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The zeta function C (z) given by the series € (z) = ZLZ , valid for Re(z) >1, (see
n=1 N

[4] and [9]), was first evaluated in closed form by Euler [5] when z is a positive even
integer. The result is
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Here the numbers B, are called Bernoulli’s numbers, and they are all rational. The first

few are
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5 E’BA‘:__’BG:E"”’and B3:BSZB7:...:O.

These can all be calculated recursively by starting with B, =1, and using

R LS N T

for n=2,3,4,---. (See Knopp [6], page 237.) Several additional methods of deriving (1)

have been given since Euler, some of which are found in [1], [3], [4], [6], [7], and [8]. In

this paper we will not derive (1) with the Bernoulli numbers, but we will show how to

find £ (2)=n"/6,,(4)=n"/90,and & (6)=m°/945 using a method that is relatively
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simple and appropriate for the undergraduate classroom. We finish by outlining how our

method could be used to find £ (2p) for any integer p.

We first review Euler’s evaluation of £ (2) as found in [5]. Start with the infinite

n=1
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product expansion sin z = zH (1 - %J . Expanding the product we get
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(2) sinz=z-

Writing the Taylor’s series for sin z on the left-hand side of (2) we get
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Equating coefficients of z° we get {(2)=n’/6 at once. We can get { (4) from the

coefficients of z’, but we must first find the auxiliary relation
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The auxiliary relations for C (6), £ (8), £ (10), ---become

progressively more complex. Euler found the general nature of these auxiliary relations,
and thereby found (1). The method we use avoids the need for auxiliary functions by
replacing the function sinz by an appropriate function which is a product of sines.

To find £ (4), consider the product
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which displays ¢ (4) directly as the coefficient of z°on the right hand side. Now the

product on the left is
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We recognize this last product as —isin zsin(iz) . Thus we have from (3) and (4)
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(%) —isin zsin(iz) = z* —

Expanding the left side in Taylor’s series and multiplying we get
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Equating coefficients of z° in (5) and (6) we get £ (4) = %0

To find £(6), consider the product
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which displays £(6)directly as the coefficient of z° on the right hand side. Now the

product on the left is
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where @ = €™ . We recognize this last product as o~ sin z sin(wz) sin(a)zz) . Thus we

have from (7) and (8)
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Expanding the left side in Taylor’s series and multiplying we get
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Now @’ +@0’ +0' =0’ +0" +0’ =0 , @ +20" + 20" +0"” =0 +0' +2(0+0™") =3,

and @’ + @’ + ' =-3 so the above expression becomes
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Equating coefficients of z° in (9) and (10) we get £(6) =

Looking back at (2), (5), and (9) we saw that

sinz=z-— ,
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and that
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A little thought shows that these generalize to
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To find {(2p) from (11), we could replace each sine function on the left-hand

side of by its Taylor’s series and then multiply and equate coefficients of 77 as we did

above to determine £(2), {(4) and £(6). Without actually calculating this coefficient of

3p

Z, we can easily see that it is a rational number, since it is a sum of products of rational

numbers. Thus £(2p) is a rational number times 7°7 .

We will not derive (1) (with the Bernoulli numbers) from (11). The reader

interested in this derivation will find it in [7].
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