


and is able to transform it into equation (1.1) through some transformation, say,

v ¼ fðyÞ ð1:4Þ

then the solution of equation (1.3) is readily given by equations (1.2) and (1.4).
With this in mind, we have considered several possible transformations f in
equation (1.4) and transformed equation (1.1) with each of these transformations
to create three tables of di�erential equations, which students may come across in
exercises or applications.

Since there is no limit to the variety of functions f which one might consider
for equation (1.4), this project can be worked on by more than one student, and
di�erent results are likely and can provide interesting points of comparison. We
show the tables and examples created by one Rowan student in this paper.

2. Presenting the project in class
Once our class has become familiar with the linear “rst-order equation (1.1)

and its solution (1.2), we are ready to present this project to them. We begin by
“rst introducing a transformation and then applying it to a particular example.

Suppose we change the dependent variablev to y using the substitution

v ¼ fðyÞ ¼yN ð2:1Þ

then we get v0¼NyN� 1y0, and equation (1.1) becomes

NyN� 1y0þ pðxÞyN ¼ qðxÞ

Dividing by NyN� 1 we get a form of Bernoulli•s equation ([1], p. 95)

y0þ
pðxÞ
N

y ¼
qðxÞ
N

y1� N ð2:2Þ

From equations (1.2) and (2.1) we see that the solution to equation (2.2) is

yN ¼ exp �
ð
pðxÞdx

� � ð
exp

ð
pðxÞdx

� �
qðxÞdx þ C

� �
:

Next, we show how equations (2.2) and (2.1) are used to solve the speci“c
di�erential equation

y0�
1
x

y ¼ xy2 ð2:3Þ

Comparing equations (2.3) and (2.2), we see that 1� N ¼2, so N ¼ � 1. We also
see that

pðxÞ
N

¼ � pðxÞ ¼ �
1
x

, so pðxÞ ¼
1
x

Finally, we note that

qðxÞ
N

¼ � qðxÞ ¼x, so qðxÞ ¼ �x

Using these functions in equation (1.1), we get the linear “rst-order equation

v0þ
1
x

v ¼ � x ð2:4Þ
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whose solution by equation (1.2) is

v ¼ x� 1 �
x3

3
þ C

� �
¼ �

x2

3
þ

C

x
ð2:5Þ

Since the original substitution equation (2.1) is v ¼yn ¼y� 1, equation (2.4)
becomes

1
y

¼ �
x2

3
þ

C

x

Therefore the solution of problem (2.3) is

y ¼
3x

C � x2

3. Constructing the tables
The following tables show the result of using di�erent transformation

functions f in equation (1.4) to obtain a new di�erential equations (1.3) from the
linear “rst-order di�erential equation (1.1).

Di�erential equation Transformation v ¼ f(y)

1
y0þ

pðxÞ
N

y ¼
qðxÞ
N

y1� N v ¼yN

2
y0þ ð2dqðxÞ � pðxÞÞy ¼ � cqðxÞy2 þ

dðpðxÞ � dqðxÞÞ
c

v ¼
1

cy þ d

3
y0þ

ðad þ bcÞpðxÞ � 2cdqðxÞ
ad � bc

y ¼
cðcqðxÞ � apðxÞÞ

ad � bc
y2

þ
dðdqðxÞ � bpðxÞÞ

ad � bc

v ¼
ay þ b

cy þ d

4
y0�

pðxÞ � 3dqðxÞ
2b

y ¼ �
qðxÞ
2bd

y3 � 3
qðxÞ
2b

y2 þ
dpðxÞ � d2qðxÞ

2b
v ¼

b

y þ d

� �2

5
y0�

pðxÞðay þ bÞðcy þ dÞ
2ðad � bcÞ

¼
qðxÞðcy þ dÞ3

2ðad � bcÞðay þ bÞ
v ¼

ay þ b

cy þ d

� �2

6
y0þ

pðxÞ
aM

ðay þ bÞ ¼
qðxÞ
aM

ðay þ bÞ1� M
v ¼(ay þ b)

