+2)
c( N)_N+1 Z:;, oy C(n-N-1)
1
—
(N +1)(N +2)

which simplifies to

Y (N+2
Q)  (N+2)(N+DC(=N)= —(N+1)—Z( : an (1=n).
With N =0, we can use (8) to find £ (0) = —% . Next using this value of { (0)with

N=11n (8) we calculate € (-1) = —é . Continuing in this way we find successively

C(—2)=0,C(—3)=$,C(—4)=0,C(—5)=—2—;2, ((-6)=0, ...

We can also use (8) to prove the general formula
B 1
9) ¢ (0) = B, ,andQ(—n):—Ll,for n=1273,....
n+

.We have shown that £ (0) = B, . By induction, assume (9) is true for n=1,2,---, N -1.

Setting nl (1-n)=-B, in (8) for n=2,3,---,N we get

N+2 N (ON+2
(N+2)(N+1)C(—N)=—(N+1)—( | ]§(0)+Z[ . jBn.

Adding and subtracting 1 on the right we get



(N +2)(N+1DC (=N) :1—(N1+2j{1+g (O)}+i(N+2]Bn,
n

n=2

which we rewrite as

N+2 N ON+2
(NHJ(NH)C(—N):;[ jBn-

n

It follows at once from (1) that (N +1)C (-N) =-B,,,, and (9) is proved.
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