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CHAPTER 3

SOME GENERAL PROPERTIES COF ANALYTIC FUNCTIONS

In this chapter we reflect upon general properties of the

functions we have studied in detaill in Chapter 2. By examining

both analytical and graphic representations of these functions,

we can anticipate properties that are likely to be true for many

of the functions that we have not yet studied, but that we will

meet in the future., While these general properties are sometimes

quite difficult to derive in a rigorous manner, we will see that

it is often easy to guess or conjecture their nature. Thus we will

ljearn some rather far reaching results concerning general functions

through simple inductive reasoning.

3.1 Regular and singular points

In 6hapter 2 we were careful to obtain "natural" definitions
for our functions. We have not given a precise meaning to the term
"natural". Yet, we sense intuitively that these definitions which
arose through the manipulation of formulas are "natural' since the
mgthematics itself seemed to suggest them. These definitions for
sin z, log z, ez, etc. did not come from the arbitrary fancy of
our imaginations. Natural functions of a complex variable are
usually termed " analytic functions" or " regular functions" by
mathematicians. All the functions we studied in Chapter 2 were
"analytic functions",

Consider now the function

3

(1) W = z2° + 22

(z - 3)(z +1)°
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For all values of 2z, with the exception of the two peculiar values
i =3 and z = -1 , this function is easily compiited, and the
behavior of the function near these points is quite "nice". These
"nice" values of z are called"regular" or "analytic" points for this

function. The peculiar values z =3 and -1 are called "singular

points. Notice that as =z approaches either 3 or -i, |w| approaches
infinity.

Example 1
Find the singulér points of the function w = cot z .

Solution

Since cot z = cos z/sin z, and since sin z is zero only for
z = nv, where n = 0, 11; +2, ..., (see Figures 2.7 and 2.8), we see
that cot 2 has 2z = nr as its singular points. All other values of

z are called "regular" or "analytic" points for cot z.

Example 2
Find the singular points of the function w = cot(l/z).

Solution

We saw in Example 1 that cot z is singular at z =nw, n =
0, #1, #2, ..., thus cot(1/z) is singular for z = 1/nmw . Since
cot(1/z) is not defined at z = 0, this point is also a singular
point. Notice that z £ 0 is a "1limit point" of the singular points.

Any circle, however small ¥

centered at z = 0 contains e a1 .u..]l s 4 & X
an infinity of singular & i *
points, Singular points 1/nnr crowd into z=0

from both sides on the x-axis making
2=0 a "limit point" of singularities.
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Example 3
Find the singular points of the function W = [z

Solution
There are no values of z at which division by zero identifies

singularities, yet we do know that J;ﬂ behaves in a very unusual

manner at the point =z = O, This is the branch point for this

function, and branch points are always singular points. -
A singular point is said to be "jgolated" if it is completely

surrounded by regular points. More precisely, an isolated singular

point is at the center of some circle all of whose points are

regular (except the center itself). The singular points of cot z

e

(Example 1) are isolated. All singularities except z = 0 of cot(1/z)

(Example 2) are isolated. The function w = JZ‘ has a non-isolated

singularity at z =

O because a branch line of discontinuities emerges

from this point.(Example 3). *
¥ . A Branch
AY A . line
. 1 ’ ‘
.'.: '
z@
0 r ZO

>X > X > X
Isolated Singularity ‘Non-isoclated Non-isolated sing-
at z ='ZQ . singular peoint ular point at z=z..
The point z = z, is at z = z2,. 0

0 -0 The point z=z, is
the center of a circle The point z = z,. - 0
all of whose points are is a "limit 0 & branch point.
regular except Z4 - point of singularities”

Example 4

Determine the singular points of the function
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and classify them as 1solated or non-isolated singularities,

Solution

Since the function el/z approaches infinity as z approaches

zero along the positive resl axis, 2z =0 is 8 singular point.

1/2 is single valued and well defined ab all values of

Because ' ©

2 surrounding the origin, z =0 is and isolated singular point.

Since 22 + 1 = (z+1)(z=1) we see that both 1 and -1 are

also isolated singular points . The function "square root" has

branch points at those values of z which make the expression

under the symbolﬂ/ zero or infinity. Thus the points = 2

and z = =2 are branch points and are non-isolated singularities.

It issometimes useful think of z = ®@ as & point. The usual
valups of z form what we call the "finite z-plane", and when we
add the point at infinity we speak of the "extended z-plane”,

To examine the nature of a function w = f(z) at the point at
infinity, we replace 2z by 1/2 and examine the nature of
w=1r(1/2) at £ =0 .

