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2 Classroom note

and is able to transform it into equation (1.1) through some transformation, say,
v Yafdyp &:4b

then the solution of equation (1.3) is readily given by equations (1.2) and (1.4).
With this in mind, we have considered several possible transformations f in
equation (1.4) and transformed equation (1.1) with each of these transformations
to create three tables of di erential equations, which students may come across in
exercises or applications.

Since there is no limit to the variety of functions f which one might consider
for equation (1.4), this project can be worked on by more than one student, and
di erent results are likely and can provide interesting points of comparison. We
show the tables and examples created by one Rowan student in this paper.

2. Presenting the project in class

Once our class has become familiar with the linear “rst-order equation (1.1)
and its solution (1.2), we are ready to present this project to them. We begin by
“rst introducing a transformation and then applying it to a particular example.

Suppose we change the dependent variable to y using the substitution

v Vs foyb yyN &:1p
then we getv®%Ny™ 'y and equation (1.1) becomes
NyN 1yOp paxiyN v qaxb

Dividing by Ny™ *we get a form of Bernoulliss equation ([1], p. 95)

y°p p%(py 1/4(%('%1 N ®:2p

From equations (1.2) and (2.1) we see that the solution to equation (2.2) is
0 o}

yNYiexp  pxbdx  exp p&bdx qxbdxp C :

Next, we show how equations (2.2) and (2.1) are used to solve the speci“c
di erential equation

y° %y Y xy? &»:3p

Comparing equations (2.3) and (2.2), we see that 1 N¥%2, soN¥ 1. We also
see that
%p% pXP Ya % S0 pb 1/4}(
Finally, we note that
qxb
N
Using these functions in equation (1.1), we get the linear “rst-order equation

Ya qXP ¥, soqXb ¥ X

1
vPp VY X ®:4p
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whose solution by equation (1.2) is

x3 x2
v¥ix 1 3|oc Yy —|o— &:5p

Since the original substitution equation (2.1) is v¥%y"vy ', equation (2.4)
becomes

1

“y, —p=

y
Therefore the solution of problem (2.3) is

3x
yl/“C X2

3. Constructing the tables
The following tables show the result of using dierent transformation
functions f in equation (1.4) to obtain a new di erential equations (1.3) from the
linear “rst-order di erential equation (1.1).

Di erential equation Transformation v ¥af(y)
1 o, PEB 43P vy
YPYANY
2 \Opa2dgxb pabPRYs gDy p Mp Vo
3 0, Gadp bchpdXb 2cdgixb v, c&eqdxP  api&pbb,
y'p ad bc YA e Y P b
dadgaxp  bpaxpb cylo d
ad bc
4, pXP 3dgxb  q&P s _q&P , dp&b d’géxb
y 2 V7 gy S VP 2 (p )
5 o PpXPayp bbdyp db,  qdbdyp de ayp b
2&d bch “2%&d bcbay p bb cy p d
&b
6 yop —éayb bb 1/q ~Ccayp bp M Via(ayb by
7, pXbayp bpdyp dp qixpdy p dB"Pt ayp b\™
y b Ya T VY,
Md&d bcp Mdd bebay p bB cyp d
8 01, cqXP  apXbPb\,,, &cdgdP dad p bchpdkbb
YA Ne&d bep Né&d bep y v ay“p b
b dadgixbp  bp&xpb, | cyNpd
Né&d bcb
9 o, paxpay"pbpay"p db ayNp b\
yb VY

gaxpéyN p dBVP? S
MNé&d bepayN p bB" *

1

Table 1. Rational functions of .

[NT: 248 174mm] Ver: 7.51g/W FIRST Proofs {TandF}Tmes/TMES-101176.3d 101176 Page 3 Keyword



+

4 Classroom note
Di erential equation Transformation v ¥%f(y)
1 0 @:)1N1 @z’lN ay™ V1/4eayN
y'b anN Y /a an?’ €

1

2 yop P p& c@y b bbinday p bb 1/4(Eéayp bp v¥ain (ay b b)

3 \°b pado Y Ve gxP 4y v Yaye®

1p ay 1p ay
4 0 p&xpP 1 qoxp ay. 1 N NEVAYA ay
% y 4y '€
y'b pamy™? *Tpamym® Y
5 Vb pix O 1 e ° Y vVseY cosy
cosy siny cosy siny
Table 2. Exponential functions of .
Di erential Equation Transformation v ¥%f(y)

1

1 y° p%a(pcoty Y @Dsecycscy v¥icos'y
1/, cin2

2 y°p p;6(ptany1/ ﬂsecycscy v¥asin®y
1 2

3 y°p %Dsinycosy Ya q2< coty cos’y v¥atany

4 y°b pdbcoty Y4 gdxbcoty cosy vVisecy

5 y’ pdbtany ¥ qdbsinytany vYacscy

6 y® pbsinycosy ¥4 qdxbsin’y vYicoty
1 2

! y° p%apsinycosy Ya q%apsinzytany v¥acot'y
1

8 y°b p¥a(pcoty Yy —coszycoty v¥iseCy
1

9 ¥ @tany% @Dsinzytany v¥ics@y
1 N

10 y° @yl N cotayM v @yl N cscay™ v¥acosay

aN aN

1 H N

11 yop PE pé(D 1N tanayM V4(1%(|Dyl N secayM vYisinay

Table 3. Trigonometric functions of .

