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A New Lagrangian and a New 2 A New Lagrangian and a New Lagrange Equation of

Lagrange Equation of Motion Motion _
This section presents a new Lagrangian and a new Lagrange

for FraCtiOna”y Damped SyStemS equation of motion for a fractionally damped system. There are

several definitions of a fractional derivative. Here a fractional de-
rivative is defined in the Riemann-Liouville sengd]):
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) This definition can be extended far>1. Herex(t) represents a
1 Introduction state space coordinate of the dynamical system. The Lagrangian

All dynamic systems exhibit some degree of internal dampingnd the Lagrange equation of motion are given as
Recent investigations have shown that a fractional derivative L Tan . L1.T T
model provides a better representation of the internal damping of L=v1(a)3(D“y) MD*y—3y Ky+Q'y, 2
a material than an ordinary derivative model does. For a survey of
fractional damping models and their applications to engineeril"f‘l‘f]1d
systems, the readers are referred to Rossikhin and Shitijkidva
and the references therein. Traditionally, the Newton’s law is used
to model such nonconservative systems, and when a Lagrangian,
Hamiltonian, variational, or other energy-based approach is us%
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. - . ? . erey is a state vectorM and K are the mass-like and the
it is modified so that ,the resulting equations match those obtainggke << e matricesy, () is a a-dependent coefficient, ar@
using the Newtonian’s approach.

. is a vector of generalized forces. The purpose i) is to make
Several attempts have been made to include nonconsevawg formylation consistent with the variationdbr Euler-

forces in the Lagrangian and the Hamiltonian mechanics. RieWg,range anoroach 2.3]). Sincev,(a) does not appear in the
[2,3] presented a succinct survey of research in this area. He a&ﬂ%atio%i opfpmotior(1[, it ]v)vill not bé(in)cluded, and ﬁg expression
pointed out that a term proportional @'x/dt" in the Euler- il not be given herdfor its expression se®,3]). The Lagrang-
Lagrange equation follows from a Lagrangian with a term propofan L defined in Eq(2) is applicable for positive rationat only.
tional to (d"2x/dt"?)2. Hence, a frictional force of the form The dimensions of, M, andK depend on the denominator part of
c(dx/dt) may follow directly from a Lagrangian containing a«. Therefore, in this settind, cannot be developed for irrational
term of the form (¥/dt/?)2. Using this as the starting point, hee. MatricesM and K are not the traditional mass and stiffness
developed a new approach to mechanics that allows nonconseiviatrices. It will be seen tha¥l may contain the mass and the
tive terms(both ordinary and fractional dampingp be included damping, and may contain the mass, the damping, and the stiff-
in Lagrangians and Hamiltonians. This paper presents anotti@ss. In the case of zero dampigandK reduce to the mass and
form of a Lagrangian and the Lagrange equation that can be udbg stiffness matrices. It is assumed that, for the functions consid-
to obtain equations of motion of systems whose damping forcg&ed here, the composition rule applies. _ _

are proportional to a fractional derivative of ordgn. With a  Substituting Eq(2) into Eq.(3), we get the equation of motion
minor change in the formulation, the resulting equations can B

t(l[wzo%]g)ht of as a state space representation of Riewe’s formulation MD2ey+Ky=Q. @

To generatd., we needy, y, M, K, andQ. « is half of the lowest
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state vectory are defined asy;=D?%y;,;=Dy;,;, (i 0 0 0 0 -m O
=1,...]-1), andy,=x(t), wherel=2n is the dimension of 0 0 -m 0 o0
the vector. _
Now consider thamD?x, cD/'"x, andkx represent the inertia, 0 -m 0 -c 0
the damping, and the spring forces, wherec, andk are, respec- Ko= 0 “m o0 —c ol
tively, the mass, the damping coefficient, and the stiffness of the
system. In this caseyl andK are given as -m 0 -—-c¢c O 0
0 - 0 -+ m | 0 0 0 0 0 k|
: ' : L=3(D") MDYy~ 2yTKyy,
M = 0 e m e c , d1/6 JL JL
o d® DY) ay
m -+ ¢ - 0 These terms givév,D¥3y+K,y=0, which is equivalent tanx
"0 e i 0 —m O] +cD*3+kx=0.
Note thatM may contairm andc, andK may containm, ¢, and
k. Also, note that in the examplescan be set to zero to obtain the
: . . - ¢ differential equations of motion of an undamped system in a
K=l = ' ’ . (5) higher dimension. Similarlye in Example 1 can be set to 1/4 to
o obtain the differential equations of motion of a damped system in
-m . —c¢ o0 0 a higher dimension. However, such increase in dimensions adds
no benefit. Further, as the order of the fractional derivatwve
Lo o0 0 - 0 K] moves from 1 towards (L towards 2 the damper behaves like a

In matrix M the off-diagonal containsand thejth off-diagonal SPring(mass. )
measured from the bottom right corner containtr matrix K the Several techniques have been developed to solve the resulting

bottom right corner containg, the elements left to the off- S€t of fractional differential equations. Suarez and ShoKagh
diagonal contain-m, and all except the first and the last elementBrésented an eigenvector expansion method to solve these differ-
of the (j + 1)th off-diagonal measured from the bottom right coréntial equations. Other methods to solve these fractional differen-
ner contains—c. Note thatM andK are symmetric. Structure of tial equations include, for example, Laplace transform and direct

these matrices will be explained further using two examples. ggchniques similar to the techniques for ordinary differential equa-
nally, vectorQ is given as tions ([6—8]), and the numerical techniqué®]).

Q=[0,--,0F] (6) 3 Additional Remarks
whereF is the generalized force. _ _ Riewe[2,3] developed a new approach to mechanics with frac-
The Lagrangians and the Lagrange equations of motion for twi@nal derivatives that includes the nonconservative Hamiltonian,
fractionally damped systems are given below. Canonical transformations and the Jacobi theory. The approach
Example 1 Damping force= cx. _ can also be used to develop similar Hamiltonians and the Hamil-
For this system.a=1/2. Vectory, matricesM=M; and K  ton equations. To this end, we propose the following Hamiltonian
=K, the Lagrangiarl, and the Lagrange equation are and Hamilton equations for fractional systems.
y=[y1 y2I'=[x xI, H=(D"y)Tp—L=(D"y)"p—3(Dy)'MDy+3y'Ky,
0 m -m 0 aH 9H
M —_ = —_ & —_ (23
el 1 0 kI’ 0 D¢, and 2y D“p,
L=3DYy)™™ DYy —2y"K,y, wherep=MD*“y. It can be shown that the above equations lead
1 to the correct equation of motion. Using these equations, the
d aL aL Hamiltonian can also be written as

T2 RN Ty = 0

ATy oy ) H=3D%p)"M1Dp+3y'Ky,

Ihce;f ktff(])s giveM;Dy+K,y=0, which is equivalent tanx which is similar to the total energy term for a conservative system.
Example 2 Damping force=cD*3x.
This example shows the locations@ivhenj in the force term Acknowledgment
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S. C. Fan Unfortunately, recent research revealed that those theories do
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Enai - N Technoloaical Uni itv N complex stress state. One prominent feature has been ignored, i.e.,
ngineering, Nanyang 1echnological University, Nanyang,q effect of the intermediate principal stress,). The Tresca

Avenue, Singapore 639798 and its derivatives ignore this effect whereas the Mises and its
derivatives average the effects of all the three principal stresses
M.-H. Yu o1,0,,03. Experiments show that the, effect varies from case

" . . . 5 . rial type and the stress state.
Xran Jiaotong University, Xi'an 710049, China The second category of yield criteria may be called curve-

fitting multiparameter criteria such as the Argyris-Gudehus-

S.-Y. Yang Zienkiewicz criterion, the Willam-Warnke criterion, and some
Post Doctoral Fellow, School of Civil & Structural smooth modelg[1]). These criteria usually have complex math-
Engineering, Nanyang Technological University, Nanyangmatical expressions because simple expressions usually cannot
Avenue, Singapore 639798 reflect the diversity of test results. The main advantage is that they

’ can simulate accurately the yield properties in the particular range
of complex stress state where most tests are conducted. Another
deficiency is that they have little physical background.
A piecewise linear unified yield criterion called the twin-shear-
unified was proposed. It is based on a kind of orthogonal dodeca-
hedron stress element. The effects of intermediate principal stress . . o .
are taken into account such that most available yield loci on thé  Twin Shear Unified Strength Criterion (TS-Unified)

m-plane are embraced in a unified manner. Besides, it is capablezl1 The TS-Unified Criterion Bridges Most Available

to represent not only convex limit surfaces but also nonconvex .o e Y h

- . eories on o Plane. The TS-unified is an extension of the

limit surfaces. [DOI: 10.1115/1.1320451 twin shear yield criterioffTS) ([6]) and the generalized twin shear

yield criterion(GTS) ([7]). The TS is based on a kind of orthogo-

nal dodecahedrofOD) stress element and it assumes that when a

. function of the two larger principal shear stresseg; (71, oOr

1 Introduction (713,723 reaches a critical value, the material begins to yield, i.e.,
For many engineering materials, two characteristic strength

properties are crucial, i.e., initial and subsequent yield properties. Ti3t T1o=0¢  When 71,=7p3
The initial yield defines the critical state when the material under 1)
the complex stress state starts to yield. The subsequent yield deals Tist Tog= 0y When 7,<1Ty3

with the post yield phenomena. It describes the material behavior
beyond the initial yield. The initial yield provides the basis. As
long as the initial yield property is defined, the remaining task is
to define the different hardening/softening properties and to incor-
porate them into the initial yield provided. In this note, the yield . S
criteria will be confined to the initial yield properties unless oth- ~ Twin Shear =1
erwise stated. Mises &=05
Generally speaking, yield criteria can be classified into two -
categories. The first category has originated from the concept of a
single shear stress yield criterion such as the Tresca and the
Mises. The Tresca is a maximum principal shear stigss cri-
terion. The Mises is an octahedral shear stregcriterion. They
both postulate that when,,, (0r 7, reaches a critical value, the
material begins to yield. Both the Tresca and the Mises are appli-
cable only to materials withi) equal tensile and compressive
strengthso;=o; (ii) linear failure loci on the meridian plane
(i.e., parallel to the hydrostatic axis which is represented by the

Tresca 5=0
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Fig. 2 Different yield loci on the
# o, or B#0)

w-plane for SD materials (o,

Where T13= (0'1_ 0'3)/2, To3= (0'2_ 0'3)/2, T12= (0'1_ 0'2)/2 are
the principal shear stresses,, o, andoj (01=0,=03) are the
principal normal stressesy is the uniaxial tensile strength.

