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The integral from D to E

This integral resembles the previous one, only now we are

on the opposite edge of the branch cut where © = 2y and not O .

Thus the integral becomes ( when we set 2z = r 92"1 )
>
E-l/z e‘ﬂi) (dr 32771)
ref™ 4
R .
. 2wi _ -wl _
Since e =1, and e = «1 , and since ¢ approaches 0

and R approaches infinity,this last integral tends to

€
-1/2
(5) j. =_j[ =T dr __5 1
r+ 1
R

E<D
because the minus sign and the inverted order of integration cancel.

The integral over the large circle BCD.

We now show why the integral over the large circle tends to

zero as R grows . On this circle we have

z=R e , dz=1iR e® a6 (remember R is

constant )
z-1/2 - R-1/'2 6-19/2’ and

Z + 1~ 2z=R ei® ( because R is so large )

Substituting these values into the integral we get

2

21 :
d{ ~——>J[. r=1/2 °-iié2 iR o1% a6 _ y jgRl/2 [ - -18/2 44
R e .
Xof o | 6
- comstant
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Clearly this last éxpression tends to zero as R tends to

infinity.

The integral over the small circle EFA

We now show that the integral over the small circle tends

to zero as the radius ¢ tends to zero . On this circle we have

Z = ¢ ele , dz =1 € ele ae ,

z"l/2 = 5'1/2 e'ie/2 and

2 +12 1 because 2z is so very small .

Substituting these values into the integral we have

0 0
21

F1:>2 . 2w
— (constant) 1/:

Clearly this last expression tends to zero as & tends to zero.

Now we substitute (3) , (4) and (5) into (2) and get

2w = I +0+1I4+0
thus we have I = ¢ |,
Remarks

1. In the above example, a critical feature was that the
integral over the two sides of the branch cut produced some multiple
of the desired integral I . In selecting a branch cut and a |
contour of integration, we should keep in mind that our real
integral I will emerge from the segment or segments of the

contour along the branch line.
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2 The integral over the large circle tended to zero.
Is there a simple way to see this? Yes] The integral is, loosely
speaking, the length of the contour times the integrand. Now the
length of the contour (circle) is 2R , and thus the integrand
must tend to zero gaster than 1/R so as to successfully fight

of the 2mR of the contour length. Thus we see that if the
g-3/2

integrand,in absolute value, behaves like R'Z.or etc.,

for large R, then the integral over the large circle will

surely tend to zero.

3. The integral over the small cirele also tends to zero.
The same method just given also helps to see this simply. The
integral is , loosely speaking, the product of the length of
the contour times the integrand. The length of the contour is
now 2Z2re. Thus so long as the integrand does not tend to infinity
at the rate 1/¢ or faster, the 2ne of thecontour length will
dominate and make the integral tend to zero. Examples are

integrands 1like

5
1 l + 2 Jz
0 7 T T 2.2

The first of these functions behaves 1like 5'1/2, the second does

1/2

also, and the third behaves 1like € . Each of these times 2qe

(the circles length) tends to zero as ¢ tends to zero.
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Problems

Evaluate the following integrals: o

= -k
29./x‘1/3dx 30. x— dx O<k<1,
l + x
1l +x
0 0
o
oo
31, x"1/2 4y 32, x1/2 4y
1l + x;! (1 + x2)2
0 : 0
Next we consider an integral featuring a logarithmic branch
cut,
Example 2 @©
Evaluate I =f lgg x gx .
a + x

0

Solution

Recall that if we set z2 =r eie s then

log 2 = logr + i6 0 <6 <2¢ .,

We cannot use the contour of the previous example, for now when

we integratelalong the lower side of the branch cut we will have

9 = 2r and we will get ) oo
o
log r + i2¢ log r dr | dr
- dr = _ - 2ni —
E-2 D J;a2+r2 | a< + p° a + p ‘

o , °
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Notice that the minus sign in fromt of the integral which
is I in this last expression will cause it to cancel the
integral over the segment from A to B. Thus the desired integral
disappears from the calculation ! Clearly another contour is
needed,

The trouble with the contour of the previous example is
that the two integrals ylelding I are in reverse directions
causing them to cancel., Let us now select a contour in which the

two integrals involving I will have the same direction.

A
d
/.v"'
R
F
D — if ?\ﬁ > B B RANC
N ——
-R -€ € R cuT

As before, we examine the integral as a sum of four segments,
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The integral over the entire contour

Here we use the Residue Theorem where we observe that
there is but one singularity inside the contour, a simple

pole at ia . Thus we have

]

(2) J-lqg&—z—gl— ZﬂiReS(leS—z?-, ia )

a + 2 a8 + 2
(}\ji = 2ri logiz
z + ia .
z = ia = aelﬂ/2
- 2qq loga + in/2
2ia
2

i i
a loga +1 a

The integral over the line segment from A to B

Here log z = logr + i0 = 1log r. Therefore, as ¢

approaches zero and R approaches infinity we have

(3) —> I,

A——B

The integrals over the large and small semicircles

In ‘the integral over:the large circle we see .that - -
the integrand behaves like R~° log R for large R. Multiplying
this by the contour length of =R gives 1 R-1 log R for
the growth of the intggral as R gfows large. We know from the
previous section that R™! dominates log R and thus the

integral tends to zero.




In the integral over the small semicircle we see that

the integrand behaves like

log € + i6

c
a

for small € . Multiplying this by the contour length we

and letting € tend to zero we see that the integral approaches

Zzero because ¢ again dominates 1log & .