Example 5
Determine the nature of the function

(2) W= 2

at infinity.
Solution

Replacing z by 1/ we get

= 1/¢° R | _ 1
14 +1  z+% Z(Z+1)

w
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Since this function of Z has an isolated singular point at £ = 0,
we say that our original.function has an isclated singularity at

infinity.
When an isolated singularity of & function is due to division

by the factor (z-a)® , (n =1,2,3,...), we call thé singularity
at z=a " a pole of order n". Poles of order one are usually
called "simple poles". For example, the function given by (1)
has a simple pole at z = 3 and a pole of order two at 2z = -i,
The function given by (2) has simple poles at 2z = =1 and <.

We have just seen that a pole at the point 2z = a 1is an
isolated singularity due to division by the factor (z-a)® .
Since (z-a)® approaches zero from every direction as z approaches
a ; the function itself approaches infinlity from every direction as
Zz approaches a , Tpe diagram shows
the lines of constant modulus /
plotted over the z-plane. Note ////

that as we get near z = a, these

LM (&)
d °,5

level lines approach circles <°

centered at z = a, This is characteristic

of a pole at the point z = a, > Re(®
Another graﬁhic example is seen in | 4 '
Figure 2.4 which shows the simple pole at z=0 of the function
w=1/z ,

There is another type of isclated singularity, which unlike
the pole, approaches many different values as z approaches the
Singular point. This type of isolated singularity is called an

"essential singularity". Figure 3.1 shows the contour plot for



©
1/2 . This function has &n essential singularity

the function w = ©

at 2z = 0. Examine this graph%:representation carefully. Notice

= constant ©passes thromgh the

that every curve of the form f

ese curves surround

origin. ( Contrast this with the pole in which th

the singularity rather pass throgh it. ) Also every curve of the

form ¢ = constant passes thré@h the origin. The only value of P

which is not seen 1is P = 0. Tnhus we see the following remarkable

unction: "Inside every circle, however small, centered

property of this £
at 2z = 0, the functilon w = el/z assumes every value except w = o1t "

There are other types of singularities besldes those described

above, but these are the most important, and the most often encountered.

We will have much more to say about singularities in the future,

but for now, we summarize the notions just introduced.
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Problen ??
e the singular points in the extended (j::)

1. For each function, loceat

.

b he
poles (give order) or are they essential singularities ? If ¢t

' int
singularity 1is non-isolated, is it a pra@ch point or a 1imit po

of singularities? N o

s 5
(1) z2 +2z2+1, (t3) sin z , (iii) z 75 2z + 1 ’-
z +U

23 3 2 -1

(iv) = , (v) (27 +32° +3z2 +1) ’
25 + 4z + U4
(vi) —22:—2—— , (vii) % , (viii) csc z , (ix) V zE +1
2z =L

(x) exp( 1/(z=1) ) , (xi) %{% , (xii) 1log z?

(kii1) log(z® - 1) .

While our notions of singular and regular points have not
been introduced with mathematical precision, nevertheless, we
have been able to identify and classify them for many important

functions, As we continue our study, we will gain a clearer picture

~ of the ngturb of regular and singular points,

3,2 The maximum modulus theorem

In the elementary calculus, considerable effort was extended
to locate the maximum values of functions. In the calculus we are

developing here in the camplex plane, there is an important theorem

which gives us information concerning where to find the value of z
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which maekes the modulus p = |£(z)| & maximum., In particular, we

are concerned only with values of z inside or on a simple closed

curve C , ( & curve is simple if it does not interesect itself ),

and we ask where is P = |f(z)| a maximum for these values of z.

A
Im(z) é.,C
where is‘\§§\ -

= | £(2)
g;ximum for \4
these 2z 7

A\l

We will now examine several special examples in an attempt to

Re(z)‘s

Pl

discover information coﬁcerning the iocétibn of the"maximum modulus"
Example

For any closed curve drawn on the complex plane, determine the
value ( or values ) of z, inside or on the curve, at which the

function r(z) = 22 assumes its maximum modulus.

