1.5 The Rismarnn sthere ¢f numbers
I, 3 = = - 2 - - ma
W2 neve =282y LnET The compleX planz 1s & ceavenient device
3 S 2 - 3 < = X md Y, ~ . -‘} ~
Tor viszualizing the cperations c¢f additicn, subiracticn, muitip-
Z I

is convenient tc use

oints on a sphere rather than points on the plene to visualize

operaticns invelving complex numbers. To see how this is achieved,

look at Figure 1. Here s sphere having unit diameter is placed
directly cver the crigin of coordinates of the complex z-plane.
Each point P on the complex plane is made to correspond to =&
peint P’ on the surface of the sphere in the following way:

(1) A straight line is drawn from the north pole
of the sphere "N" to the point P in the
vlane,

(2) The point P’ to which P is mapped is the
point where the above straight line intersects
the surface of the sphere,.

The mapping of points P on the plane to points P’ on the

Sphere 1s called & sterecgraphic projection. The sphere itself

is called the Rismann Sphere of the sohere of complex numbers,

To identify pointsfon the Riemann sphere, we will use the
terminclogy used to identify voints on a giobe of the eafth.
In Pigure 1 we see the nortﬁ%ole "N"  and the south pole "3" ,
We also see the ejuator and circles of longitude and circles gf
latitude. An examination of Figure 1 reveals the follow1ng

mapping of points from the plane to the sphere:
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2 = C Scuth Tels
z = 1 Fgustér a2t 07 longifude
- . o i +91” a
7z = 1 Zaueateor at S0 longituce
— - . PI\O - ntd
z = =1 Zgquator at + 100"~ longitude
= ~n0 .
z = =1 Equator at =90 longitude

If we ignore the north pole "N", we see that the stereographic

nrojection defines & one to one mapping cf peints cn the plane

with peints on the sphere.

" Notice that no point on the complex z-plane maps onto the
north pole of the Riemann sphere. However, we do notice that
ocints near N correspond tc peints on the z-plane very very
far from the origin. 1f we introduce a new (improper) voint
, it seems reasonable to identify the ncrth pole with

th oint. We call the ordinary complex plane (without z = © )

-~
-

e

o

the finite plane . When we add the point 2z = @ to the complex

plane we call it the extended plane cor the closed plane. Thus

we see that the concept of & point at infinity takes on a very
tangible form on the Riemann sphere since it corresponcs to a
well defined point, the north pcle. lhe Riemann sphere is very
convenient for visualizing phencmena invol&ing large 2z Dbecause
these points occcur near the north pole.
A curve on the complex z-plane now maps onto a curve on the

surface of the Riemann sphere. It is easy to.see that the circle

lz] =1 4in the plane maps cnto the equ;tor of the sphere. The
pesitive real axis maps ontc the semi-circle of lonéitude 0°

The positive imaginery axis maps onto the semi-circle of long-
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a circis of infinite radius . With this terminclczy, we have

the followlng property of the sterecgraphic prejecticon:

Bvery circle on the plane maps onto a circle on the sphere
and

every circle on the sphere maps onto a circle on the Plane.

This property of the mapping is summarized by saying that it
1s circular . We will not prove the circular property in this
section. The student can prove this property by following
the steps outlined in supplementary problem 1.8, .
Problem
17. Look at Figure 1 and convince yourself that
(a) 4 circle }z| == maps onto a circle of latitude
on the sphere,
(b) Two parallel lines on the plane map onto two circles
on the sphere tangent at the north pole, |
(¢) The region |z} <21 maps onto the southern hemi-
Sphere, |
(d) The region |z} » 1 maps onto the northern hemisphere.
(e) The half-plane Im(z) >0 maps onto the hemisphere

having longitude between 0° and 180° .
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This angls is cdefined by the straight lines AP =ané BEP .
The lines AP and EP map cnto the arcs A’P’ and B’P’ on
the surface of the sphere. The mapping is isogonal if the angle
A’P’B’ is also 8 ,

It is easy tc prove the isogonality of the mapping. First
note that the sector APB in the
plane (with the lines extended N
to infinity ) maps onto a slice
of the sphere which resembles a ,

slice of the skin of an orangs. F:

Note that the angle at N must
equal the angle at P’ . But the angle at N is clearly ©

since the tangents B’’N and A’‘N are parallel to BP and AP,

Thus the mapping is isogonal.
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1. Degeribe tha T2g n :
3 = B v S pmeml Y /‘x and
hiad o a 2 z =< ¥ ! o -7 < 2z 2 hit 2 sl
oz cacd3aq, = / - 4 7 & 84
-

2. Let z =1 +~J§11 s W=31, Z = 243’- 21 . (a) Express
2, w, and % in polar form. (b) What is |zwZ| 7 (c) Wnat is

arg(zwZ) 7, (d) What is arg( zwZ ) ?
3+ Prove that el® ol® o ei(e+w).
L. Pind all values of z such thsat zh = ~81. Express the results

in Cartasian form.

