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CHAPTER 8

- THE LAPLACE TRANSFORM

8.1 Introduction to integral transforms

In this Chapter we are going to study an integral transform

known as the Laplace transform. It is defined by the relation

O

(1) ‘Z{FW} = f(s) =/ e™*% F(t) at .
0 _

Here F(t) 4is the given function of the real variable t , and
the integral (1) converts it into its Laplace transform f(s),

a function of the complex variable s , As an example we have

- | ‘ w
x{eat} _ / e=St _at at = 1 ]
0 3 - g

Throughoutﬁthis%Chapteruwe willrusé:uppér*casexlétbays todenote

the given funétion’( such-ds: Fy- G, H). .and: the corpesponding
lower case letters to denote the transform (f, g, h ).

Every integral transform of use has g corresponding inversion
integral. The inversion integral permits us to find the original}
function F(t) from its transform f(s). The inversion integral

for the Laplace transform (1) 1is

~| , '
(2) F(t) = ;z‘ {?(s)} = L : ets f(s) ds
2wl
r
where ' ig g Straight line parallel to the imaginary axis in

the complex s-plane having 211 the singularities of f(s) to




its left.

Other important integral transforms and their corresponding

inversion integrals are:

Exponenfial Fourier Transform

- (v o]
£(®) =J o710t prgy at, F(t) = é—jr—feit“’ £lw) dt
. | J

Fourier Sine Transform

®
£(w) =[F(t) sin 0t dt , F(t) = =
o | 0

FPourier Cosine Transform

f(w) sin 0t dt

I
Ao

oo
o
f(w) =/ F(t) cos wt dt , F(t) = 2 f{w) cos wt dt
T o
- T o
Mellin Transform
. V9o c+ico
3=1 1 -3
f(s) = F(t) t7 it , F(t) = —_— f(s) t dt
' 2mi
© : c-i®

Integral transforms are important in applied mathematics.
Problems from the real world are often reduced to the selution

of ordinary, partial, or integral equations. These equations

L




in the variable t are then reduced to simplef equations in
the &ariable S by means of the appropriate integral transform.
The new equation in s 1is then solved, and the desired solution
in the variable t 1is obtained through the inversion integral.
As an example of this process, consider the differential

equation

Yoo(t) + L Y(E) = 2 e°F
subject to the initial conditions

Y(0) =0, Y’(0) =1 .
We will see later that taking the Laplace transform (1) of
both sides of this diffefential equation yields the simple algebraic
equaﬁion |

52 y(s) -1 +1L y(s) = s™¢

in which y(s) 1is the Laplace transform of Y(t) . Solving

this equation for y(s). gives
. ST+
vyis) = Gl | 5?_CS2_+[{)

The inversion integral (2) converts this last expression into

the desired solution Y(t) = [ ezt + sin 2t - cos 2t ]/ .

We have only outlined the method by which integral transforms
assist us in solving difficult equations. It the next sections,
we will examine the process in greater detail., Our main interest
will center on the invefsion integral and its solution, because
i1t is an important application of the methods of contour integration

from 8hapter 6.
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8.2 The Laplace Transform

The Laplace transform of the function F(t) 1is defined to
be the function f(s) given by
x©

(1) ’X’_{F(t)} = f(s) = j e~3% F(t).dt .

0

We note in particular the following:
1. The given function F(t), is a function of the real
variable ¢, where 0 < t~< 60 . |
2. The Laplace transform is a fﬁnction éf the Eomglex
variable s . '
3. The given function is denoted by an upper case letter,
while its transform is denoted by the corresponding
lower case letter. .
. The‘integral (1) defining the Laplace transform is
an improper integral. When we investigate this integral
for convergence later, we will see that it is defined
for all complex numbers s in some fight-half plane
¥ < Re(s) , where « 1is a constant,
Table 1 shows a few Laplace transforms of elementary functions.
We can always use the defining integral (1) to find f(s) from
a giﬁen F(t), and sometimes we can use a Table of Laplace transforms,

Example 1

2t

Find the Laplace transform of the function F(t) = 2e + 3,

First Solution

Using the defining relation (1) we have

o
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_ (o)
L {2 & + 33 =fe‘5t[282t+31dt
0
oo @O
- .2/’e(2"5")t dt +3/;e'St dt
0 o
} CO
_ 2 e(2-s)t . 3 e-st
2 = 8 -3
‘ t=0
= 2 +_2 .
g - 2 8

Second Solution

We will now use Table 1., Since the operator ;Z: is defined

by the integral (1) , it is a linear operator. Therefore

2{2 ?t 4+ 3} = 2I’{e‘2t} + 31{1%

Now 1{92‘53 andt{lg are given as items 3 and 1 in Table 1.