M

7
y0þ

pðxÞðay þ bÞðcy þ dÞ
Mðad � bcÞ

¼
qðxÞðcy þ dÞMþ 1

Mðad � bcÞðay þ bÞM� 1 v ¼
ay þ b

cy þ d

� �M

8
y0 ¼

cðcqðxÞ � apðxÞÞ
Nðad � bcÞ

yNþ 1 þ
ð2cdqðxÞ � ðad þ bcÞpðxÞÞ

Nðad � bcÞ
y

þ
dðdqðxÞ � bpðxÞÞ

Nðad � bcÞ
y1� N

v ¼
ayN þ b

cyN þ d

9
y0þ

pðxÞðayN þ bÞðcyN þ dÞ
MNðad � bcÞ

y1� N

¼
qðxÞðcyN þ dÞMþ 1

MNðad � bcÞðayN þ bÞM� 1 y1� N

v ¼
ayN þ b

cyN þ d

� �M

Table 1. Rational functions of y.
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4. How the tables are used

From one of the three tables, we select the equation that matches most closely
the one that we are given to solve. We then determine algebraically the necessary
constants and use equations (1.2) and (1.4) to “nd the solution. We now illustrate
the use of our tables with two examples.

Example 1. Suppose we wish to solve the di�erential equation

y0�
1
x

y� 4 cot 3y5 ¼ y� 4 csc 3y5

Di�erential Equation Transformation v ¼ f(y)

1
y0�

pðxÞ
2

cot y ¼ �
qðxÞ

2
secy cscy

v ¼cos2 y

2
y0þ

pðxÞ
2

tan y ¼
qðxÞ

2
secy cscy

v ¼sin2 y

3
y0þ

pðxÞ
2

sin y cosy ¼
qðxÞ

2
cot y cos2 y

v ¼tan2 y

4 y0þ pðxÞcot y ¼ qðxÞcot y cosy v ¼secy

5 y0� pðxÞtan y ¼ � qðxÞsin y tan y v ¼cscy

6 y0� pðxÞsin y cosy ¼ � qðxÞsin2 y v ¼cot y

7
y0�

pðxÞ
2

sin y cosy ¼ �
qðxÞ

2
sin2 y tan y

v ¼cot2 y

8
y0þ

pðxÞ
2

cot y ¼
qðxÞ

2
cos2 y cot y

v ¼sec2 y

9
y0�

pðxÞ
2

tan y ¼ �
qðxÞ

2
sin2 y tan y

v ¼csc2 y

10
y0�

pðxÞ
aN

y1� N cot ayN ¼ �
qðxÞ
aN

y1� N cscayN v ¼cosayN

11
y0þ

pðxÞ
aN

y1� N tan ayN ¼
qðxÞ
aN

y1� N secayN v ¼sin ayN

Table 3. Trigonometric functions of y.

Di�erential equation Transformation v ¼ f(y)

1
y0þ

pðxÞ
aN

y1� N ¼
qðxÞ
aN

y1� Ne� ayN v ¼ eayN

2
y0þ

pðxÞ
a

ðay þ bÞlnðay þ bÞ ¼
qðxÞ

a
ðay þ bÞ

v ¼ln (ay þ b)

3
y0þ

pðxÞ
1 þ ay

y ¼
qðxÞ

1 þ ay
e� ay v ¼yeay

4
y0þ

pðxÞ
1 þ aMyM

y ¼
qðxÞ

1 þ aMyM
e� ayy1� N v ¼ yNeayM

5
y0þ pðxÞ

cosy

cosy � sin y
¼ qðxÞ

e� y

cosy � sin y

v ¼ey cosy

Table 2. Exponential functions of y.
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Attempts to use Mathematica prove futile. Comparing this equation with entry
10 of table 3, we see that a match is found if we takep(x) ¼15/x and q(x) ¼15.
The corresponding “rst-order linear di�erential equation

v0þ pðxÞv ¼ qðxÞis v0þ
15
x

v ¼ 15

The solution to this equation from (1.2) is

v ¼
15x

16
þ

C

x15

Since the transformation is given in the table by v ¼cos 3y5, the “nal solution is

cos 3y5 ¼
15x

16
þ

C

x15

or in explicit form

y ¼

����������������������������������������
1
3

cos� 1 15x

16
þ

C

x15

� �
5

s

In our second example, a problem from physics is solved.