B=0, the GTS is simplified to the TS. So the TS is a special case
of the GTS.

In the TS and GTS, the largest stresdesth the shear and the
normal stresseshave the same extent of influence as that of the
second largest. When different weight parameters are employed to
reflect the different effects of the largest stresses and the second
largest, the GTS can be generalized to the TS-unified. The TS-
unified can be expressed as

T3+ b7t B(oztbo) =C  when 75+ Bo15= Tyt Boag

©)

7'13+ b7'23+ ,8(0'13"’ b0'23) =C When le+ ﬁ0-12$ 7'23+ B0'23

whereb is a material parameter which represents the effect of the
intermediatdthe second largesprincipal stresses. The value lof
can be determined by material tesfs.and C are also material
parameters. If uniaxial tensile and compressive strefgihand

o) are chosen as the basic test points, theand C can be
expressed as

o.—0oy l-a (1+b)oyo. 1+b

B T 1+t

B o.toy lt+a ot oy “)
where a=o0/o is the ratio of the tensile to the compressive
strengths. The ratio is an index of the material strength differential
effect (SD effec).

The TS-unified is a series of piecewise linear yield criteria on
the m-plane as shown in Figs. 1 and 2. The exact form of expres-
sion depends on the choice of paramétewhich in turn can be

determined by some basic test results as illustrated in Section 2.3

The TS is an upper limit surface in the stress space complyigg this note. The TS-unified has the following characteristics as
with Drucker’s convexity postulate and is used for non-SD matehown in Table 1:
rials (oc,=0., where o, is the uniaxial compressive strength ) ) ) -
only. It is the counterpart to the Tresca, as shown in Fig. 1. The(@ With different choices of parametdr the TS-unified can
GTS extends the idea and assumes that the yield surface ig€asimplified to the Trescg8=0 andb=0), the linear approxi-
function of two larger principal shear stressesys(r,;) or Mations of Mises3=0 andb=1/2 or =0 andb=1/(1+v3)),

(713,729 and their corresponding normal stressess(co;,) or the Mohr-Coulomh(#0 andb=0), the TS(3=0 andb=1), the
(013,029, i.e., GTS (B#0 andb=1) and a series of new strength critef@her

values of parameterg andb).

(b) In the stress space, the lower and upper bounds for the yield
surfaces on ther-plane are special cases of the TS-unified, i.e.,
b=0 (B=0 for the Tresca oB+0 for the Mohr-Coulomp and
b=1 (B=0 for the TS orB+0 for the GTS, respectively.

(c) When the parametds varies between 0 and 1, a series of
yield surfaces between the two limiting surfaces can be obtained.

(d) When the parametds varies beyond the rangge., b<0

where o13=(01+03)/2, 01,=(01103)/2, 025=(02t03)/2. - 1), a series of nonconvex limit surfaces could be derived.
The parametep reflects the effects of the normal stresses so that

SD effect can be represented. Likewise, the GTS serves as th2.2 The TS-Unified Reflects Differento, Effects. The
counterpart to the Mohr-Coulomb, as shown in Fig. 2. Whehode angled,, is a parameter to represent the relative value of

2010,

when 71+ B0 15> T3+ Boog
v

When T12+ B0-12$ 7'23"" ﬁ0'23.

T3t Tt B(ozt o) = o to
ct ot

2000,
T3t Togt B(0131T 029) = o
C

Ot

Table 1 The characteristics of TS-unified

B=0 (oy=0=0y) B#0 (o F o¢) Drucker’'s Convex Postulate

b=0 Tresca Mohr-Coulomb Lower bound
7 plane loci Regular hexagon Irregular hexagon
0o _ 0i0¢
Restriction for application =5 Tt
0<b<1 New theories New theories Intermediate
7 plane loci Irregular dodecagon Irregular dodecagon

(b+1) (b+1)avo,,
Restriction for applications 0= (2+p) 70 o= (bt
b=1 Twin shear theory Twin shear theory Upper bound
7 plane loci Regular hexagon Irregular hexagon
2 _ 20v0¢
Restriction for applications T0=3 % = 20,
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Fig. 3 TS-unified can reflect the o, effect in a piecewise linear
manner; (a) e=1 and o3/0,=0.2 case; (b) a=1 and b=1 case

with respect too;, and o3. To reflect theo, effect, a theory

It should be noted that the stress an@is different from the Lode
angled,, and they are related as follows:

9= ——0,. 8)

Equation (5) is the explicit expression for the TS-unified in
terms of the stress angte With different choices of the parameter
b, the TS-unified can reflect different piecewise lineareffects.
Two illustrations are given. Figure(® shows the curves of
o, /oy versuso, /oy for a=1 andoz/o;=0.2. Obvious strength
difference can be observed when different criteria are adopted
(represented by different values of the paraméberThe maxi-
mum difference is about 25 percent. Figu®)3hows the curves
for =1 andb=1. The same conclusion can be drawn as from
Fig. 3(@). In other words, the TS-unified is capable of representing
variable strengths of the same material under different stress
states.

2.3 Application of the TS-Unified. If o, o, and the shear
strengthry are chosen as the basic material parameters, through
Eq. (3) for pure shear loading, the paramdbaran be expressed as

(ot o) 0= 010¢
b (oy—To)o¢ ' ®)

The parameteb plays an important role in the TS-unified. It
builds a bridge among different strength theories. It is this param-
eter that distinguishes one theory from another. On the other hand,
the scope of application of each theory is also represented by this
parameter. Hence, the TS-unified is a unified theory that can be
applied to more than one kind of material. In practice, when basic
material parameters are obtained by experiments, the valbe of
can be determined through E@). Whenever parametdris ob-
tained, the yield criterion is determined and the application is
possible([8]).

3 Conclusions

A piecewise linear unified yield criterion called the TS-unified
was proposed. Besides the capability that the TS-unified can
bridge most available yield loci on the-plane for both SD and

should embed this parameter in its expression either in explicit oon-SD materials, the most prominent characteristics of the crite-

in implicit forms.

The TS-unified is usually expressed in terms of the st(des
viatoric) invariants, that is the first invariant of stress tenkpr
the second invariant of stress deviatoric tenygr and the stress
angle 6, as follows:

ly a| 2\3, a(l-b) —
5(1—a)+ 1+§ CcosfH— 170 \/J—zsme
=0y when 0deg =<6
t g; b (5)
Iy 2-b | \3 ( b .
-+ pte 730050—‘a+m JJ,sine
=o0; when 6,<60=<60deg
where 6y, is the stress angle when the two E(s. are equal:
— 4L
0,=1g 1720 (0 deg< H,<60 deg. (6)

The stress anglé is defined to reflect the, effect as shown in
Fig. 2, such that

133 I

§COS T\/Tg

0= (0= 0=<m/3). @)

Journal of Applied Mechanics

rion are their capability to represent the effects of the intermediate
principal stresso, in piecewise linear forms. lllustrations were
given. The determination of the parameters was also discussed.

Future research could focus on the pursuit for some criteria that
can bridge different criteria both on theplane and on the me-
ridian plane. It is obvious that the representation for nonlinear
meridian loci can be obtained by adopting multiparameter crite-
rion instead of the proposed two-parameter TS-unified.
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Analytical Solution for W-N Criteria
for the Prediction of Notched
Strength of an Orthotropic Shell

R. Ramesh Kumar
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understanding of the maximum stress location is very essential.
Unlike in metallic structures, for fiber-reinforced orthotropic
shells, the maximum stress does not occur at the hole edge in a
plane normal to the loading direction, but depends on the fiber
orientations([5]). Moreover, establishing convergence for the fi-
nite element model for the isotropic medium for a known problem
does not ensure convergence for the orthotropic medium. Hence
an analytical solution that can bring out the overall behavior of the
orthotropic structure is very much required.

Structural Engineering Group, Vikram Sarabhai Space savin[6] in his complex variable approach to the problem of

Centre, Thiruvananthapuram 695 022, India
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Senior Lecturer, Department of Mechanical Engineering
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G. Venkateswara Rao

stresses in an isotropic circular cylindrical shell with holes
showed that the stress state in a shell is a sum of a plate solution
and a function of curvature effect. Konish and Whitnejg$ and
Kumar, Rao, and Mathewls7] orthotropic equationgplate were
'based on the sum of an isotropic plate solution and a function of
higher order term of distance ahead of the hole in terms of ortho-
tropic material constants. Thus one can conjecture that the ortho-
tropic shell solution in a polar coordinate systémé) can be

Group Director, Structural Design and Analysis Division,obtained as a sum of an isotropic plate equatfost term in(1)),

Structural Engineering Group, Vikram Sarabhai
Space Centre, Thiruvananthapuram 695 022, India

higher order term of distance ahead of a hkérd term in (1)),
and functions of isotropic and orthotropic curvature effestsc-
ond and fourth terms ii1)).

a5'(p,0)|

| Ortho

a5'(p,0)|

| ISO

Analytical solution for the tangential stress distribution ahead of +f(Biso
a hole is needed for the theoretical prediction of notched strength
of brittle laminate using the well-known W-N criteria. In the
present study, tangential stress distribution in an orthotropic cir-
cular cylindrical shell under uniaxial loading with a circular hole

is obtained intuitively with the use of a stress function. A good
agreement is obtained for the stresses around and ahead of the

circular hole in (0 deg, 30 degs and 90 deg laminates with higher order terms inp with 1
the finite element result$DOI: 10.1115/1.1320452 orthotropic coefficients forg @

higher order terms inp with
orthotropic coefficients

Introduction In the present work an analytical solution for the tangential
stress distribution ahead of a circular hole in an orthotropic circu-

Prediction of failure strength of brittle laminate with a hole waggy cylindrical shell under axial loading is obtained for use via the
very well established based on the W-N fracture critéda-4]). \W-N criteria.

