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The zeta function ( )zζ  given by the series 
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was first evaluated in closed form by Euler [5] when z is a positive even integer. The

result is
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Here the numbers nB  are called Bernoulli’s numbers, and they are all rational. The first

few are 

0 1 2 4 6
1 1 1 11, , , , ,...
2 6 30 42

B B B B B= = − = = − = , and 3 5 7 ... 0B B B= = = = .

These can all be calculated recursively by starting with 0 1B = , and using

0 1 2 1 0
0 1 2 1 n

n n n n
B B B B

n −

       
+ + + + =       −       

for 2,3, 4, .n =  (See Knopp [6], page 237.) Several additional methods of deriving (1)

have been given since Euler, some of which are found in [1], [3], [4], and [6]. We present

a method here that we were unable to locate in the literature.
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To understand our method, we first review Euler’s evaluation of  (2)ζ  as found

in [5]. Start with the infinite product expansion 
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product we get 
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Writing the Taylor’s series for sin z on the left-hand side of (2) we get 
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Equating coefficients of 3z  we get 2(2) / 6ζ π=  at once. We can get (4)ζ from the

coefficients of  5z , but we must first find the auxiliary relation
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= + ∑ ∑ . The auxiliary relations for (6), (8), (10),ζ ζ ζ become

progressively more complex. Euler found the general nature of these auxiliary relations,

and thereby found (1). The method we use avoids the need for auxiliary functions by

replacing the function sin z  by an appropriate function we call ( )g z  to be described.

To motivate our method for finding (4)ζ , consider the product
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which displays (4)ζ directly as the coefficient of 6z on the right hand side. Now the

product on the left is
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We recognize this last product as sin sin( )i z iz− . Thus we have from (3) and (4)
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Expanding the left side in Taylor’s series and multiplying we get 
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Equating coefficients of  6z  in (5) and (6) we get 
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Looking back, we saw that 3
2

(2)sin z z zζ
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= − + , and that
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− = − + . Now sin z , (used to find (2)ζ ) has zeroes in the

complex z plane on the two rays emerging from the origin making angles 0 and π. The

function  sin sin( )i z iz− , (used to find (4)ζ ),  has zeros on the four rays making angles

0, / 2, ,π π and 3 / 2π . It is now not difficult to anticipate the pattern emerging. To find

(6)ζ  we need a function which has zeroes on six rays making angles 0, π /3, 2π/3, π,

4π/3, and 5π/3. A function having these zeroes is
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(2 )pζ we need a function with zeroes on 2p rays. Such a function is

1 2 3 1( ) sin sin( )sin( )sin( ) sin( )p pg z i z z z z zω ω ω ω− −= , where  ( )exp /i pω π= .

Expanding each sine function as a product and multiplying we get

2

2 2
1

( ) 1
p

p
p p

n

zg z z
nπ

∞

=

 
= − 

 
∏  3

2

(2 )p p
p

pz zζ
π

 = + − 
 

. Thus we have 
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Since (2 )pζ occurs explicitly in (7) like (2)ζ  does in (2)and (4)ζ does in (5),  its

calculation is now possible.

To find (2 )pζ  from (7), we could replace each sine function on the left-hand side

of (7) by its Taylor’s series and then multiply and equate coefficients of 3 pz as we did

above to determine (2)ζ  and (4)ζ . However, to derive (1), it is easier if we first take the

derivative of both sides of (7) with respect to z. Differentiating  the product on the left we

get         
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This simplifies to 
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Equating this last result to the derivative of the right-hand side of (7) we get
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We know (see Knopp [6], p. 204) that  2 1
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Next we rewrite (8) by substituting for ( )g z  the Taylor’s series on the right side of (7)

and for each cotangent we substitute the series just described to get
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The expression ( )2 4 2( 1)1 k k p k pω ω ω −+ + + + =  if k is a multiple of p, otherwise, it is

zero. Thus we have 

3 2 1 1 3 1
2 2

(2 ) 3 (2 ) .p p p p p
pp p

p p p pz z pc z pz z
z

ζ ζ
π π

− − −  − + + + = − +  
  

Multiplying the two series on the left we get
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Equating the coefficients of 3 1pz − , we get 
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we have derived (1).
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