Solution
The modulus of 2z° is lzal = lrzeaeif = p . The expression
r2 is greatest when the point 2z is furthest from the origin.
Thus the maximum modulus /kIm(z) 4— Point at which
. < \ \ modulus of
occurs on the curve itself, 2
values of z" is mex,

z under
examination

NN\

at the point ( or points )
which are the greatest

distance from the origin.
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2. Draw a simple closed curve on the complex z-plane. For each

function f(z) given, determine the value (or values) of 2

(either inside or on the curve) at which the modulus of the

function becomes = maximum. For each function considered, give

a statement as to where the maximum modulus is located Tor all

points 2z inside or on an arbitrarily given closed curve,

(a) th » (b) % ( 1ook at Figures 2.5 and 2.6
(¢) 1/z ( Figure 2.1), (d) sin 2 (Figure 2.7),
(Figure 3,1).

Conjecture 3.1

)s
(e) el/z

'Given & general function w = f(z), and a simple closed curve

C on the complex plane, After making suitable restrictions on the

function f(z), where will the maximum modulus of f£(z) occur,

when we cénsider all values of z inside or on ¢

for a discussion of the answer,)

3.3 The argument principle

? (See Appendix 2

In the previous S8ection we examined a theorem concerning the

modulus of an analytic function., In this section we will examine

The "Argument Principlé" that we wil} eventually discover

relates the following three éuantities:

2(r;C) = The number of zeros of the function fr(z

) inside the

simple closed curve C . Each zero is counted as often

as its order,
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P(f;C) = The number of poles of the function £(z) inside the
: curve - C. Each pole is counted as often as its order.

The net change in the argument of f(z) divided by 2w

A(f;C) =
as we traverse the curve C once in the positive sense,
Example

Let f(z) be the function w = 22. Let the curve C be
the circle of radius one centered at the origin in the z-plane.
Determine Z(f;C), P(f;C), and A(f;C).

Solution

Since f(z) = 22 has a zero of order two at z = 0, and no
other .zeros inside C, Z(f;C) = 2. Since £(z) ='22 has no poles
inside C, P(f;C) = 0. Look at Figure 2.2 and watch thé argument
&8s we traverse C once , starting and ending at z = -1. We
traverse 0. in the positive ( counterclockwise ) sense. We note that

¢ varies continuously from «2r to 2¢ . Thus

A(£;0) = net change in & = 2m ~(-2m) = bm = 2.

o 2 2w

We see that A(f;C) 1s the net number of (positive) revolutions
made by the vector w 8s we traverse the curve C once in the

positive sense,

Problems

3. ’Consider the function w = tan gz shown in Figure 3.2 .
Determine the values of Z(tan z; C), P(tan z; C), and A(tan z; ()
for each of the following curves. Note that tan z has simple poles
where z equals ,,,, -3n/2, -n/2, n/2, 3n/2, ..., and simple zeros

at z equals seey =W, Oy m, 2w, ... .
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(a) The rectangle having verticies at i, n/2 + 4, w/2 + 21, and 2i;

(b) [8] =2 ; (e) jz[ =3; (a) 2] =4 .

L. Consider the function w = z 2 - Determine Z(2™°; c), P(z :C)

and A(z'z;c) for (a) the curve [z = 1 and (b) the curve

‘z -1 -i’ =1,

Conjecturs 3,2
From the experience Juét gathered, conjecture a theorem relating

the three quantities 2(f;c), P(£3;C) and A(f;C). (See Appendix

2 for the result, )

3+l Rouché’s Theorem |
We now state a theorem which allows us to determine the number

of zeros of certain functions located inside a closed curve, It is
called "Rouchd’s Theorem". If we assume that the argument principle
studied in the previous section is true, then we can give a rigorous
mathematical proof for Rouch¢’s theorem without difficulty. Thus

the statement and proof of the theorem are given,

Rouché ‘s Theorem

Let C be a simple closed curve on the z-plane, Let f(z)
and h(z) be analytic functions at alil points inside and on the
curve C, Assume alsb that f(z) has no zeros on C, and that
’h(zﬂ<lr(zv ‘for each z on the curve C. Then the functions f(z)
and F(z) = £(z) + n(3z) have the same number or zeros inside C,
Proof: |

We know from the argument principle that £(z) and F(z) =
£(z) + n(z) have the same number of zeros inside C if the vector
I circles the origin the same number of times ags doés F when

Z traverses (, Think of the origin as g fire~hydrant, and think
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= Re (w)

of the vector f(z) as glving the location of a man who walks around
the hydrant. The man holds a dog on a leash which is described by
the ivector h(z). It is clear that if the man holds the leash short
enough, then the dog circles the hydrant the same number of times
as does the man ( i.e. F(z) makes the same number of revolutions
as does f(z) ). How short must the leash be for this purpose *?
Short enough so that the dog cannot reach the hydrant. But the
hypothesis assures this situation since |[h(z)| < fr(z) (1ength
of the leash is less than the distance of the man from the hydrant).
Thus the theorem is proved.