Failure of the laminate occurs when the dominant stress near the

hole or the average of the domlnant_ stress over a region near Kﬁ’alytical Solution for the Tangential Stress Distribu-

hole reaches the strength of the laminate. Konish and Whitagy ..

developed an analytical solution for the stress distribution neartlgn

hole in an orthotropic plate. For the shell-type composite struc- The most general solution for the stress distribution near cut-
tures one has to essentially go for the finite element approachaags of any arbitrary shape under tension or internal pressures up
there is no such analytical solution available in the literature fao an accuracy oB? was given by Pirogoy8]. The equation with
employing the W-N criteria. For the best numerical results a cleanknown coefficientslike A, By, Ex, Fx, etc) is of the form
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Based on the above stress function, Savin obtained the tangsotropic shell of radius R” and thickness ‘t,” under axial load-

tial stress distribution around a circular hole of radiws’ ‘in an
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ing, as a sum of an isotropic plate solutiomﬁ,’((p,e)/a) and a
function of isotropic curvature parametgk, The solution is valid
for a hole whose projected siZen a plane passing through the
axis of shell and normal to the axis of hpis close to the actual
hole size.
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Similarly for an orthotropic shell, _i -2 0 2 4
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whereBouno=[3(1— v°)(E,/Ey)/2]a/JRt, v=Poisson’s ratio, ] i
E, andEy are the moduli of elasticity i and Y (loading direc-
tion) directions([9]), and (@5'(p, )/ ) for the orthotropic plate is ;; %
available in Kumar et al.7]. -
=
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Details of the orthotropic coefficient,; (j varying from 1 tox)
are given in the Appendix. 5
It can be noticed from Pirogov’s stress function given(in 0 5

that the higher order terms for the plate solution ghére of Ga/C
S h X X ) X 9 -
similar trigonometric relationship. Therefore, the functionsgof

may be expressed as Fig. 1 Tangential stress distribution around a circular hole in

an orthotropic shell
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4J 3 4] then one fourth up tp=2 in the radial direction, while ir9

o]
22‘

Thus the final expression for the tangential stress distribution forBoundary Conditions. Symmetric boundary conditions are
an orthotropic circular cylindrical shell with a circular hole isapplied at the symmetric planes.

Cosa 0 (6) direction, it is at every five-degree interval along the circumfer-
ence of the hole from 0 deg to 180 deg.

iven b . L . .
gw Y Loading. A distributed load of 240 N is applied on the nodes
a'gh(p,('))‘ l-cos2d 1 3 ” B2 at the top circumference. The load is distributed in each element
= + coOS 20— —— i i ‘4 i
= ‘Onho 2 202 2p4 3 in the ratio of 1:4:1 among the nodes in an element.
3 7 3°
1+ —|cos20; +| 1+ ——
p? 2
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X — cos20;.
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In this work, circular cylindrical shells with (Q+30)s and 1 I
(90);2 lay ups made of high modulus M55J/M18 carbon/epoxyy, _, | “\\_FE RESULTS

laminate having material propertie€y=328.949 GPa, Ey t'\’

FOR (98%),ATO = ¢°
SENT RESULTS

=5.955 GPaGyy=4.414 GPa andyy=0.346, with layer thick- -4l s
ness of 0.1 mm is considered. * 'Z
-6 P
Finite Element Modeling
The laminated circular cylindrical shellR=48 mm, t -8 ’
=1.2mm and height180 mm with a hole of radiu@=5 mm is 10 . .

modeled using eight-noded layered shell elements available 1 1 1z 13 L
NISAZ2 finite element software. Due to the symmetry, one fourtt
of the shell(at its half heightis modeled. The region around the
hole is modeled with a finer mesh with an element size of ormg. 2 Tangential stress distribution ahead of a circular hole in
tenth of the hole radius up f©o=0.5, then one fifth up tp=1 and an orthotropic shell
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esults and SCUSSIO Translation, NASA TTF-607.
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shown in Fig. 1. The maximum stress concentration factor of
—8.56 is observed at=0 for (90),, laminate, as against the
finite element result of-8.71. The deviation in the results is es-

timated as two percent. Stress Wave Propagation in a Coated
In the case of (®,*=30)s lay up, the peek stress occurs ét ;

=90deg as expected, with a stress concentration factor valEeIaStIC HaIf-Space due to Water

equal to 5.18 as against the finite element result of 5.44. It can E}rop Impact

noticed that the deviation between the two values is about five

percent. The stress distributions away from the holeferl to 2,

for the two types of lay-up sequence considered are shown in Figyun-Sil Kim 1

2. From the finite element analysis, it is found that as a percentagénail: hskim@kimm.re.ir

of total stress, bending stress constitute within two percent for the

types of lay-up sequences considered. It is concluded that t ;

present solution shows a reasonably good agreement with the‘lj]fﬁe'seung Kim

nite element results. Mem. ASME

Conclusion Hyun-Ju Kang

A new analytical solution for tangential stress distribution fo .
an orthotropic circular cylindrical shell with a circular hole underE-"ang'RyUI Kim
axial loading is derived which gives good agreement with finite
element results. The solution can be used with W-N criteria fékcoustics Lab, Korea Institute of Machinery and

the prediction of notched strength of an orthotropic shell with gaterials, Yusong, Taejon 305-600, Korea
circular hole.

Appendix o .
Stress wave propagation in a coated elastic half-space due to
There is a standard techniq([&O]) for determining the Fourier water drop impact is studied by using the Cagniard_de Hoop
coefficientsC,; of a function as in(7): method. The stresses have singularity at the Rayleigh wavefront
_ whose location and singular behavior are determined from the
AoCot ACat AgCa=280 pressure model and independent of the coating thickness, while
reflected waves cause minor changes in amplitudes.
[DOI: 10.1115/1.1352060

(Ala)
A,Co+ (Ay+2A0+)Co+ACu+A,Co=2a, (Alb)

and forj>3 a recursive relationship exists in the form

-1
Cy; :A—4[A2C21—2+ 2A0Coj— 4+ AsCoj 6+ A4Cy ]

(Alc)

where ag=4k(n+k—1); a,=—4k(n+k+1); Ay=3+n?-2k
+3k?
A,=4(1—-K?);

A,=(1—n2+2k+k?) (A2)

n:N/K, N:\/Z(K_ny)_gxlaxy

k=1/K, K=VEy/Ey

EX,EY ,RY,EXY are the overall orthotropic properties of th

shell.
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method([4]). We use the same pressure model as Blowers, which|t can be shown that the coefficienl:s},,Dlﬁ,Ui,Ul are ex-

. . . ! B

means that our solution is useful only in early stage of the impagiessed in terms of the infinite series, whose physical meaning is
process before lateral outflow jetting takes place. However, tfigat the solution in the coating is composed of the reflected waves
results are of great importance, since high stresses and possif@ the number of reflections can increase infinitely. The typical

damages may occur in a very early stage of the impact. form I, of the infinite series in the stre§x can be expressed as
Theory 1= Ref f Re(w,q)e P%Wddwdg, 4)
As shown in Fig. 1, we consider a coated elastic half-space ( 0Jo

>0), where a thin elastic layer of uniform thicknéskes over the where R, (w,q) and g,(w,q) are independent of the variabfe
surface. On the surface, the stress generated by a water drop aimd g, is of the form
pact is given in a cylindrical coordinate by
T Atz)==P, r<knt, odrzH)=0, r>kpk,
(

ge(W,q)=w?+qg°—iwR+ E boyW2+ g2+ adlcs,  (5)
1) "

whereP is a constant pressure alg is a constant determined in which ¢, is a; or §;.

: ) / In order to apply the Cagniard-de Hoop method, we deform the
from the diameter and impact velocity of the water dff)). . . - : .
The potential functions in the coating and half-space satisfy tigegration path such thag(w,q)=T. The new integration path
wave equations w=w(T,q) intersects the imaginany-axis atw=iv,. We per-
q form the integration along the new pathTrand change the order
) 1 92 ) 1 9%y, of integration to find the inverse Laplace transform as
Vidi=——z V= oo, @
a; i am aw
where the subscrigit=1 is for coating, whilei=2 for the half- lk(T)_Re{ Jo R, ) 77 da | H(T=Tn(0)), ©)
space. The parametesis and B; are the sound speeds of P and S

waves in théth medium. We nondimensionalize the parameters iffherédm and Ty, satisfy the relationT(qm) =T, andH(T) de-

a similar way as Blower§3] did, and transform the wave equa-"0tes & Heaviside step function. After summationl dfT) over
tions by applying the Laplace and Hankel transform with respel&te rays, we can compute the stresses. Depending on the relative
to the nondimensionalized tini& and radial distanc®. In the Positions ofw=ivy and the branch points, we may have to intro-
coating, the solution consists of upgoing and downgoing wavékce additional integration path to detour the branch cut, which
due to the reflections at the interface and free surface, while in t1§&ds to the head wave. _

half-space the solution contains only downgoing waves. The un-henZ=0, we need to include the Rayleigh surface wave
known coefficients can be determined from the boundary

. H(T+a%?-aR)

conditions. - IR(T) =D 7)
We show, for instance, the Laplace transformed st@gsin V(T+a%) —a’R

the coating

whereDy, is the coefficient associated with the residue term and
_  2Re (= (*[a? a=aq/cg, in whichcg is the Rayleigh wave speed in the coating.
SéR:_f f [(B_;—Z—ZWZ) The surface wave in Eq7) has singularity aR=(T+a?)/a.
T Jo Jo 1

X (Dle P7aZ 4 Ule PraH=2)) Numerical Example

For a numerical example, we consider a case that the diameter
+2w2(m)(D;e*P’7mZ and velocity of the water drop amy=2 mm, V,=453 m/s, and
4 the thickness of the coating is 48n. The material properties of

the coating are: Young's modulug;=1.71xX 10" N/m?, «a;
_U;-ge_p"ll,B(H_Z))

eRP¥pidwdg, €)

whereD,D3,U;, U7 are the coefficients to be determined from \
the boundary conditionsZ and H are the nondimensionalized ]
depth and coating thickness, apd{ are the Laplace and Hankel
transform variables. The parameterg, and 7,5 are 7,