Example 2. Let y(t) be the velocity of a particle moving in a uniform gravita-
tional “eld with acceleration � g and with friction. The deceleration caused by the
friction is given by a term of the form � (t)y þ � (t)y2, where the coe�cients
of friction vary with time as � (t) ¼0.01(2g þ t� 1), and � (t) ¼0.0001(g þ t� 1).
Suppose also that the velocity is zero whent ¼1. Then the equation for the
acceleration is

y0¼ � g � � ðtÞy � � ðtÞy2

Thus, we are required to solve the di�erential equation

y0þ 0:01ð2g þ t� 1Þy ¼ � 0:0001ðg þ t� 1Þy2 � g ð4:1Þ

with the initial condition y(1) ¼0. We note that Mathematica was unable to solve
this problem.

Comparing equation (4.1) with entry 3 of table 1 (and replacing x by t), we see
that the constant term is

dðdqðtÞ � bpðtÞÞ
ad � bc

¼ � g

Solving for q(t) we get

qðtÞ ¼
bpðtÞ

d
�

gðad � bcÞ
d2 ð4:2Þ

Substituting this value for q(t) into all the other terms of entry 3 of table 1 and
simplifying we get the di�erential equation

y0þ
c

d
2g þ

d

c
pðtÞ

� �
y ¼ �

c2

d2 g þ
d

c
pðtÞ

� �
y2 � g ð4:3Þ
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Comparing equations (4.3) and (4.1) we see that we can takec ¼1, d ¼100,
p(t) ¼0.01t� 1. We are free to selecta and b as we wish (so long asad � bc 6¼0).
We take a ¼1 and b ¼99 so that ad � bc ¼1 conveniently. From equation (4.2) we
now have q(t) ¼0.0001(99t� 1 � g).

The associated linear “rst-order di�erential equation from (1.1) is

v0þ 0:01t� 1v ¼ 0:0001ð99t� 1 � gÞ,

which has the solution given by equation (1.2) as

v ¼ t� 0:01 0:0001
ð
t0:01ð99t� 1 � gÞdt þ C

� �

This simpli“es to

v ¼ 0:99 �
g

10100
t þ Ct� 0:01

Since the transformation is given by

v ¼
y þ 99
y þ 100

we determine that

y ¼
99 � 100v

v � 1

Therefore, we have

y ¼
100gt � 1010000Ct� 0:01

10100Ct� 0:01 � gt � 101

To determine the constant C, we recall that the velocity y is zero when t ¼1. We
get C ¼g/10100, and so “nally

y ¼ �
100gðt1:01 � 1Þ

gðt1:01 � 1Þ þ101t0:01 for 1 4 t

Notice that as t ! 1 , the velocity y approaches the constant� 100.
This completes our examples.

5. Final remarks
All of the di�erential equations in these tables can be solved using other

methods. For example, there is an appropriate integrating factor for each one,
although it might not be obvious to the solver. It can also be noted that many of the
equations created in the tables can be related to Bernoulli-like equations that can
then be solved. This can be expected since both the equations from the table and
Bernoulli•s equation are both derived from the “rst-order linear di�erential
equation. Students can be asked to demonstrate their use of as many methods as
they are familiar with for solving selected equations from tables of their own
making.

Our second example in the previous section involved a problem in mechanics.
Students could be asked to invent applications that their new di�erential equations
will solve. Even though the resulting applications might be somewhat bizarre, this
is good experience for the student.
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Extensive tables of di�erential equations that can be solved are not usually
found in most reference material. A short table of this type can be found in [2]. We
found that many of our equations could not be solved using Mathematica.
Although modern technology has advanced considerably, a little algebraic
manipulation and transformations can cause the solution to become apparent,
where sophisticated software is unable to solve it.

This entire project was built around transforming the linear “rst-order
di�erential equation (1.1). However, we could have started with many other
di�erential equations whose solution is familiar to us. For instance, the general
solution of v00þ ! 2v ¼0 is v(t) ¼c1 cos! t þ c2 sin ! t. Now the transformation
v ¼ f( y) gives us the new (in general, non-linear) di�erential equation

y00þ
f00ðyÞ
f0ðyÞ

ðy0Þ2 þ
! 2

f0ðyÞ
fðyÞ ¼0

Its solution is f( y) ¼c1 cos! t þ c2 sin ! t. By selecting speci“c transformations
v ¼ f( y), or even v ¼ f(x, y), students can construct new tables of unfamiliar
di�erential equations and demonstrate their solutions.

We hope that instructors teaching di�erential equations will “nd this material
suitable to serve as class or individual projects.
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