4. How the tables are used

From one of the three tables, we select the equation that matches most closely
the one that we are given to solve. We then determine algebraically the necessary

constants and use equations (1.2) and (1.4) to “nd the solution. We now illustrate
the use of our tables with two examples.

Example 1. Suppose we wish to solve the di erential equation

1
y° 4 4cot3y® vuy “csc3®
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Attempts to use Mathematica prove futile. Comparing this equation with entry
10 of table 3, we see that a match is found if we takep(x) %15/x and q(x) % 15.
The corresponding “rst-order linear di erential equation

Vob paxty ¥4 qdxbis vOp %v Y415

The solution to this equation from (1.2) is

15x, C
V]/4T6b ﬁ

Since the transformation is given in the table by v¥cos 3/°, the “nal solution is

15x, C
cos 3° ¥ To P 5

or in explicit form
S
15x, C

16~ x5

1
y Ya 5gcos 1

In our second example, a problem from physics is solved.

Example 2. Let y(t) be the velocity of a particle moving in a uniform gravita-
tional “eld with acceleration g and with friction. The deceleration caused by the
friction is given by a term of the form (t)yp (t)y?, where the coe cients
of friction vary with time as (t)%0.01(gpt %), and (t)%0.0001gp t Y.
Suppose also that the velocity is zero whent¥s1. Then the equation for the
acceleration is

v g ay  an’
Thus, we are required to solve the di erential equation
y°p 0:01&gp t 'y ¥s 0:0001yp t B2 g #*1b

with the initial condition y(1)%¥40. We note that Mathematica was unable to solve
this problem.

Comparing equation (4.1) with entry 3 of table 1 (and replacing x by t), we see
that the constant term is

ddlq@p bpapPk
—_— Y
ad hc

Solving for g(t) we get

bpdb gdad bcb
Q&b ¥ q 3

Substituting this value for q(t) into all the other terms of entry 3 of table 1 and
simplifying we get the di erential equation

&:2b

o C d I d ) _
y|oa 2ngp&Dy/4 a2 ngp&Dy g A:3b
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Comparing equations (4.3) and (4.1) we see that we can take %1, d%100,
p(t) ¥40.01t 1. We are free to selecta and b as we wish (so long asad bc §.0).
We takea¥s1l and b%99 so thatad bc¥1 conveniently. From equation (4.2) we
now have q(t)¥40.0001(9% * g).

The associated linear “rst-order di erential equation from (1.1) is

vPpb 0:01t v ¥,0:000109t 1 gb

which has the solution given by equation (1.2) as
o}
v ¥t %01 0:0001 t*%l@ot 1 gRdtp C

This simpli“es to
g

7.0 0:01
v ¥,0:99 710100”) Ct
Since the transformation is given by
yp 99
Y.
V74P 100
we determine that
99 100v
yYa——mmM

1
Therefore, we have

,, 100gt 1010000t °°!
Y74 1o100ct 99T gt 101

To determine the constant C, we recall that the velocity y is zero whent¥1. We
get C%g/10100, and so “nally

10091t 1P
gdL0L 1P p101t00L

Notice thatast!1 , the velocity y approaches the constant 100.
This completes our examples.

y Ya forl <t

5. Final remarks

All of the dierential equations in these tables can be solved using other
methods. For example, there is an appropriate integrating factor for each one,
although it might not be obvious to the solver. It can also be noted that many of the
equations created in the tables can be related to Bernoulli-like equations that can
then be solved. This can be expected since both the equations from the table and
Bernoulliss equation are both derived from the “rst-order linear dierential
equation. Students can be asked to demonstrate their use of as many methods as
they are familiar with for solving selected equations from tables of their own
making.

Our second example in the previous section involved a problem in mechanics.
Students could be asked to invent applications that their new di erential equations
will solve. Even though the resulting applications might be somewhat bizarre, this
is good experience for the student.
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Extensive tables of di erential equations that can be solved are not usually
found in most reference material. A short table of this type can be found in [2]. We
found that many of our equations could not be solved using Mathematica.
Although modern technology has advanced considerably, a little algebraic

manipulation and transformations can cause the solution to become apparent,

where sophisticated software is unable to solve it.

This entire project was built around transforming the linear “rst-order
di erential equation (1.1). However, we could have started with many other
di erential equations whose solution is familiar to us. For instance, the general
solution of Vo ! 2v%0 is v(t)¥acicos! th cpsin! t. Now the transformation
v¥4f(y) gives us the new (in general, non—linear) di erential equation

%% f %yb
f%yb f(B p

Its solution is f(y)%acicos! tp cysin! t. By selecting speci“c transformations
v¥f(y), or even v¥%f(x,y), students can construct new tables of unfamiliar
di erential equations and demonstrate their solutions.

We hope that instructors teaching di erential equations will “nd this material
suitable to serve as class or individual projects.

Bp fayp ¥0
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