=J%+1 andn,g= \/§2+a12/,821. 3
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Fig. 1 A coated elastic half-space subject to water drop
impact Fig. 2 Snapshot of the stress Sgr when t=0.05 us
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Closed-Form Representation of Beam
Response to Moving Line Loads
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Fig. 3 Variation of the nondimensional stresses Srr and Sy
as functions of the radial distance  r on the surface when ¢ Fourier transform is used to solve the problem of steady-state
=0.05 us. Solid line with marksis Sz when there is no coating response of a beam on an elastic Winkler foundation subject to a
and the substrate is filled with the same material as coating. moving constant line load. Theorem of residue is employed to
evaluate the convolution in terms of Green’s function. A closed-
form solution is presented with respect to distinct Mach numbers.
=5910 m/s, 8;=3160 m/s, densityp;=6590 kg/rﬁ; for sub- Itis found that the response of the beam goes to unbounded as the
strate, E, = 6.74x 10° N/m?, a,=4150 m/s, 8,=2220 m/s,p, load travels with the critical velocity. The maximal displacement
response appears exactly under the moving load and travels at the
ame speed with the moving load in the case of Mach numbers
eing less than unity.[DOI: 10.1115/1.1352064

=5270 kg/mi. The substrate material is Zinc-Selenide. In Blow
ers’ paper, the only specified material property is Poisson’s ra
v, and we use the same value hereva®.3 for both coating and
substrate, for which case=2.017.

In Fig. 2, we plot a snapshot of the nondimensional stBgs
at 0.05us. There is a sharp peak near the surface, which corre- ;
sponds to the Rayleigh wavefront st 224 um (R=(T+a%)/a £ Introduction . .
=5.84). The boundary of the impact is=213um (R=2\T The response of beams to moving loads has been studied ex-

—5.56). In Fig. 3, we show the stressis; andS,, at the surface tensively over the past several de.cad'ayb.a[l]). The investiga-
as functions of the radial distance, in which the symbols “B,'tion of Bernoulli-Euler beams with moving loads includes the
“R,” and “L” mean the boundary of impact area, Rayleigh work of Kenney[2], Steele[3], Huang[4], Choros and Adams

wavefront, and longitudinal wavefront, respectively. For compan®), Jezequel6], Elattary[7], Lee[8], Sun and Dend9], Sun
son, we also show the streSgz when there is no coating and thel10], Sun and Greenbeid.1], and Benedeti12]. It is found that
half-space is filled with the same material as the coating. the moving load is often treated as a concentrated load. Since the

concentrated loading condition is only an idealized model of the
. tire load, it is preferable to use a distributed line load model to
Concluding Remarks characterize the wheel load more realistically.

It was shown that the pressure model in Et). produces an  Denotey(x,t) as the deflection of the beam jadirection, in
annular strip of the high tensile stresses outside the contact awgsich x represents the traveling direction of the pavement struc-
due to the Rayleigh wave, which has been observed experimeéue, and represents time. The well-known governing equation of
tally by Hand et al[7]. The location and singular behavior of thea Bernoulli-Euler beam on a Winkler foundation(8un[10])
Rayleigh wavefront are determined from the pressure model and
independent of the coating thickness. The region directly under 4 ) ) )
the contact area is in pure compression. Since the stresses cannot El &_y+ K +m(9—y _ Hlro—(x—vt)] )
have infinite magnitude in real impact situations, the singularity in axd Y at? 2rg
the present study may be due to the abrupt change of pressure
model at the impact boundary.

whereEl is the rigidity of the beamE is Young’s modulus of
elasticity,|l is the moment of inertia of the beaiq,is the modulus
Acknowledgment of subgrade reactiom is the unit mass of the beam, is the
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Critical Technology 21 Project. The Green’s function of the beam is defined as the solution of
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7 [ explilE(x—Xo) + w(t—to) 1} (b) Sonic caseN=1). _
G(X,t;Xg,tg)=(27) 2[ J ElE%+ K—ma? In this case two duplicated roots of E() are u; ;= mv?/2.
e Thus four real valued roots; ,= &5 ,= + (mv?/2)Y2 Since these
X dédo. (2) two poles are of the second order, this means that a singularity

. ) ) . occurs when integrating4) along the contour. Using the same
Thex sglutlon of (1) given F(xt) is given by y(xt) procedure as in the case bf<1, it is found that dynamic re-
=22 LF(X0,t0) G(X,t; X, to)dxodty.  Substituting Egs.(1)  sponse in this case becomes infinite and the singularity is of the

and(2) into it gives orderO(e 1. This result indicates the existence of a resonance
P (> sinrpéexgié(x—uvt)] phenomenon as = v cical -
y(xt=5— ﬁw rof(£ —Mu2E2+K) ) (¢) supersonic caseM>1). B
_ _ o Two roots of Eq.(4) areu;=[mv?(1+1-M %]/2 andu,
whereP=P/El, K=K/El andm=m/El. =[mv?(1—J1—M%)]/2. Therefore, we have real valued roots
&,=*R;  and  &,=*R, where R;={mv’[1+(1
2 Closed-Form Representation of the Solution —M~4Y2)2112 and Ry={mv?[1— (1—M~*%)¥2)/2112, Appar-

Expression(3) can be further developed using complex funcgntly, since the distribution of the roots of the characteristic equa-

tion theory. To do so, one needs to identify the roots of the chd{o" depends heavily on the range of the Mach number, one may
- . . 4, — 2.0 . expect that dynamic response of the beam to a moving load will
acteristic equation of this typ&”+K—mv“& =0. Define a new also be distinct for different Mach number.

variableu= ¢* so we have a quadratic equation The poles of a system without damping can be thought of as the
u—mu2u+K=0. (4) limit situation of poles of a system with damping while the damp-
N ) — ) ] ing is approaching zero. The poles of a physical system with tiny
Denote the critical velocity asic.= (4K/m?) . Define dimen- gamping can be determined by seeking the roots of a new char-
sionless velocityi.e., the Mach numbeM =v/v gicar - acteristic algebraic equation in which a negative infinitesimal
(@) Subsonic caseM<1). imaginary term is added into the previous characteristic algebraic
Two roots of Eq.(4) areu,=[mu?(1+iyM~*—1)]/2 andu, equation, i.e.£*— mv2&2+ K —ie=0 wheree is a positive infini-
=[mv*(1—iyM~*=1)]/2. Further, we have four complex val-tesimal real number. Sinae= ¢. This new characteristic equa-
ued roots & ,=(mv%2M?)Y2exdi2jm+6)/2] and &4  tion becomes
=(mv?/2M?)Y2exdi(2j7— 6)/2] in which tang=(M *—1) and
j=0 and 1. In the case of—vt=0, we select the closed contour
in the upper half¢-plane and, ifx—vt<0, in the lower half The square root of the discriminant of E) is AY2=mv?(1
&-plane. To shorten the length of the paper, only the caset —M 4H%exp(yi2), in which tang=B(1-M 4! and B
=0is consid_ered in the following. Applying the theorem of resi-:4ﬁ—zv—48. Since—0" ass—0", we havey—0" andu,
due we obtain _ _ =121+ (1- M- ¥Jexpih,) and u,=1/2mu1—(1
y(x.t)= P |, S e sinroé exdié(x—vt)] -M~9Yexpir,) as two roots, in which tan;=(1
T 27Elr, 0 E(E—mu2E2+K) —M™HY2singl2/1+ (1- M~ Y2cosyf2  and  tan,=—(1
) ) —M " H2sinyg2/1— (1—M 4 Y2cosyl2, respectively. Thus
i S re [smro§exr{I§(x—vt)]H 5 fRi exdi\+2jm)/2] and &;,=R, expi(\,+2jm)/2], (j

u2—mu2u+K—ie=0. @)

0 E(E4—mu2E2+K) =0,1) where Ry ,={mv¥1+(1-M~%?)/2}2 Realize \,

. o . . . . =lim,_ o+ arctan(tar\;)=0" and \,=lim,_ o+ arctan(tam,)
$—0 2 $—0
?ét:r identifying the residues in Eq5), it is straightforward to =07, as¢—0", the rootsé;, &, &5, and¢,, respectively, ap-

. . 12 +
iPp sinroé exdi & (x—vt)] proach their own limits ar§1,2={zl+xl/2={?7+0+ and argé; 4
Y=g 2 Ty ® e o
01=14 & —mog *{w+>\2/2*{ﬁ+0*-

Im(&) ¢ -plane

argument |12 / 2|

Fig. 1 Poles of the beam on an elastic foundation with tiny amount of
damping
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Figure 1 depicts the distribution of these poles in the complex[9] Sun, L., and Deng, X., 1997, “Transient Response for Infinite Plate on Win-

&plane. Asv approaches critical velocity ey (i-.€., M—1), ng 2F°g‘,§‘d$§3’}8by a Moving Distributed Load,” Chin. J. Appl. Mecha
four poles (black pointg will move towards those pole&gray  [10] sun, L., 1998, “Theoretical Investigations on Vehicle-Ground Dynamic Inter-
points of the casev =v;ica- Each pair of gray points on one action,” Final Report prepared for National Science Foundation of China,
side of the imaginary axis will get more and more close to each _ Southeast University, Nanjing, China.

