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Classroom note

Another intuitive approach to Stirling’s formula
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An intuitive derivation of Stirling’s formula is presented, together with a
modification that greatly improves its accuracy. The derivation is based on
the closed form evaluation of the gamma function at an integer plus one-half.
The modification is easily implemented on a hand-held calculator and often
triples the number of significant digits calculated. While the modification is not
new, it does not seem to have the exposure it deserves.

1. Introduction
Rigorous derivations of Stirling’s formula

nl ~ 2anne" (1)

are difficult, often using advanced machinery from complex variable theory [1], or
the Euler summation formula [2—4]. (Here the symbol ~ means that the ratio of the
left side to the right side approaches 1 as n approaches infinity.) Often the need for
(1) arises in elementary courses, so it is introduced to students with an intuitive
derivation [5, 6], involving several steps where the professor must do some ‘hand
waving’. We present here another non-rigorous derivation. We do not claim that it
is shorter, or easier than other methods. We also derive the considerably improved
modification

1
nl ~ 2mnn"e "exp| —
12n

which often triples the number of correct significant digits calculated.

2. An intuitive derivation of Stirling’s formula
We start by assuming that the gamma function

lo¢]
I'(x) = J e, x>0 2)
0
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2 Classroom note

y=logx
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Figure 1. The sum compared to the integral.

has been introduced and that its values at half integers

F(n+1/2):1'3.5.5;(271_1)\/;:

2n)!
22ny)

Ja, n=0,1,2,..., 3)

have been calculated.

We begin by approximating the expression (2n)!/n! from the right-hand side
of equation (3).

2n)!
log@ = log(2n)! — log n!
n!

=log(n+ 1)+ log(n+ 2) + log(n + 3) + ... + log(2n)

From figure 1 we see that the area under the rectangles is nearly the area under the
curve y = logx from x = n+ 0.5 to x = 2n+ 0.5. We now have

22)! 2n 2n+1/2
log( 7:) = Z logk ~ J log x dx @)
n: k=t n+1/2

This is our first non-rigorous step, although the picture makes it appear reasonably
convincing. Integrating by parts we get

(211)' 2n+1/2
og——= J

log x dx
n!

n+1/2

2n41/2

X logoc—oc|n_~_1/2

~Q2n+1/2)log(2n+1/2) — (n+1/2)log(n+1/2) —n
~ <2n+%) 10g|:(2n)(1 +ﬁ)i| - (n—i—%) 10g|:n<1 +%>:| —n
~ <2n+%> |:10g(2n)+ log(l +$>:| — (n—i—%) |:10gn+10g<1 +21_n):| —n

(%)
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Classroom note 3

Taking the exponential of both sides we get

(27’[)' N (2n)2n+1/2(1 + 1/4n)2n+1/2€_,,
n W H2(1 + 1/2n)n+l/2
V222 (U4 (1/2) /202" ST F T/ e
- A+1/2)/n)JT+1/2n

Recalling that lim,, ,oo(1 4+ x/m)" = €* and lim, . +/1 + a/n = 1 it seems reason-
able to make the approximations

(6)

(1 +x/m)" ~e*, for large m (7)
and

V1+4+a/n=~1, forlargen (3)

in the above expression to get

S V222 9)

(2n)!

n!

Combining (9) with (3) we have
F(n+1/2) =/ 2an"e™

Since x! =T'(x+ 1) when x is a natural number, we can use this expression to
define x! when x is any real number. So we can write (n — 1/2)! =I'(n + 1/2) and
we have (n — 1/2)! = o/2an"e™" . While n was an integer in the above argument,
the continuity of the gamma function makes it reasonable to replace n with n + 1/2
and get

1\ 7172
n! ~ v2n<n+§> e 1/2

nt1/2
~ 2" t1/? (1 ~|—2i) e 12
n

1/2\" | 1
A/ 21n n"(l +L> 14— e /2
n 2n

Again using (7) for large n, we can make the substitution

(1+12) < 0
n

and also using (8) in the form

we get Stirling’s approximation.

3. An improvement in Stirling’s formula
We now derive an improved version of Stirling’s formula. We return to the
previous derivation and recall that from figure 1, the area under the rectangles is
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4 Classroom note

nearly the area under the curve y =logx from x =n+ 0.5 to x =2n+ 0.5. We
now replace the approximate equation (4) with an exact equation.
The midpoint rule from numerical integration states that

a+nd n 3 n
J f(x)dx=dY fa+hkd—d/2)+ d—z F(cr)
k=1 24 k=1

a

where f(x) is a twice differentiable function, and a+ (k — 1)d < ¢x < a+ kd. We
now have, using this midpoint rule with a =n+ 1/2, f(x) =logx and d = 1,