We can sometimes use Rouché’s theorem to determine the numbe}

of zeros of a given function in a specific region.

: Examgle

wa‘many zeros does zI“L + 2z + 5 contain in the region

1 < lzl < 2.7

Solution
First let C be the circle lz| =2, 1let fr£(z) = 2 .and let
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h(z) = 2z + 5. On the curve C, [a(z)] = |22 + 5] < |2z + |5]

< L4+5 =9, But |[f(z2)] = - 16 on the curve |z| = 2, and thus

the hypothesis of Rouché’s Theorem is satisfied. Since f(z) = zh

has four zeros inside |z| = 2, Rouche’s Theorem tells us that

r£(z) + n(z) = zh + 2z + 5 also has four jeros inside-‘zl = 2,
Next let C be [z| =1, let f(z) =5 and let h(z) =

2+ 22 . om | =1, In(z)] = [z* + 2z| < [z)ﬂl + |2z] < 142 = 3,

But [r(z)l =5 on [z[ =1, and thus the hypothesis of Rouché ‘s

Theorem is satisfied. Since f(z) has no zeros inside (2| =1,

neither does zu + 2z + 5, Thus z"*L + 2z + 5§ heas four zeros in

the region 1 < |z| < 2,

Problems:

S. How many roots does z3 +2+5 =0 have between the circles

fz) =1 and |z) =2 ¢

6. How many roots does zl‘L + z3 + 30 = 0 have in the anulus

2 < jz) <3 9

Te Let a >e , Show that az™ + e? = o}

has n roots in ‘zl < 1.
8. Show that all roots of zh + 23 + 1 =0 are inside the
circle [z|[<3/2

9. Show that évery polynomial equation of degree n

S n-
a z" + an_lz 1 + .00 + a, = 0 has n complex roots.

(Fundamental Theorem of Algebra)




Review problems for Chapter 3

z
1. Classify the singularities of f(z) = Z2- -1 el/

2. Let C be the circle [z] = 1. Which of the following

functions satisfy the hypothesis of the Maximum Modulus Theorem ?

(a) sin z, (b) exp(zz) ; (e) exp(z'z), (d) esc z ,
(e)Vihz® =1, (£) (4z - 1)°1 .

3. Minimum Modulus Theorem:

If f{(z) is analytic inside and on the simple closed curve
and f(z) # 0 inside or on C, then |£(2)] assumes its

minimum value on C.

Let C be an arbltrary simple closed curve, and let £(z)
= e? , Locate the minimum modulus, and thereby verify the

Minimum Modulus Theorem for this function.

L. Prove the Minimum Modulus Theorem. (Hint: Consider the
function 1/f(z) and apply the Maximum Modulus Theorem. )

5. Determine a value for R -such that all the roots of

23 + iz + 4 = 0 are inside the circle |z| = R,

sec z ,

3.121:2;}
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SOLUTIONS TO PROBLEMS

Problems from Chapter 3
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APPENDIX II | | ( 2. 8;

ANSWERS TO CONJECTURES

Chapter 3

3.1 The Maximum Modulus Theorem
Eet w = £(z) be analytic at all points inside and on the simple

closed curve C, Then the maximum modulus of £(z) ocecurs at some

point (or points) on the curve C. -

Discussion:
If f(z) 1s a constant , then at every value of z , either

inside or on the curve C, lf(z)[ is the same, If f(z) is not a
constant, then the maximum of |f(z)| occurs only on the curve C,
The case where f(z) has a singularity inside or on C is

excluded by the hypothesis since we cannot draw a general conclusion

unless f is regular inside and on c.

3.2 The Argument Principle
Let w = £(z) be regular at all points inside and on the simple

closed curve C, with the exception of a finte .number of poles inside
C. Then A(f;C) = 2(r;C) - P(r;c) .

Discussion:

Picture the point z traversing the curve C once in the positive
(countercldgkwise)sense.; As z traverses C, the vector £(z) (drawn .
in the w-plane) rotates. The Argument Principle says that the
number of positive rotations minus the number of negative rotations
of the vector w = r(z) equals the number of zeros minus the
number of poles of f(z) inside C.

We restrict the number of poles insidg C to be finite, otherwise

P(£;C) is infinite.