: 11] Sun, L., and Greenberg, B., 2000, “Dynamic Response of Linear Systems to
other asM _.>1’ and becomes a Slng.le pOIe of the second ordef. Moving Stochastic Sources,” J. Sound Vi229 No. 4, pp. 957-972.
The dynamic response of the bean is given by [12] Benedetti, G. A., 1974, “Dynamic Stability of a Beam Loaded by a Sequence

. . . of Moving Mass Particles,” ASME J. Appl. Mech41, pp. 1069-1071.
iP sinrgé exgié (x—ot)] g PP PP

= — for x—vt=0.
2Elrg 154 5§|4—mv2§|2+K v

(8)
In the case ok—vt<0, we just need to replade=1,4 in Eq.(6) AN Analytic Algorithm of Stresses

or(8) by l=23. for Any Double Hole Problem

3 Maximum Response in Plane Elastostatics
Define »=x—uvt. The derivative ofy(x,t) with respect tozy

suggests thay=0 correspond to the extreme point. The maximum

response in the case 8 <1 can be obtained by substituting Lu-ging Zhang

—vt=0 into Eq.(7). Define new parameters. The maximum reEngineering Geomechanics Laboratory, Institute of

sponse is yma"{x=vt)=iP/Elro{sinr exp(6/2)]/S;+iW:  Geology and Geophysics, Chinese Academy of Sciences,

+sinfr exdi(— 0+ m)/2]}/S,+iW,} in which S;=5¢*cos 2 Beijing 100029, China

—3mu?¢?cosh+K,  S,=5¢* cos B+3mvle?cosh+K, W,

=5¢* sin 20—3mv2¢? sin 6, and W,=5¢" sin 26+ 3mv?¢? sin 6,

¢=(mv2/2M?)Y2 andr = ¢r,. Using Maclaren series to expand

yro"Yx=vt) and taking only the real part

Ai-zhong Lu

Professor, Department of Civil Engineering, Shandong
moving )= P (A;S;—B;W; N AxS;— BoW, ©) University of Science and Technology, Tai'an
Ymax AX=0 Elrg| S+W? W2 271019, China
where
A i (—D)"r2*Lsin 6(2n+1)/2] This paper gives an analytic algorithm to plane elastostatic prob-
T = (2n+1)! ' lem of an infinite medium containing two holes of arbitrary shapes
and arrangement, using Schwarz's alternating method, and finds
Z (—1)"r2*1cog o(2n+1)/2] that the method has a very quick convergence speed even for
B,= TR , solving a complex double hole problem.
A=0 (2n+1)! [DOI: 10.1115/1.1352065
“ r2tlcog 6(2n+1)/2]
A= | and )
=0 (2n+1)! 1 Introduction
B, r2"*lsin 6(2n+1)/2] There are a large number of papers in plane elastostatics deal-
2T~ (2n+1)! ' ing with regions containing two circular holégl—4]). It seems

It should be noted that, although=0 can maked/dzy=0 that only Hasebe et a[5] provided one analysis method for the
satisfied, it is a sufficient condition rather than a necessary con@roblem of two complex holes in which one hole is of complex
tion. Actually, the response of the beam at the center of the mdiofile and the other is a crack. However, the method is only
ing load is the maximal response in the casevbf 1, while the Suitable for a symmetrical double hole problem.
response of that location remains quiescent in the cabtet. It~ The crucial ingredient in solving a double hole problem by
also should be pointed out that similar method is applicable fB€ans of Schwarz’s alternating method is the repeated solution of

moving load problem with damping considered in the governing Single hole problem, which can be well solved by Muskhelish-

equation. Given the limit of the content, the result is not presentdfi's method ([6]) via a conformal transformation of mapping the

herein. given hole shape into a unit circle. The iterative solutions for the

Schwarz’s alternating method needs many repeated transforma-

tions between the physical and mapped planes. In order to conduct

References the iterative solutions easily, two mapping functions of two holes,
[1] Fryba, L., 1977 Vibration of Solids and Structures Under Moving Loads Z,=w4({41) andz,= w,(¢,), and two corresponding inverse map-

poordhoff, Groningen, The Netherlands. ng functions {1 = w; *(2z;) and{,= w, *(z,), are introduced. In

[2] Kenney, J. T., 1954, “Steady State Vibrations of Beam on Elastic Foundatidl! . . ! } :
for Moving Loads,” ASME J. Appl. Mech.21, pp. 359—364. the process of iterative solutions every iteration refers to the

[3] Steele, C. R., 1967, “The Finite Beam With a Moving Load,” ASME J. Appl.completion of solutions for two single hole problems.

Mech., 34, p. 111.
[4] Huang, C. C., 1977, “Traveling Loads on a Viscoelastic Timoshenko Beam,” . .

ASME J. Appl. Mech. 44, pp. 183-184. 2 Basic Formulas for Stress Analysis of Any Double
[5] Choros, J., and Adams, G. G., 1979, “A Steadily Moving Load on an Elastif{gle Problem

Beam Resting on a Tensionless Winkler Foundation,” ASME J. Appl. Mech., ) ] )

46, No. 1, pp. 175-180. In Fig. 1z, andz, are the complex coordinates ¥30,y,; and

[6] Jezequel, L., 1981, “Response of Periodic Systems to a Moving Load,)’& o local coordinate systems. respectivetyis the relative
ASME J. Appl. Mech. 48, pp. 613-618. 202Y2 y ’ P ]

[7] Elattary, M. A., 1991, ‘Moving Loads on an Infinite Plate Strip of Constant—
Thickness,” J. Phys. D: Appl. Phys24, No. 4, 541-546. Contributed by the Applied Mechanics Division oHE AMERICAN SOCIETY OF
[8] Lee, H. P., 1994, “Dynamic Response of a Beam With Intermediate PoifMECHANICAL ENGINEERS for publication in the ASME QURNAL OF APPLIED
Constraints Subject to a Moving Load,” J. Sound Vib71, No. 3, pp. 361— MECHANICS. Manuscript received by the ASME Applied Mechanics Division, Mar.
368. 22, 2000; final revision, Sept. 20, 2000. Associate Editor: J. R. Barber.
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wq(0q)

¢11(0op) + e11(o1) +1i(o1)=TF1(0o7) 1)

w1(0oq)

where a prime on a function denotes differentiation with respect to
its argument, and a bar on a function indicates its conjugatés

the value ofZ; on the unit circle;p.4(01) and ¢4(0o;) are the
values of ¢14(¢1) and 41(Z;1) on the unit circle, respectively;
f1(o) is the principal vector of surface forces at the edge of hole
one.

The stress functiong,(£;) and ¢4({,) can be used as the
loading functions for solving another single hole problem induced
by the presence of hole two. At this stage the boundary conditions
are satisfied at the edge of hole one, however, there exist redun-
dant surface forces at the edge of hole two. The redundant surface
forces are obtained directly by three coordinate transformations
between coordinates,, z,, z; and{; and a formula

(y1)———
f10p) = @11(y1) + orn ©11(v1) + ¥11(v1) v

!

Fig. 1 The calculating model for any double hole problem @Y1

where o, is the value of boundary poirt, of hole two in ¢,

v A plane; f15(0,) is the principal vector of the redundant surface
forces with respect to,; 7y, is the coordinate oé, in {; plane
via mapping transformatiom,= w,(0,), coordinate translation
T,=t,+c and inverse mapping transformatio«w:wil(Tl).

f%\ The distribution off,,(05) at the edge of hole two can be

L

-
b

-
-
X

0 approximated by complex serie> Dkog, in which D, is the
k=-L
X F complex coefficient ofo. In order to eliminate the redundant
S L L
surface forces, the reversed forces & Dyo%, — 3 Dyo%,
Fig. 2 The problem for two circular holes k=-L k=-L

are imposed at the edge of hole two, yielding the other single hole

problem in the first iteration. The solution for the presence of hole

two can be expressed by two complex stress functiog$l,)
position vector of two holes ix;0,y; coordinate systemg;,, and,y({). The corresponding stress boundary condition is

oy, and 7y, are external loads uniformly distributed at infinity. )

In the process of the first iteration, the presence of hole one will wy(0y)
lead to a single hole problem, whose solution of stresses can bepyy(o5)+ @ 02) + thoo T5) = Fo(0) — Z Dka'§
written in terms of two complex stress functiong;;({;) and wy(0y) k=-L
¥11(£1), of the complex variablg,. The stress boundary condi- 3)

tion for the presence of hole one is

Table 1 The comparison of the maximum tensile stresses at the edge of the right hole from two methods

. all-around unit tension horizontal unit tension vertical unit tension
A solution
6=0 O=nx O=+x/2 @=-x/2 6=0 8=n
2 exact solution 2.894 © 2.569 2.569 3.869 ©
iterative solution | 2.659375 35.570570 | 2.557303 2.557303 3.601490 | 40.281910
3 exact solution 2.255 2.887 2.623 2.623 3.151 3.264
iterative solution | 2.254839 2.887496 2.623146 2.623145 3.150994 | 3.264019
4 exact solution 2.158 2.411 2.703 2.703 3.066 3.020
iterative solution | 2.157655 2.410827 2.702637 2.702636 3.066025 | 3.020181
6 exact solution 2.080 2.155 2.825 2.825 3.020 2.992
iterative solution | 2.080380 2.154591 2.825038 2.825037 3.020114 | 2.992179
10 exact solution 2.033 2.049 2.927 2.927 3.004 2.997
iterative solution | 2.032807 2.048810 2.926672 2.926672 3.004336 | 2.996998
16 exact solution 2.014 2.018 2.970 2.970 3.001 2.999
iterative solution | 2.013795 2.017700 2.969799 2.969798 3.001042 | 2.999149
w exact solution 2.000 2.000 3.000 3.000 .| 3.000 3.000
iterative solution | 2.000000 2.000000 3.000000 3.000000 3.000000 | 3.000000

Note: To see the difference from the exact solution with three decimal numbers, every iterative one is given by six

decimal numbers.
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Fig. 3 The problem for two complex holes

(MPa)

a

1.5 -

A

¢} 40 80 120 160 200 240 280 320 360

wheregy,(a3) and,y( o) are the values op,y({>) and,x({>)
on the unit circle inZ, plane, respectivelyf,( o) is the principal

vector of surface forces at the edge of hole two.

The superposition 0f11(£1), #11({1) and @5({2), ¥22(L>) is
the solution for the first iteration of the Schwarz’s alternating
method. At this stage, the boundary conditions only at the edge of
hole two are satisfied. Of course, the second and later iterations
can be operated.

Taking ¢(¢) and () as the superposition of two stress func-
tions for all required iterative solutions, the stress components can
be obtained readily.

