An unusual product for sinz and variations of Wallis’s product

1. Introduction
When we think of a product expansion for the sine function, we usually

think of Euler's productsinz = ZH( o 2) . In the Cambridge

Mathematical Tripos of 1904 (p055|bly the oldest university examination in
the world), a problem was given which generalises Euler’s product. A
simplified version of the expression to be verified on the Tripos is

z M\ = Zln Zln Zln
o= ep{Ziog (1 221 2 (i
sinz eXp(n 9N Zkll kM+ 1" kM+2 ( kM + M
zlm zlm zlm
(1+kN+1)(1+kN+2)'”(1+kN+N)' @

(HereM andN are natural numbers.) This Tripos problem also appears in
Whittaker and Watson [1] on page 40 as problem 17.

It is the purpose of this note to prove (1) and to use it to derive
variations of Wallis’s product.

Special cases of (1) have also appeared in classical texts. In Whittaker
and Watson [1], on page 35 We find a very brief derivation of the special
case wherd! = 2 anmd = :

e enf -2 2 2)
22w

In Jolly [2, p. 190] we find the case whéve= 3  &hd= 1
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2. Two lemmas

We now prove two lemmas needed in our derivation of (1) in the next
section.  First we will prove1 a Iemmla C(incernlng the conditionally
convergentseries - — + = — = 4+ = — = 4+ — — — and the result

g R 1 2727373 374"
of rearranging its terms in a special way. Met Bind be positive integers.
Define the infinite serieS(M, N) by

S(M,N)=(%+%+%+... +l—}—}—}—...1 +
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2M+1 2M+2 3M 2N+1 2N+2 3N

To simplify the notation we introduce

1 1 1 1
h d) = .
(m. d) m+1+m+2+m+3+ +m+d

Then our series (4) becomes

oo

S(M, N) = > (h(kM, N) = h(kN, N). (5
k=0
Lemma 1:
S(M, N) = Iog%. ©)
Proof:
Consider the firsh  terms of the series which defia@d, N)
S (M, N) = nil(h(kM, N) — h(kN, N)).
k=0

Adding and subtractinpg(nM) andg(nN)  we have

n-1 n-1
S (M,N) = (Z h(kM, M) — Iog(nM)) - (Z h(kN, N) - Iog(nN)))
k=0 k=0
+log(nM) - log(nN).
This simplifies to

k=

nM M

S (M, N) = ( = —log(n ) ( —— Iog(nN)) + Iogﬁ.
1_
k

n
Using the fact thatlim (2

n— o \K

Iogn) y , wheree is Eulers

constant we have

SM,N) = lim §(M,N) = y —y + Iog% = Iog%.

n— e

This completes the proof of lemma 1.

Lemma 2:
Mn—-Nn

Let S =[] (1—N:\i k)exp(N::k), let w be any complex

k=1
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M | N | z | Wallis-like Infinite Products
1 (13 [2= (333 (29 (52)... (Original Wallis product)
11]3 |3 = GIBIEREED.
2 (103 [2=EI <P DEE <R <
2 115 |22-Gx DR DBE<DERH)..
2 (13 |3 - G- 0BH= Dt DR B
2 |1 |5 | 22 = (3 YEBx PERBx B)(EF < Y
2 [1]% [ 790 = (50 3o (% 50 3 (5 5% ).
311 (3 |B=-EE Y& DERE DB <.
3 123 | & =EEx 2D (E5S <83 BRE <)

5. Final remarks

Our main product (1) was motivated by a problem from a written
university examination. When did these examinations start? One authority
gives 1851 as the start of the Natural Sciences Cambridge Tripos. Oxford
started written exams in the 1820s. We invite readers familiar with this
topic to write to thevlathematical Gazette

The author wishes to thank the referee for several comments and
suggestions which greatly improved the paper.
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number and letM andN be positive integers with< M . Then
lim S(n) = 1.
n—oo
Proof:

Consider

(M =N)n W W
logS(n) | = {Io (1 - ) } .
| logS(m | k; g Nn+ Kkl Nn+k

If we taken so large th%ﬁ‘ < 1 , then we can expand log in a

Taylor's series to get

3 ol Sl i)+
DR P += += +...
& (2\INn+k/  3\Nn+k/  4\Nn+k

1
<M‘N)”{1 2 1‘ w 1’ w o }
< + = + - +o .
3INn+kl ~ 4INn+k
This last expression list1 — N)n infinite series, one series for each value

>, {3l

& (2INn+k
of the indexk . The corresponding terms of each series get smaller as
increases, so the first serigs= 1) , dominates all the others and we get

llogS(n) | =

1w Py w pPo1ow
| v-sonfY Y Y -]
|ogS(n)|<( )nZNn+1 +3Nn+1 +4Nn+1 "
2 2
<(M—N)n‘ v [LE‘ = ‘*E‘ - +}
Nn+11 (2 3INn+1l 4INn+1

It is clear from this last expression thiith logS(n) = 0 , and lemma 2 is
n— oo
proved.