Therefore

2{2821:4‘3%: 2 0531 + 303

fxample 2
Using the defining integral (1), find the Laplace transform

of F(t) = tP , Where Re(p) > -1 .

Solution

Buler’s integral from Chapter 7 is
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o)

I'(p+1) =/ e u®P du ,

0

where we require that -1 <'Re(p) so that this integral will’

converge. Set u = ts and get entry 2 of Table 1 at once,

Problems
1. Use Table 1 to find the Laplace transforms of the following
functions

(8) 2t +4 t+3, (b) 2 sin 3t + L cos 3t , (o) BSin(t+E),

(a) L e2t cos t + e't sinh 3t , (e) eLLt tl/2 .

2. Verify items 3, l and 5 in Table 1. (Hint: Write sine and

cosine in exponential form., )

The defining integral (1) 1is an improper integral because
of the upper limit infinity. When does it converge 7 We must
restrict the growth of F(t) as t nears infinity. In particular,

F(t) must not grow so fast as to overcome the rapldly diminishing

term e™®% in the integrand of (1). Suppose F(t) = M ofF
(with y real ), then (1) becomes
| o 0
- -(s-y)t
I{M eYt} = M] o7{8=¥)t gy | Mo
S=y
0 £=0

As t nears infinity, o= (8=y)t will tend to zero only if
Re(s=-y) is positive. 1In other words we require that the complex

variable s be restricted to the half-plane Re(s) > + , Ip this

¢ase we have




TABLE 1

847

A SHORT LIST OF LAPLACE TRANSFORMS

“TN
4 No. Function F(t) Laplace transform f(s)
1. 1 st ‘
2. tp p > -1 p'_s-p-i when P = 1. 2, 3, oo
M'(p+l) s“P=1 otherwise
3‘ eat (S - &)'1
L. sin at -?—E——z—
s + a
5. cos at _Z_E__z_
s + a
6. ‘sinh at i
8 - a
. 7 cosh at —?~E——2—
\ s° - a
1
8. ebtsin at S >
(s«b)~ + a
9. L at g- L >
(s=b)” + a
10, 6PYsinh at : ; >
(s=b)° « a
11. | eP%cosh at 2
(s=b)” - a
ot o L
2- had Lol J =
1 e t,p> l p! (S-b) pl p O, l’ 2’ L B ]

r'(p+1) (S-b)-p“l otherwise




Yt} . M
(2) I_{Me T = 57 for FRe(s) > v
This last relation leads us to suspect that if F(t) grows no
faster than .M eY® s for some constants M and 'y, (and
is otherwise well behaved), then the defining integral (1)
should converge. We thus define

Functions of Exponential Order

The function F(t) is said to be of exponential order if

there exist real constants M and 4 such that
|F(t)] < moeY?

for all t greater than some value to 0

Examplse”3

Which of the following functions are of exponential order,

and determine an appropriate constant Yo

£3

(a) 3t+2, (b) t -sint, (c)

Solution

Since polynomials tend to infinity slower than éYt for
any positive y, both (a) and (b) are of exponential order,
with 4 any positive real cdnstant.

The function (c) 1is of exponential order since the term

o°t dominates all others. The constant + is 2 or any number
greater,

£2 £ £

Since both e and t° grow much more rapidly than e

for any v , (d) and (e) are not of exponential order.