3 Discussions on the Convergence Accuracy of Itera-
tive Solutions

3.1 Comparison With the Exact Solution for the Problem
of Two Circular Holes. Now let us consider a linearly elastic
medium containing two equal circular holes, as plotted in Fig. 2.
Three fundamental loading cases are discussed in some detalil,
namely, the all-around, horizontal and vertical tensions applied at
infinity. Owing to the symmetry of the problem, Table 1 only

25

P
[
T

-
T

T p (MPa)
S o
w (o] "
A

'
ey
T

b
<]
T

0 40 80 120 160 200 240 280 320 360

g,(")

— three iterations — — — five iterations —- —- ten iterations - fifteen iterations — — twenty iterations

Fig. 4 The redundant surface forces

o, and 7,, for different iterations

Table 2 The maximum compressive stresses at the edges of two holes

hole two
hole two D
hole one D
arrangement D D c=4.0+0.0/
hole two
hole one
c=0.0-4.0i c=2J2 =22i hole one

loads position hole one hole two hole one hole two hole one hole two
ol =2 @ =141 14.713 14.722 15.742 13.297 14.181 11.657
O-;a = 6 =219 13.653 13.667 9.724 23.706 14.181 11.657
oo =15 g =141 14.425 14.436 16.030 10.339 14.978 15.010
or=l5 1 g o0 | 11291 11.336 12.446 25.258 14.978 15.010
o =1 e =141 14.566 14.574 16.817 7.859 16.208 18.801
0; =2 6 =219 9.538 9.587 15.688 28.087 16.208 18.801
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gives the maximum tensile stresses on the boundary of the righomentum. We find the differential equation of the tautochrone
hole in which the iterative solutions are obtained by the Schwarzisirves. While this differential equation is difficult to solve analyti-
alternating method for ten iterations and the exact one given bglly, several exact solutions (in terms of elementary functions)
Ling [3]. are obtained in an indirect manner. Intuitive motivation for tau-

3.2 Accuracy Analysis for the Problem of Two Complex tochrone motion is given[DOI: 10.1115/1.1352066
Holes. Let us consider the problem of an infinite and linearly
elastic region, containing two complex holes, only under the ai- Introduction
tion of compressive stresses at infinitg =10 MPa anday
=20 MP3 (see in Fig. 3 If the solution is terminated at some Consider a bead of unit mass that moves on a frictionless wire
iteration, the boundary condition of zero surface forces along haléscribed by the curve=x(y) in the xy-plane. Assume that the
two will be satisfied exactly and along hole one approximatelfead starts at tim¢=0 at the point ¥(Y),Y) with no initial
Figure 4 plots the distribution of redundant surface forces alorglocity and that the curve=x(y) terminates on the-axis at the
hole one for 3, 5, 10, 15, and 20 iterative solutions, seen fropPint (xo,0). The motion of the bead is governed by a potential

which the redundant surface forces are gradually reduced to X4y) as it moves along the curve=x(y). This curve is called a
roes as the further iteration. tautochronef the time T required for the motion from the starting
point at x(Y),Y) to the final point &y,0) isindependent of Mthe
4  The Maximum Stresses Around Two Holes for Dif- starting height on the curyeThe problem of determining the
ferent Loads and Arrangements shape of the tautochrone curve under the gravitational potential
. . N V(y)=gy was solved by Huygens and by Abel. The authors stud-
This paper still takes two holes in Fig. 3 as examples, onlq this problem under arbitrary potentidl§y) in a recent paper

changing the loads at infinity and arrangement of the two hole$s), sing the fractional calculus. In this paper we assume that the
Three loading cases and three arrangement cases are investiggtet- 1o containing our curve=x(y) is rotating with constant

and the maximum stresses at the edges of two holes are preseqfed|ar momentunh about a shaft centered on theaxis.

in Table 2. In our previous study[1]) (angular velocityw=0) we deter-
mined that the timeT for the bead to descend frog=Y toy
Acknowledgment =0 is given by

This paper is supported by the Chinese National Natural Sci-

. Y ds
ence FoundatioiNo. 49772168 f — - 2T (1)
0 VV(Y)=V(y)

References Here s measures the distance along the cukrvex(y) starting
[1] Howland, R. C. J., and Knight, R. C., 1939, “Stress Functions for a Plafrom (X,,0) to the point k(y),y). Using the fractional calculus
2] goma'"ﬁggrofgjom %rcu'arl"';'ﬁsv" Ph"oz T:ang?w? Pp- ;57—3(?2- we determined that when the curve is a tautochrone, then the

reen, A. G,, , “General Biharmonic Analysis for a Plate Containin :
Circular Holes,” Proc. R. Soc. London, Ser. A76, pp. 121-139. %Otemlal and the arc length are related by
[3] Ling, Chin-bing, 1948, “On the Stresses in a Plate Containing Two Circular 2
Holes,” J. Appl. Phys.19, pp. 77-82. V(y) _ s2 (2)
[4] Ukadgaonker, V. G., 1982, “Stress Analysis of a Plate Containing Two Cir- 812> "

cular Holes Having Tangential Stresses,” AIAA 20, pp. 125-128. ) . ) ) o
[5] Hasebe, N., Yoshikawa, K., Ueda, M., and Nakamura, T., 1994, “Plane Elastit/e also determined that the differential equation satisfied by the
Solution for the Second Mixed Boundary Value Problem and Its Application,tautochrone curve is
Archive of Applied Mechanics64, pp. 295—-306.
[6] Muskhelishvili, N. I., 1953, “Some Basic Problems of Mathematical Theory 272 V'(y)Z
of Elasticity,” P. Noordhoff, Groningen, The Netherlands. 1+x’(y)2=—; i 3)
m V(y)
For (3) to be valid, we require that(0)=0. (This can always be
achieved by simply adding a constant to the potentighe solu-

The Rotating Tautochrone tion for our tautochrone curve in terms of the given potential is

_fy\lzl—v’(u)—ld + 4
T. J. Osler Xy)= o V7 V(u) uXo- @

Mathematics Department, Rowan University, GI""SSborO'We will use the above results when we solve our rotating tauto-

NJ 08028 chrone problem.
e-mail: osler@rowan.edu

2 The Rotating Versus Nonrotating Tautochrones

E. Flores The sum of the kinetic and potential energies for the rotating
Chemistry and Physics Department, Rowan University, parts and for our bead of unit mass on the wirex(y) in the
Glassboro, NJ 08028 rotatingxy-plane(angular velocityw(y)) is

e-mail: flores@rowan.edu 1 1
5! w(Y)?+ Ew(Y)ZX(Y)2+V(Y)

2
In a recent paper by Flores and Osler, the authors investigated 1 (ds

tautochrone curves in the xy-plane under an arbitrary potential “2ldt
Chrane cUve o rotating about the.y-axis with constant angular T foIoving are importan features ¢
9 y 9 A The wire and rotating “parts” are rigid and rotating freely

Comributed by the Anplied Mechanics Division offE A © (without torque about they-axis. (See Fig. 1.
ontributed by the Applied Mechanics Division o MERICAN SOCIETY OF
MECHANICAL ENGINEERS for publication in the ASME QURNAL OF APPLIED B On the left of(S) we see the energy at the moment the bead

MECHANICS Manuscript received by the ASME Applied Mechanics Division, Apr.iS 'eleased at the poink(Y) _amd on t_he right we see the energy
2, 2000; final revision, Oct. 9, 2000. Associate Editor: A. A. Ferri. when the bead is at the arbitrary pointy) on the wire.

1 1
+5lo(y)?+ S 0(y)X(y)?+V(Y).  (5)
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y& x=X(y) is a nonrotating tautochrone under the potertaly),
then we know that the same curve is a tautochrone rotating with
angular velocityw(y) under the potential
(XY) 1
’ V)=V, ()= 5 (1 x()P) w(y)?. (11)

We can eliminatew(y) from (11) by using the conservation of
angular momentum expressed as

L=(1+x(V)?)o(Y)=(+x(y)) o(y). (12)
We require that this angular velocity vary with the starting height
, W Y so as to keep the angular momentungonstant.
(xg,o) Solving (12) for w(y) and substituting intg11) we get
- x V(y)=V 1L 13
(Y)=V,(y) 20 xy)D) (13)

Fig. 1 The rotating frictionless wire with supports

We recall from our previous paper that all the potentials we use
are required to satisfy(0)=V, (0)=0 so that relation§l) to (4)

are all valid. Sincex(0)=x, we must add the constant term

C The wire is given an initial angular velocity and the bead is» 2 . . -
started with zero velocity relative to the rotating frame. In partic v'vhlégy:;xg) \t/(\)/eth;e;'ght side 0{13) so that all potentials are zero

lar, at timet=0 the system is rotating with angular velocityY)
about they-axis. 1

D As a consequence @, at timet=0 the bead has no com- VO =Viy)= 3 0D 2040
ponent of velocity tangent to the curve but it does have a compo- 0
nent of Ve|oci’[y perpendicu|ar to the(y_p|ane gi\/en by We will use (14) to find several rotating tautochrones in the next
o(Y)x(Y). section.

E During the motion the angular velocity of the be@ad the

system of partsgiven by w(y) will vary. It will change so that 3 Finding Exact Rotating Tautochrones
angular momentum is always conservé8ee relation(12)).

L? L2

(14)

F The moment of inertia of the wire, rotating shaft and sup- | OUr Prévious paper we found exact nonrotating tautochrones
! indirectly. We started with a curve=x(y) for which we could

: L . 2
g e e ot Pk componenAEULE he o g () exacy Vi ten use rlaiad
Ito find the potential that would make this curve a tautochrone.

tangent to the curve. The arc lengtis measured from the termi- . . .

; . ; Nine such curves were selected for their ease of calculation. All
nal point (xy,0) to the moving pointX(y),y). . b | dified usi ; :
If we call V. (y) the terms nine can be easily modifie usn(g4) to give us rotating tauto-
* chrones. The results are shown in Table 1.
1 While all the resulting potentials are bizarre, we believe it is
— _ 2, 2 2 y

V() =V(y)+ 2 T (y)™+ 2 w(Y)X(Y)%, ®) important to collect exact solutions of mechanics problems when-
. . ) ever they are possible. When exact analytic solutions cannot be
we can abbreviate the writing ¢6) as simply found, perturbation or numerical solutions are usually possible.