(2n)! _ 2n B 2n+1/2 n 1
log = Z logk = logxdx—i_;z“—ci

Here ¢ is a point in the interval [n+k—1/2, n+k+ 1/2]. We can now add
the term

"
chi

k=1

to the previous approximate equations to convert them to exact equations. Thus
approximate equations (5) and (6) are now changed to the exact equations

log (27::)! = <2n + %) |:10g(2n) + 10g<1 + 4%1)}

1 1 "
- ) log(1+—) |- —
() os(1-450) | -4 i

and

(2n)! o 1 1 " "
— 22 n_n n 1 _ 1
= Ve 2\ Tsunt 1)) P 2 240

k=1

Combining this last relation with (3) we have

1 1 " "
T(n+1/2) = V2mn"e ™" 1 — 1 10
(n+1/2) e 4n+2< +8n(2n+1)> eXp(Zz%i) (10)

k=1

Up to this point no approximations have been made. Estimating
i 1
2
—~ 24c;

is difficult because all that we know of the numbers ¢, is that they are in the interval
[n+Fk—1/2, n+ k/2]. We make the approximation

n 1 2n+1/2 1
5™ ) =
1 2462 n+1/2 2496’2 6(21’1 + 1)(472 + 1)

Substituting this last relation into equation (10) we get

Fn+1/2) ~ Vamne ™ 1 — —— (14— ' "
n ~ ne — ex
412\ T8u2n+ 1) TP\6n+ D@n 1 1)

(11)
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Classroom note 5

We will now let n = 2+ 1/2, and think of 2 as an arbitrary number. Since (10) was
derived under the assumption that n was a positive integer, the assumption that
(10) is true for non-integer n is a weak point in our derivation. However,
the continuity and smoothness of the gamma function make this a reasonable
assumption. Now (11) becomes, after the substitution n =2+ 1/2 and some
simplification,

I(z+1)~ @(j)z{el/2<l +;z>}\/<1 +21z) <1 _4(zl—i—1)>

. 1 s+1/2 2%+ 1 .
X( +16(z+1)(z+1/2)> e"p<24(2+1)(42+3)) (12)

For convenience, we rewrite this last equation as

I'(z+ 1) ~ V2mzze *f(2)g(2)h(2)k(2) (13)
where
- 1)* 1 1
ro=(1+5) g(z’=/<1+zz)<l‘4<z+u)
1 w2 22+ 1
h(z) = (1 oG D +1 /2)) and - k(2) = exp (24(2 T )=+ 3))

From (7) and (8) we notice that f(2), g(2), A(2) and k(z)all approach 1 as =
approaches infinity. Therefore relation (13) becomes Stirling’s formula as in the
previous section. If we use the more sensitive approximations f(z) ~ 1, g(z) ~ 1,

1 1 1
h(z) ~ exp (m> R exp <E>’ k(2) =~ exp (@)

we get another very simple but very improved approximation

FNz+1)~ @(E)zexp(é> (14)

It is known that the asymptotic expansion for the gamma function is

: 1 1 139 571
F(z—i—l):«/an(E) <1++ + )
e

12z ' 28822 5184023 24883202* '

The Taylor’s series

1 1 1
S R . S
eXp(nz) T tssa2 "

agrees with the first three terms of the above bracketed correction factor to
Stirling’s formula. Thus we see that expression (15) should be a much improved
approximation. (See [3] and [4] for a derivation of a more general expansion of
which expression (15) is a special case.)

The following table compares the numerical values of Stirling’s formula and
our modification (15) with the exact values of the gamma function. We see that the
modification is a great improvement. For example, Stirling’s formula for 100,000!
gives 6 correct significant digits, while expression (15) gives us 17 correct digits!
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Stirling’s Formula

Modified Stirling’s

Number z A=T(z+1) V2rz(z/e)* Formula v27z(z/e)exp(1/12%)

1 1. 00000 0. 92213 70088 1. 00227 44449

10 3 628 800 3 598 695. 61874 3 628 810. 06142

100 9. 33262 15443 94415 E 157 9. 32484 76252 E 157 9. 33262 15703 E 157

1000 4. 02387 26007 70938 E 2677 4. 02353 72920 E 2567 4. 02387 26007 82115 E 2567

10000 2. 84625 96809 17055 E 35659 2. 84623 59621 E 35659 2. 84625 96809 17062 E 35659
100000 2. 82422 94079 60347 87429 E 456573 2. 82422 70544 E 456573 2. 82422 94079 60347 88214 E 456573
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Classroom note 7

In most of these examples we triple the number of correct digits! This simple
modification is not new, and is very easily implemented on a hand-held calculator.
However, it does not seem to have the exposure it deserves.

4. Final remarks
There have been many elementary derivations of Stirling’s formula and its
relatives, some rigorous, some intuitive [7-21].
From 1982 to 1987, a flurry of articles and letters appeared in The American
Fournal of Physics discussing the derivations and merits of various approximations
to the factorial [22-30].
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