&2l L5t (a) &F , (o) &

./
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Problem
3. Which of the following are of exponential order,? . Determine

the exponential constant Yo
(a) b o™® 435, () gt . 2 (g sinh t , (d) 3 &°F,

() o108t (py) tF

Relation (2) suggests that when F(t) 1is of exponential
order, the integral (1) converges for all s in the right
half-plane Re(s) > ¥ « It also suggests that f(s) tends to
zero like M/s or faster for large s in that half-plane, The
following theorem gives precise results:

Theorem 1

Let F(t) and F’(t) be continuous and of exponential

order

[F(e)] < mett

|Fle)| < mov?

for all t > 0. Then the Laplace transform

o |
£(s) =f e™3% F(t) ap
0
’ K] ‘
exists for Re(s) > y and |z(s)] < )”ié—'- in this half-

plane, for some constant M’ .

Problem
L. Observe that each F(t) in Table 1 is of exponential order
and that the corresponding Laplace transforms (s) tend to zero

at least as fast as M’/s rfor s in some right half-plane.
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8.3 The inversion integral

We now consider the problem of finding the function F(t)
when its Laplace transform f(s) is given. We call F(t) the

inverse Laplace transform of £(s) and write
Fie) = X fr0§ .

In certain simple cases, we can use Table 1 to find inverse Laplace

transforms.

Example 1 -
Find o, {u s~ 4 7&——-} .
sT + 4 '
Solution

o |
The operator:t is linear and we have

-1 '
- -6 63
o =Lt =5
i -
- WY 62'{?_.3_._} .
-
From Table 1 we see thatI, {5!‘3'6} = tS . Therefore
o A S

51 120

We also have from Table 1

-], |
2: {:qug = cos 2t ,

Therefore




8.11

S .
8 F(t)=h[17t-5—]ﬁ-6[cos2tl

£5
= — + 6 co8s 2t P

30

Example 2
-1
Find &L 1 } .
s{s -~ 2)

Solution

We do not immediately see this f(s) 1in our table. However.

if we use partial fractions techniques which we learned in previous

courses we can write

| (1) L = & 4 3
\ s(s - 2) ] S - 2

To find the constant A we multiply (1) by s

and set s = 0 to get A=-1/2 |, To find B we multiply
(1) by (s=2)

and set s

fl
AV
ct
[
[4,0]
®
ct
]
]
P~
™
=
(o]
F Y
|-.l
o’
fu}
[e)
O
3
[e))
[6)]

1 -1/2 . _1/2 .

'8(s=2) ] S - 2

= =i
From Table 1 we have <L {l/s} = 1 andz{l/(s-2)g = o°t

Therefore
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F(8) = -1/2 + o2t | | RN

Problem

5. Use Table 1 to find the inverse Laplace traﬁsforms of

(8) —2— , (b)) 4 (s-2)73, (o) & &3 . s,

s + 3
2. -1 1
(d) [} ( ) 2 » (f) ¢
(s+1)(s+2) 5 8 -l 52(82 + 1)

How can we find inverse Laplace transforms when f(s8) cannot

'be found in a table ? For this burpose, we have the

Inversion Integral
c+ico
(2) ’ F(t) = 2%-1- ets r(s) ds \‘
c-ico
The -contour of integration k f 3
Im(s )/ PR
18 shown in the fi F// < //// '//
1 gure as g X(\ I/ g
ol b
vertical straight line with all singular- :// §
. . dties of f(s)| =, ~|>
8ll singularities of f(s) are in this yran
) left half-.. I~ k°
on its left. We will first ~ plane ~ 1" /////
[}
use (2) 'to find several /)\ X e Re(s)
—»
inverse Laplace transforms, ¢{ K& Y// ‘j;E::://’
i
At the close of this Section, X X t:
l «
we will suggest why (2) is 1~ 3
L~
true, f ; ‘////
] 0
P v ///

P
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Find ]: 1 23 using the inversion integral (2),

Example 1
(s=2)
Solution
We have
ts
1 ) ds
Fle) = =5 Y

where the contour of
integration is shown as
the infinite vertical

straight line to the

right of the Singularity at

over the closed contour
consisting of two parts:
{i) A finite portién iof
the previous straight
line coﬁtour; and

(1i) the circular

arc in the left half-

plane. We see that

ts
(3) l. 2} ds
m (8-2)2

G

Im(s)
A

+

>Re(s)