3. The main theorem
Next we give a proof of our main product (1).
It will be convenient to introduce some shorthand notation. Let

p(m, d,x) = (1_ mj— 1)(1_ m)‘(l' 2)(1_ m)-(r 3)"'(1_ mid)’

and let

P(M, N, 2) = zf[(p(kM, M, z/ 7)p(kN, N, —z/ 7). (7
k=0

Notice that (7) is a shorthand expression for the infinite product in (1). Let
us look at a few special cases. We see that

= z z
P, 1,2 = zkl_[O(l Y 1)n)(1 + T Y

is Euler’s original product. Also notice that (2) can be written as

) = sinz
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sinz = exp( log 2)P(2 12

and that (3) can be expressedsasz = exp( log 3)P(3 1,2 . Another
special case is

2o -oa- 2 2o 2o 2o 2

We now see that each major factorHgM, N, 2) displiays- N simple
factors of the fornél + é) . The firdtl simple factors with negative signs

are written, therN factors with positive signs are used to complete each
major factor.

Theorem:
LetM andN be positive integers. Th&nz = exp( log— )P(M,N,z)

Proof:
Consider the partial product using+ 1~ major factors
n
PR(M,N, 2 = z]](pkM, M, z/m)p(kN, N, -z/ 7). (8
k=0
This product contains elementary factors of the fo{trn— é) . dtis
standard practice (see [2], page 34) to multiply such factors by the
. N z z
exponentiakexp(z/ (kw)) so that the combinatidh — E) exp(E) results

in factors that form an absolutely convergent product. Thus we have
p(kM,M,z/n)=(1— 2l )(1— 2l )...(1— 2l )

kM+ 1 kM + 2 kM+ M/
z 1 1 1 Zlm
P(kM, M, 2/m) = eXp(__(kM+1 KM+2 +kM+M))(1_kM+1)X
« Zlm )( _ Zln )ex i ) ( B 2 ) Zln ) 9
kM+1 kM + 2 kM+2/" kM + M KM+ M/

A similar adjustment op(kN, N, —z/x) yields

z 1 1 1 zlm
kN, N, —2/7) = e p(—( ))(1 )
P dm = line 1 Tz T Tkna N s )

5

-2ln )( N 2ln )ex —Z/n) (l+ 2ln )ex -2ln
KN+ 1 KN+ 2 kKN+2/" KN+ N kN + N
Substituting (9) and (10) in the partial product (8) we get

1 1 1 1
PA(M,N, 2) = expl—= -
n(M.N,2) = ex n;g,((kM+1+ +kM+M) (kN+1+ +kN+N))}X

“( Zln ) p( Zln ) iz Zln
ITi1 ...(1— )ex x
K20 kM+1 kM+1 kM + M kM + M

Zlm )ex —Z/n) (1+ Zlm )ex —Z/J[)
KN+ 1 kKN+1/" KN+ N KN+ N/

Next we rearrange these factors by combining as many factors as possible of
the form (1 — z/kn) exp(z/ k) with (1 + z/kz) exp(-z/kz) to get

(1 - 2/K%2%. If we assumeM > N , theM — N factors of the form

(1 — z/kn) exp(z/ kr) are left over and we get

o1 1 1 1
P.(M,N, 2) = exp| -~ (( ot )—( ))}
WM N2 =exp - 3 (1 Y ) ke 1 i
Nn+N
ZH( kznz)

{(1 - Nzn/f 1)ex Nzn/f 1) (1 - ﬁ—ﬁ) eXp(iz—ﬁ)}- 1D

We now letn approach infinity in (11). Notice that (11) corls/tlains three
major factors. The first factaexpf{... } approaclteep(—E log N) by
JT

Nn+ N
lemma 1. The second factar H (1 - é) is Euler's well-known

product and approachsiz . The thlrd factor

zlm zlm zlm zlm
- e oolin ) (0 ) ool
Nn + 1 Nn + 1 Mn Mn

approaches 1 as grows large from lemma 2. Thus we have

). (10)

1+

PM,N,2 = limP,(M, N, 2 = exp(—E Iog%) sinz
JT

n—oo

The cases wherBl = N ard < N are similar. The proof of the
theorem is now complete.

4. A table of variations on Wallis’s product

We conclude by examining a few special cases of our main infinite
product (1).
The following table shows the results of specifyiigN and .