The integral over the segment from D to E

Over this segment we have 1log z = logr +. im , and 8ince
z = - r, dz = -~ dr . Thus we get
jﬂ 3 og r <+ ir( dr)
+
D~>—E
- e
log r dr + ir dr
= a +r a2 + r2
0 0]
-1 r = 0
= I 4+ jip tan " r/a
a
r =20
TT2
(L) = I+ 1z .

Substituting.(Z), (3) and (4) into (1) we get

s TT2 ' : 2
s o8 & + 1 7= = 1 + 0 + I + i gz_ +0

which finally yields I = g; log a .
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Problems -
o o
33. Evaluate 19% X dg > . 34. Evaluate f}ﬁg,x dx
(x= +.a%) <+ 1
° 0

The next example features two multiple valued factors in
the integrand. Careful attention must be paid to the branches

of each function to be used.

Example 3 _
1
Evaluate gf' x'1/2(1 - x)'1/2_dx
. _
Solution

The integrand f(z) = 2'1/2Ll—-—z$°1/2 consists of two
factors, and we begin by defining separate single valued branches

for each one.

Set z =r e° , with 0 <8 < 2r and then

A

(1) z'l/?- - r-l/z e-ie/?_. . ZK‘—‘\\
TN
Set 1 - 2z =8 eim where A \ >
¢ 1

0 <w < 2v . Then

RSV SRSV St
z2—|
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this
Withiselection of branches for t

z'l/Z(L—-——-a-)-l/2 hes a branch cut

he factors of the integrand,

the integrand itself, f(z) =
extending along the real

axis from z = 0 to z =1 .

We are not surprised to

find the cut along the

segment from 0 to 1

because the angle 6:.1is discontinuous here. However, we might
also expect the function f(z) to be discontinuous across the
real axis from 2z = 1 to 2z = +G Dbecause both the angles

6 and ® are discontinuous across this segment. To see why £(z)
does not change value when we cross this segment of the real

axis we look at values of f(z) just above the point P

in the figure and values just A
o =°
below this point. Just above P, o
| el
both 8 and w are zero and thus 4 L P
£(P) = r'l/2 3'1/2 , a real

value. Now, for the value of f(P) Just below P we have both

® and ® equal to 2n. We ﬁh
27 w o= yR

la 4

U

get using (1) and (2) 1O

f(p) = p=1/2 gim =1/2 -im [ m -
= r']‘/2 3'1/2 K\\~_::;-—---*<:53559[:::;§: ke

which is the same value that

we had just above P. Thus

there is no discontinuity across the x-axis beyound the point x=1,
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Now examine the contour shown.

S A——--)— -—\ >

T = —— — — — — -,
S %
\\ LirLE CIRCLES

oF RADIVUS €

We notice at once that the two integrals along the dotted portion

of the contour cancel each other since they are in opposite

directions and there is no branch cut separating them. Thus they

can be ignored. Thus we have

(3) 27121 "1/ 2; - J +

F-

large
¢ircle

1- €
, N j
€ two small
above below circles
branch branch




6.70

The integral over the entire contour

The integral on the left side of (3) is zero by Cauchy’s

integfal theorem since the integrand has no singularities inside

the contour.

The integral over the large circle

On the large circle, where we assume the radius R is

quite large, we have z = R eie, and thus dz = i R eie de.

o

Since R is very large, r ™ R R

and s 2~ R, Also @ == 6. there- 4"4\‘R ;1

fore we have N\ WS E
\ 0|1

2 L
(,4) j —> J' ( R'1/2 e"ie/a)( R'l/z 6-16/2) iR eie a6
0

large
circle

2

0
Thus as R approaches infinity, the integral over the large circle
approaches the value Z2wi.

The integral from O to 1 above the branch cut

Since '® = 0 and” W = w on thls segment we have from (1)

and (2) N

49 z
e
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z-1/2(1’_,):)-1/2 _ r-1/2 §-172 o-in/2
2=l

I VR L VR

Sinee dz = dx wWe see that as & tends to zero, the integral

on the straight line segmént abpve the branch cut approaches

1
(5) -1J x‘1/2(1 - x)'1/2 dx = =11,
5 .

The integral from 1 to O below the branch cus

Cn this segment

A\ 4

of the contour 6 = Z2vx

and ® = 1w . Thus we have

2" 1/2 hepym1/2 om1/2 g-im -1/2 -in/2
zZ-{
r'l/2 5'1/2 i

1 x 2 (1x)7V/2

Now again dz = dx and as ¢ approaches zero thes integral below

the branch cut approaches
0

(6) ij U o R
1




The integrals over the two small circles

Consider the small circle centered at z = O. A glance

at the integrand shows that it behaves like 8-1/2 when

z is on this circle. Since the product of 6-1/2 and the length

of the contour 2me glves 2"51/2 , we see that the integral

approaches zero as ¢ approaches zero.

The integral centered at 2z = 1 vanishes for the same reason.

Substituting (L), (5) and (6) into (3) we get

0 = 2wi - 11 -11I + O + O

]
2
[ ]

Therefore I

Problem

35, Evaluate J‘ x-2/3 (1 - x)'l/3 dx
0
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Review Problems for Chapter 6

1. Use Canchy’s integral formula to f£ind % sin z 4z
(2 -m°
2zl =T

2. Find the residue of each of the following functions at

the indicated points.

(a) (a2 +29)74 at 1a

(b) - Z at the two points Brz242. #
2t + 6z + 1 -
27 10g z -k -k =36k
(c) at -1, where 2z =T € .and
1 + 2 ‘
log z = log T *+ io with
oo 0 <8 < 2m
3. Evaluate -J‘-_%E_——z—h
0 (a° + x7)
oo
¥ 1n x dx
Lo Evaluate , 0O<k<1.
0 1 + X
2n
5. Evaluate)f de
1 + cos ©