8 = 2, Consider now the same integral

4
T W\\

’ v \ A

h Im C5>

wﬂ”“”**m"“\»_
f/f’
N1‘
n




If the integral over the circular arc tends to zero as the

radius R grows, we will be able to replace the contour of | {
.(2) by this closed contour and then evaluate the integral
by the Residue theorem of'Chaptef 6. The exponential factor

in the integrang

{etsl = | ot Rels)  _t Im(s)|

-et Re(s)

gives no trouble since t > O and Re{s) < ¢., In fact, over
most of the circular arc, R&(s) is negative and this factor is
then very small. Thus the integrand o0 (s-2)'2 tends to zero

as fast as R-Z on this circular arc, The length of the contour

is less than 2pR. Thus wé have KR

i

l' < Estimated size of X Length of
the integrand the contour
& e

< constant X 2nR

R

< constant
R

Thus as R grows, the integral over the circular arc tends to

Zéro. Formula (3) now gives us

st
2ri (s=2)

. G
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The only singularity inside this last integral is a pole of

order two at s = 2, The Residue theorem gives us

F(t) = Res( 'sats(s-Z)"2 s 2 )
ts
= gge——L = t ets = t 82t .
=2 s=2

This example Suggests that when f(s) has only poles, and

no other types of singularities, then

sSum of residues of BStf(s)
L) Flt) = oni ° f(s) ds = at all poles of f(s)

This is certainly true if. the integral over the circular part
of the contour in the previous example tends to zero. It can be

shown that a sufficient condition for the vanishing of this

integral is that f(s) tend to zero as rapidly as R™K
( s =R oi® ) where k > 0,
Example 2 .

Find I gﬁ—g—l using the inversion integrai.

8(s+1) _

Solution

We sse that

st t
GStf(S) _ e~ "(2s+1) - o> (2s+1)
s(s7+1) s{s+i)(s-1)

has simple poles at s = O, 1 and -i , Computing residues we

have
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Res(0) = @ 0(2s+1) . | | i
(s+i)(s-1)| '
3=0
Res(i) = eStg28+12 - - (1+2i)elt
s(s+i) . 2
. s:i
st . -it
Res(-1) = e~ "(2s+1) = _ {1=2i)e
s(s-i) 2
s=ui

Using (L) we 8dd these residues to get

F(t) = 1 - f1+21)el® 4 (1 04)e-it

Problems
Use the inversion integral to find the inverse Laplace
transforms of each of the following functions,

6. (a) 1/s , (b) (s2 + 1)L .

2
7. | ST + 1 8. 1 9. S
$2(s2.1) s%(s% = 1) (3-2)(s% 4 )
10. 83 + usg + 25 + )y 11. 32 ~ 238 +3

(s + 1)(s +2)2 (s€ = 23 + 2)( 2 4 58 + 6)
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Now that we have become familiar with the use of the
inversion integral (2), we will present an argument that suggests
why it is true, Recall from Theorem 1 of the previous section

that f(s) 1is énalytic in some right half pPlane « < Re(s)

We can therefore write, using Cauchy’s integral formula

1 (z) dz
f(s) =
2l z - g
_ D Im(2) [™
The contour of integration A {
used is shown in the figure | R \
' y
where we assume that R : g A
7Y !
is very large, and - . g 1A i -
is inside this contour, IX N i Re(2)
: /
Reversing the direction of | 5
this contour we get !
l
|
_ 1 f(z) daz
flel = =5 95‘*““‘—
D
= ‘J.; + j-
In Theorem 1 of the previous section we saw that ]f(z)f behaves

like T%T for large 2z . Thus on the circular arc ths integrand

tends to zero as fast as R while the contour length tends to

TR . We have
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{Jf } < MR- (PR) = Mp/R
Yy .

and the integral over the arc vanishes as R grows to infinity,

Now we have

c+ico
(5) f(s) = i £z) g
S - zZ .

c~ieo

ol
Apply the operator :z: to both sides of (5) and get

- ‘ -1
P(6) =L {r(a)} = AT £(z) dz

: 8 -~ 2

it
:ng
>
o)
5
7,
'—J
Q,
N
N

-1

We have assumed that we can.interchangé the operators ;Zi and
l; - Replace 2z by s and we have the inversion integral (2)

at once,