——




Thus the Item identified by 21,3.12

for section 3 of chapter cne.

l.1.1 Find z +w, 2z -w, 2zw and

following pairs of complex numbers and
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the twelfth problenm

z/w for each of the

express the result in

the form x + iy , (a) 2z =L-lji , w = -8-8i ;

(b) z =2+24/3 1 s W= 2243714 5 (e) z =344, w= L-31 ;
(d) z = 3-1, w = 2+3%

1.1.2 Compute (-l <+ ‘V 3 i)3 - Ans. 8 ™

1.1.3 Compute (-1 —ffg,i)é - Ans, &4 .

1.1.L Compute (1 + 1)8

1.1.5 Compute (2 - Zi)h

1.2.1 Find Re(z), 1Im(z), lz2] , arg(z) and % for each

(a)

cf the following complex numbers:

z =

3) (b> Z =).‘.i,

(e) z =331 , (d) z = 4/3" < i, (e) z =Y} - 31 ,
1.2.2 (2) Show that z +Z = 2 Re(z) .
(b) Show that z -2 = 24 Im(z) .
1.2.3 Show that lzl2 =z 3z
1.3.1 4Add the numbers given in problem 1.1.,1 vectorially,
1.3.2 Find the sum of the following numbers algebralically

and vectorially: 3, 2-31 s b1, -6+1

? 2-21 [
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CGive a geometric argument to demonstrate the identity

20 thas ;:1 oz
1.3.4h Wizt condis
20 tnat ;zl - 22]
1.3.5

’zl - 2,
l.h.1

and decide if they are

open nor closed .,

(e)
(£)

[zg) - 2] -

>

Describe the following regions on the complex plane,

(a
1 <Re(z) <7 ;

[-2] = 2 ; ¢

(i) open, (ii) eclos

(b) R
T < arg(z) < 3n/2

3<lz] <4 ; (n)

) Im(z) < -1 :
(d)
g)

(1) '{z / 3=}z :h,@rg(z) <n/h F.
.

l.4.2
(a)
(d)

l.463
the e

l.h.4

ed, (iii) neither
e(z) >2 |

; (e) |z] <5,
2 < |2z=2] <) ;

Describe the following regions on the complex plane:
1343z} <6 ; (p) I22-4] <2 ; (e) 8 < | h=hz] < 12 ;
2| = [z-1] ; |

H zZ + i z - 231
(e) }Z_:—T < 1 H (f) [Z—+ 21 »
Show that the equation [z+1[ + Iz-ll=2«ﬁ? defines
1lipse x2 + 2y2 = 2 |,
Show that  [z+i] - lz=1] = 2a/2 defines a hyperbola,

and write its equation in terms of x and y .

1.k .5

equation in terms of x and y

Show that |z) =

2|z

-1| defines a circle ang write its
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Z.5.1 Zxpress ths following numbers iz the ferm o os

Witho T > 0 and with 0 <€ <27 1 (a) =31 ; {(b) 1+%i ;

(¢) =1 = qgﬂ- ; d) =3 .

1,5.2 Express the following numbers in the fo;m X + 31y :
(a) 3 ™ ; (b)) 2 ewi/2 ;s (e) 7 el m ;3 {d) =2 e.ﬁi/h :
(e) 4 e™/% ; (2) 5 3bint

l.6.1 Using the numbers given in problem l1.,1.1, find

zw and z/wWw vectorially .
71.6.2 Show that (cos € + 1 sin 6)® = cos n8 + i sin n6 .
(De Moivre’s Theorem )

1.6.3 Show that cos 58 = 16 cqsse - 20 C0839 + 5 cos B
and that sin 56 = sin 6 | lécosue - 12 c0328 +11].,

l1.7.1 Solve the following equations and express the results

p)
in the form x+iy ; (a) 2% 4 i =0; (b) 2°+1 =0 3

(c) 2> +8 =0 ; (4d) zh+16=o ; (e) zé-éh:o;

2

(r) 2 4 1l -1 =0. Answers (a) + N2 (=1+1) 5 (b)) +1;
(d) + N2 (141) , 1»\/'27(-1+i) .

1.7.2 Find the square roots of 5+ 121 .

1.7.3 Find all the roots of the equation zu + z2 + 1 =0,
Ans. (1 243 )/2 , (-1 243)/2 .

1.8.1 Argue that the Straight 1ine x =1 maps onto a circle

- through the north pole and tangent to the equatér at the point
of 0° 1ongiﬁude.
1.8.2 Let -C be a circle in the Z-plane that intersects the

unit circle lz) =1 at diametrically opposite points, Argue




tihat £ maps cnte a2 gr=a
gircis 23 the largsst pesgsitle c:rc;e, 1,2, & circls cf diamster
ons, )
a7 o

1,8.3 Cescribe the imags of the ecircle of latitude 30 .,

rﬂ
Ans. aZI = VBC
1.8.L In this problem, the student will prove that the mapping

effected by cur sterecgraphic projection from the plane to the

sphere is circular , that is, it preserves circles.

In the figure, (x,y) refers to the pcint P in the plane,
and (X,Y,2) refers to its image P’ on the sphere.,  The
length of the line segment QP’ is dencted by‘ R, and the
length of the 1line segment SP 1is denoted by r .

(a) TUse similar triangles to show that TR =Z and r(1-Z) =R .,
(b) Use the results of (a) to show that

R =

1+ 1 +r
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(z) Since X =F ccs &€ and ¥ =3 gin €, snd since = = I cos &
3 - - < a - ! - 23y oy e
and 7 =r sin & , uzs {(z) to shew tras
-~ -
z° + v°
-5 X -V..— I f"_ P Y
N - r = — M - °
~ o : 2 - z P 4 > < <
fud - Z - !
1 +x" +3 L+ x + 3 i+x +7
- ~ E

These equations give the coordinates of a pcint cn the sphere
when the coordinates (x,7) of the corresponding peint cn the

pPlane are known.

(d) Use the results of (¢) to show that

2 2 Z X _

X +y = 3 T B oe———,

1 -2 1 -2 1 - Z

These equsations give the coordinates of s point on the pléne
when the coordinsatesw (X,Y,2Z) of the corresponding pecint on the.
Sphere are known.

(e) The equation of a cirele on the complex plane is

2 ) +Bx+Cy +D=20. Use the results of (4)

A( x2 +y
to show that this circle maps to AZ + EX + CY + D(1-2) = o
which is the equation of a plane . This plane cuts the Riemann
sphere to form a circle. Thus the stereographic rrojection

preserves circles |
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