1/ds\? The latter tell us much less than the exact solutions.
V*(Y)=V*(y)+§ q (7)

4 The Differential Equation for the Rotating Tauto-
ds chrone
T \/E\/{V*(Y)}—{V*(y)}. (8) We will now find the differential equation satisfied by the ro-
tating tautochrone. Relatiai®) is the differential equation for the
The minus sign in(8) is due to the assumption that the arc lengthonrotating tautochrone. Substitutig (y) from (14) for V(y) in
s is decreasing. This requires that the initial angular speed) (3) we get

Solving (7) for ds/dt we get

be small enough that when the bead is released with zero relative L2x(y)x'(y)) 2

velocity, the bead falls downward instead of flying outward. For 2 [V’(y)— 77

example, in the case of a gravity-potential, it assumes that 1+x’(y)2=2— (I +x(y)) (15)
d 2 w? L? L?
_y>x(Y)w(Y) :V(y)+ > 7 ]
g 2(1+x(y)%)  2(1+xg)

This is our differential equation for the rotating tautochrone. It is

We can now write by
much more complex and difficult to solve th&B). We can re-

dt=— ds ©) write (15) in the form
W) =V,(y) w21+ x3) (1 +X(AV(Y) ~L2X(y) (1 +x(1)?) (14X (¥)?)
Integrating from the beginning of the motion to the end we get = 4(1+x2)T2{(I1 +x(y)2V'(y) - L2(y)x' (y)}% (16)

We can usg15) or (16) to check our solutions in Table 1, but

Y ds
\/ETZ J; V,(Y)-V (y)' solving exactly for a given potential appears to be difficult. Of
* * course, numerical solutions are possible.

Notice that Eqs(1) and(10) have the same form, thus, they have

the same solution. This implies that for a given cuxvex(y), the :
time T for the rotating case under the potentidly) is the same as 5 The Ca§e Wherel is La.rge. o
the time for the nonrotating case under the poteitigly). This We now discuss the approximation where the moment of inertia
last statement is important for our work. If we know that the curvef the beadx?, is much smaller thah, the moment of inertia of

(10)
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Table 1 Examples of Potentials and Corresponding Rotating Tautochrone Curves

Tautochrone Curve

Arc Length

PotentialV(y)

1 Xx=R sin 6+Xg, Ry R [R-Y||? L2
y=R—Rcosé s=Ré#=Rcos" (—) e {cos’ (—)J +
circle: center %,R), R 8T R 2(14)
radiusR L2
 2(+(V2Ry— Y2+ X0)2)
2 x=R—R cosf+x, s=R@=Rsin"Y(y/R)) R L2
y=Rsin¢ v {sin"Yy/R)¥*+ 5
circle: center R+Xx,,0), (1+x5)
radiusk L0 +(R- Ry 4 %0)2)
3 x=Rsin(a+6)—Rsina s=R6 R J[ay 2 L2
X0 Rcoga)-y S [COS* — |7 552
y=R cosa—Rcosf+6), 0=cos‘1(T —a 8T R 2(1+5)
R and « fixed L2
circle: radiusR —
center 2(1+(JR?>— (R cosa—y)>—Rsin a+xy)?)
(Xp—Rsina,Rcosa) wherea= R cos()
4 x=R(6+sin 6)+xy s=4Rsin(0/2) R L2
y=R(1—cos6) s=2,2Ry — Yt ———
inverted cycloid: T 2(1+x9)
base liney=2R L2
_ = ,
2(I+ Rcos’l(?)+\/2Ry—y2+xo )
5 x=R6— R sin 6+, s=4R(1—cos(@/2)) 2R L?
y=R—Rcosé — YVt o———
cycloid s=4R(1_ A1 %) T 2(1+x3)
L2
_ = .
2| 1+{Rcos*? & | V2Ry- Y2+ %o
6 X=ay+Xg s=\1+a% (1+a%) L? L?
gz V' 2+ @ytxd | 2000
7 x=2\/ay3/3+xq 2 s
_ 3/2_ 312_ 172
S 3a[(lJra)/) 1] 18272 [(1+ay)*-1]
L2 L2
- +
201+ (2\ay¥i3+x0)%)  2(1+x5)
8 X=ay/2+Xo s=(ayy1+a%y?+ i
2,2 2\,2\\2
In(ay+1+a%y?))/2a W(ay\/bra y°+In(ay++1+a’y?))
L2 L2
T 20+ (a2 xg)?) | 201 +x3)
9 y=a cosh(k—xp)/a)—a s=\(y+a)?—a? ] , L2
+X%o grlyrar—al+ 2000

+a 2
—12|2|1+{acosh 1|2 +%o
a

the wire, shaft and support. We will also assume that 0, so
that the wire is attached directly to the shaft at the bottom. Start-

2

1L )
Vi(y)=Vy) = 5 7z X(y)%
ing with (14) we can write

) ) The conservation of angular momentyf®), to a first-order ap-
L L proximation becomes simply=1|w wherew is now a constant.

Ve =V 21(1+x(y)2) 21" Thus the above expression becomes

Expanding the second term on the right in powers@f)?/I we

1
_ _ -2 2
obtain to a first-order approximation Vi () =V(Y) 2¢ X(y)™
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The differential Eq(15) is now much simpler,
2T2 {V’ 2X(y)x 2
Lx(y)2 =2 {V'(y)— o®x(y)x' ()} _
? 1 ) )
[V(y)—iw x(y) }
As an example consider the potential of a simple harmonic

oscillator V(y) =ky?/2 and try a straight line solutior(y)=ay,
the differential equation becoméafter simplifying

472
1+a2=?{k—a2w2}.

Solving fora we geta= \JAT?k— w?/4T?w?+ w*. Thus, under a
harmonic oscillator potential the tautochrone curve is a straight
line with slopea.

In general the potential for the rotating tautochrone, to a first-
order approximation, is Xy

1 . . . .
V(y)=V, (y)+ 5 wzx(y)z-i-C. Fig. 3 Why all tautochrones act like simple springs

The first term is the potential of a nonrotating tautochrupéy),

the second term is the potential of a simple harmonic oscillator,
and C is a constant. The second term could be produced by an )
ideal spring stretched along tleaxis with one end attached to the Vi(y)=g2s™
bead and at the other to the shaft. As the bead moves down s

does the spring. The tension in the spring serves to exactly can?:k‘?lxt use(14) to replaceV, (y) to obtain

71_2

the centrifugal forcevx. Thus, the motion of the bead along the 1 L2 L2 2
wire, as seen by an observer rotating with the system, will be V(y)+ = > 5= ——5 5.
identical to the motion of the bead of a nonrotating tautochrone of 2 (1+x(y)%) 2(1+xp) 8T
potentialV, (y). Differentiate with respect ty and get

L2x(y)x'(y) @2 ds
6 Physical Intuition Behind Tautochrones V(y)— Trxy))? a2 Say’

There is a simple, beautiful explanation for all tautochrone m
tion. All tautochrones act like simple linear springSuppose a
massm attached to a spring is displaced a distaAciom equi-

%rom (12) we see thato(y)?=L2/(1 +x(y)?)? and thus the above
expression can be written as

librium. The time required for the mass to return to the equilib- dx w2 ds
rium position is VI (y) —=x(y )w(y)zdy 2 Say
_m /m Finally we multiply bydy/ds to get
=-\/T a7)
2 K dx 72
wherek is the spring constant. This time is independent of the V'(Y) X(Y)w( )= ds = a2

displacementA and thus we have tautochrone motion in every _ o _ _
simple spring. The restoring force from the spring is proportion&irom Fig. 2 we see that the derivatives in the above expression
to the distances that the spring is stretche&=ks. Solving(17) can be replaced bgix/ds=cos¢ anddy/ds=sin 6.

for k we can write this force as 2
ma2 V' (y)sin —x(y) w(y)? cosf= S (19)
F= FS. (18)

Using Fig. 3 we see that the tersfi (y)sin 6 is the component
This formula is also valid for any nonrotating tautochrdf@]).  of the force generated by the potential in the direction tangent to
Let us now examine the forces on the beatlunit mas$ on the tautochrone curve. We also see that the tefy) w(y)? cosé
our rotating tautochrone curve. Starting with relati@ and re- is the component of centripetal acceleration along the tautochrone
placing the potential by, (y) we get curve.

Thus we see thdtl9) tells us that when the forces acting on our
bead are resolved in the direction tangent to the tautochrone
curve, then the sum of these forces is proportional to the distance
s from the final point on the tautochrone. This is similar(i®)
that describes the simple sprin@lotice that withm=1 the con-
stants in(18) and(19) are identica). The sum of the forces tangent
to a tautochrone curve on a moving bead is proportional to the

ds dy distance measured from the final point to the head
é J References
/ dx [1] Flores, E. V., and Osler, T. J., 1999, “The Tautochrone Under Arbitrary Po-
tentials Using Fractional Derivatives,” Am. J. Phy87, pp. 718-722.
[2] McKinley, J. M., 1979, “Brachistochrones, Tautochrones, Evolutes, and Tes-
Fig. 2 Geometric meaning of differentials selations,” Am. J. Phys47, No. 1, pp. 81-86.
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Smooth Asymmetric Two-Dimensional deformation due to contact pressure and the global flexural defor-

. .. . mation of the beam. The validity of the solutions presented is
Indentation of a Finite Elastic assessed by comparing the results obtained to the predictions of

Beam modified beam theory solutions.

