Real Analysis
Dr T J Osler
Homework on Limits, Continuity and Differentiability

1. Memorize the following definition.

We say that lim f(x) =/ if given any & >0 we can find J(&) such that

|f(x)-]|<e forallx satisfying 0<|x—a|<4.

2. Using the above definitions, prove the following
(a) lin213x -2=4, (b) 1irr31x2 =9, (o) 1irr21x3 =8, (d) limx* =a°.

x—>a

3. For each function listed below find (a) lim f(x), (b) decide if f(x) is continuous at

x=a,and (c) decide if f(x) is differentiable at x = a . For each function, draw an
appropriate graph.

31 f=1- 77 0% a0 32 sy =fr-1], az1

1 f(x)= 0 for <0’ %" 2 f(x)=[x-1,a=1.

33 f(x)=x7,a=0. 34 f(x)=sin(l/x), a=0
3.5 f(x)=xsin(l/x), a=0 36 f(x)=x*sin(l/x), a=0

(In the following problems, take a =0.)

_ [xsin(1/x) for x=0 _|**sin(1/x) for x=0
37 f(x)_{l for x=0 >8 f(x)—{o for x=0
B xsin(l1/x) for x#0 _|sin(l/x) for x#0
3.9 f(x)—{o for x=0 310 f(x)= 0 for x=0

if x is rational

311 f(x)= 312 f(x)= {g

if x is irrational if x is irrational

1 if x is rational

0

x* if x is rational
0

313 f(x)=

if x is irrational



4. Memorize the following: We say that the function f(x) is continuous at the
point x = a if the following three conditions are true: (1) f(a) exists, (2)
lim f(x) exists, and (3) lim f(x) = f(a). We say that f(x) is continuous on the

interval ¢ <x<d if f(x) is continuous at each point of that interval.

5. Find all points at which the following functions are discontinuous

1 if x is rational x if x is rational
S f)=q, . . 52 f(X)=y, ..
0 if x isirrational 0 if x isirrational
2 . . ti ]
53 f={ Yxmratonal g y=1x
0 if x is irrational
. (sinx)/x if x#0
55 f(x)=(sinx)/x, 56 f(x)= i
1 if x=0
x
f x#0
57 fm=le_17*
1 if x=0

6 Memorize the following definition: We say that the function f(x) is differentiable at
fla+h)-f(a)
h

exists. We call the value of this limit

the point where x =a if lim
h—0

f'(a). Wesay that f(x)is differentiable on the interval ¢<x <d if f(x) is
differentiable at each point of this interval.

7. Find all points at which the following functions are differentiable

1 if x is rational x if x is rational

71 f(x) ={ 72 f(x) ={

0 if x is irrational 0 if x isirrational

73 flx)= {x if x is rational 74 Fx)=1/x

0 if x isirrational

(sinx)/x if x#0

7.5 f(x)=(sinx)/x, 7.6 f(x)={1 if x=0



True or false:
8.1 If f(x) iscontinuous at x=a, then it is differentiableat x=a.

8.2 If f(x) isdifferentiable at x =a, thenitis continuousat x=a.

8.3 In the definition of limit of a function in problem 1, we can always replace the
expression 0 <|x —a| < &(¢) by the expression |x —a| < 5(¢)

8.4 The function smx is defined at x = 0.
X

8.5 In the definition of limit of a function in problem 1, we can always replace (&) by
a smaller value.

9. Memorize the following definition: We say that the function f(x) is uniformly
continuous on the interval ¢<x <d if given any £ >0 we can find 5(&) (but not
depending on a } such that for each number a in the interval we have

|f (x)- f(a)| < & forall x satisfying |x—a| < 5(¢).

10. Prove that the function f(x)=x is uniformly continuous on the interval 0<x <1.