Generalized Elasticity Solution for a Finite Layer

M. Zhou ) o . In this section we present the solution for a finite elastic layer of
Graduate Research Assistant, Civil and Environmental thickness that is subjected to an arbitrary upper surface pressure

Engineering Department, University of Alabama, distribution. This solution is achieved by the superposition of an
Huntsville, AL 35899 elasticity solution for an infinite layer loaded on its upper surface
with an elasticity solution for a finite layer subjected to asymmet-
ric bending.
W. P. Schonberg_ A suitable elasticity solution that represents normal loading on
Professor and Chair, the upper surface of an infinite elastic layer in plane strain with no
Civil Engineering Department, University of Missouri-  loading on its lower surface is given by Keer and Milldi. To
Rolla, Rolla, MO 65409 complete the finite elastic layer solution, we introduce the follow-
Mem. ASME ing_ elasticity solution for the gsymmetric bending of a finite layer
e-mail: wschon@umr.edu (thicknessh and lengthL) having end moments, andM :
oy,=0, Q)
V(X)
Standard methods of beam indentation analysis use a beam theory axy:Ty(h—y), )
solution to obtain the load-displacement relationship and a Hertz
solution to calculate local stresses. However, when the contact M (X) h
length exceeds the thickness of the beam point contact can no O'XXZI—( — 5) 3)
longer be assumed and Hertzian relations are no longer valid.
This paper presents an improved superposition solution technique 1 2—-v M-

M
that uses a true elasticity solution to obtain the Ioad-displacememx=5 [ bo—ay+ TO [2(h—y)®—3h(h—Y)?]
relationship in non-Hertzian indentation problems.
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Introduction 1
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1 2
aptaXx— 3 M x“—

In this paper, we present an improved solution to the two-
dimensional problem of a finite beam of lendttand thicknes$ v
that is loadedasymmetricallyon its upper surface by a frictionless — ———M(x)(y?—hy) (5)
cylindrical indenter(see Fig. 1 Standard methods of indentation 2(1-»)D
analysis use a beam theory solution to obtain an overall load- __ 1 ("au, 1 M,—M, ,

o == —5 (Lo*+x)

displacement relationship and then a Hertzian contact solution to g(x)= 5

calculate local stresses under the indenter. However, previous
modeling efforts have shown that the stress distribution in the
region of contact will differ significantly from a Hertzian one +
when the contact length exceeds the thickness of the beam. In 12(1-v)D
such cases, point contact can no longer be assumed and Hertzian M. —M
relations are not valid. — 1 0

Problems of this type were solved previously by Keer and M) =Mo+ L (Lot), "
Miller [1] and Peck and Schonb€r@] using a GLOBAL/LOCAL Mo —M
approach that superposed beam theory and elasticity expressions. V()= 1 0 8)
The technique developed was also applied to cantilever beam in- L

dentation by Keer and Schonbd®j4] and subsequently modified - _ 13
. ; wherely, L, andL, are as shown in Fig. ID= uxh®/6(1—v),
to include beam rotation effects by Zhou and Schonké&igA = h3/12, My, M, are end bending moments et — L, and at

review of the superposition procedure used by Keer, Schonbe L tivel @ b ( j unk i
et al. reveals that it has a problematic aspect: it uses an appr&%— 1, FESPEclively, an@,, Do, a, aréfas yej unknown con

mate solution(instead of an elasticity solutirto establish the >atS: This solution is a superposition of the Airy stress function
load-displacement relationship at the contact site. solutions for asymmetric bending and for pure shear.

The improved superposition technique presented in this paper>UPerPOsing Eqstl)—~(8) with the corresponding expressions
addresses this issue by using a static finite layer solution that i Of stresses, dlsp!apements_, etc,, in ngr and Mﬁl.léryleld.s the .
true elasticity solution. Also, in a manner similar to that used bgeneralized elasticity solution for a finite length isotropic elastic
Zhou and Schonbef@] to model cantilever beam indentation, th yer subjected to an afb"fary upper Surf"’.‘ce Ioadln_g. In the next
rotation of the beam under the indenter is included in the mixegctio™: We apply appropriate end conditions to this solution to
boundary condition at the contact site. As a result, the final solB: tain the desired beam indentation problem solutions.
tion takes into consideration all of the prescribed boundary and
end conditions and describes more accurately the local surfésg@ymmetric Beam Indentation Model

The mixed boundary value problems to be solved in this section
Contributed by the Applied Mechanics Division oHE AMERICAN SOCIETY OF  gre those of a simply supported and a fixed-fixed elastic beam that

MECHANICAL ENGINEERS for publication in the ASME QGURNAL OF APPLIED : f ; B e
MECHANICS. Manuscript received and accepted by the ASME Applied Mechanit:&slre indented by a Cylmdncal punch on their upper surf

Division, May 31, 2000; final revision, Oct. 10, 2000. Associate Editor: M.-J. Pinadain Fig. ). The solutions of these problems are achieved by
dera. application of the mixed boundary conditions at the contact sites

al_ Mox_

0 X
vhZ  M;—M,
L (6)
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g(x)=0 (17)
Fixed-Fixed Ends.

»(h®( B+shpBch
Kl(X,t)Z—f [E %4‘1 ExJo(€X)
L, L 0
h3
t - 5T 5shalSELo )+Sin(§L1)]]Jo(§t)d§
Fig. 1 Indentation of a finite layer 5
3—2v wh
BT (18)

and the appropriate end support conditions in the generalized elas- h (= x

ticity solution presented in the preceding section. As in Zhou and K,(x,t)= J’ —[coq éLg) —cog L) ]I (Et)dE
Schonberd5], the boundary condition for both types of beams at - 6L J, B—shB 0 v

contact sites is written as follows: (29)

X2
Uy(X,00= A+ fpx— R [x|]<c 9) (xt)—h3(3)+th—3 B+shpchg )

~a 2 2
where A and 6, are the beam upper surface displacement and 61t B —shp
rotation under the indenter. The two types of end support condi- _ _
tions that need to be satisfied &® simple supportgzero mo- X[Jo(€x) — ExJy(€x) —1]31(£)dé (20)
ment and displacement at the beam enasd(2) fixed endqzero
slope and displacement at the fixed endiy applying these end
support conditions to appropriate expressions in the generalized
elasticity solution, we obtain a system of four equations for the
four unknownsa,, a;, My, andM; for each beam type. Once X
solved, the expressions for these four quantities are used in apply- fO)= 5 oL (L1=Lo)(My—My),
ing the mixed boundary condition at contact site given by @&y.
Following the approach used by Keer, Schonberg, et al. we obtain
two coupled Fredholm integral equations of the second kind.
These equations have the following forms:

Ka(x,1)=0 (1)
(22)

3 x?
g(x):_zr(Ml_MO) (23)

h3 c c Dx
Ew(x)+f 1//(t)K1(x,t)dt+f d(HK(x,t)dt+f(x)=— r The functionsy(t) and ¢(t) are related to the symmetric and
0 0 anti-symmetric components of the surface loading as follows:

(10)
h3 c c c
€¢(x)+f ¢(t)K3(x,t)dt+J’ Y(t)Ky(x,t)dt+g(x)=0 szwj Y(t)dt, (24)
0 0 0
(11)
where the kernelk; throughK, and the functiong(x), g(x) are c
given as follows: M=-—m . te(t)dt. (25)
Simply Supported Ends. Once Egs.(10),(11) are solved to obtairs(x) and ¢(x), all
h3 [ B+shBchB necessary quantities can also be readily obtained. The actual so-
Kl(x,t)sz (WnLl ExJp(€x) lution of Egs.(10),(11) is performed numerically in nondimen-
sh's sional form. This transformation is obtained using the following

2 nondimensional parametersLq/h, L/h, t/c, x/c, y/h,
X COS{%LO)Jrzcos(gl‘l)}]o(gt)der MX Ry (x)/Dc, andRh®¢(x)/Dc, andRA/h2. To assess the va-
2 3 4L lidity of the elasticity solutions, their predictions for beam dis-
(12) Placement are compared with the predictions of beam theory so-
lutions that use as input the contact pressure generated by the

Li—L e > . . ;
K(x,1) = ( Al,|_ 0) «t (13) elasticity solutions. These solutions are given as follows:
Simply Supported Ends.
h3/1\ h® [/ B+shBchB
KS(X,t):_(—)‘i‘_f 2_—2+1) L.L
At/ 8 Jot Fosivh Ass= 25 [LoL 1P+ (Ly~LoM]
3DL
3mx?
X [Jo(éx) — Exdu(£x) — L1y (Edé— —g—t o/ 7l Ll t
— tzl/f(t)dt
14)
37x? 77('—1 Lo)
Ka(x,t) == =g~ (Lo—Ly) (15) DL t $(t)d (26)
f(x)=0, (16) Fixed-Fixed Ends.
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L3L2 LoL, note that while there were differences in peak contact stress val-
App=Ags W(LZ—LOLl)P— W(Ll—Lo) ues, the overall shapes of the contract stress distributions were
very similar to those presented by Keer and Milld] and by
X[L2+(Ly—Lg)2+LoL,]M Peck and Schonbef@].
A comparison between the predictions of beam displacement
mloly under the indenter generated by the improved solutions developed

[L242(L;—Lg)2+2LoL,] Jctzlﬂ(t)dt
0

12018 herein and the predictions of the beam theory solutions showed

that the results of the two solutions agreed very well, and that the

mloli(Li—Lo) (€, agreement improved as/h increased ana/h decreased. This
Wfot $(t)dt (27)  can be explained by the following considerations. FirstL4s
o o increases, the effects of shear deformation on beam response be-
whereAssis given by Eq(26), andP, M are again given by Egs. come negligible. Second, agh decreases, the local effects of
(24),(25), respectively. beam upper surface rotation become negligible. In both cases,
while the elasticity solution incorporates those effects, the beam
Results and Discussion theory solutions do not. Therefore, the two solutions will match

Solutions to the two types of indentation problems were ofjnore closely for indenter locations that result in minimal shear

tained forc/h=0.25, 0.5, 1.0 and 2.0./h=10.0 and 20.0, and del‘;o.][fmations ag‘dt for Smﬁ”eg.h "Ia'“es- sictions of the el
for eachL/h value, 2_0“_:1.0, 15’ and 1.7(Where 2_0“_ Ifferences between the ISP acement preaictions o e elas-

_ ; ; .4 licjty solution developed herein and the predictions obtained using
=1.0 corresponds to the case of central indentation studied .
Keer and Mri)ller [1]). We note that for 2o/L=1.7 andL/h the GLOBAL/LOCAL models developed previously by Keer and

=10, ¢/h=2.0 would imply that the contact length would extend"iller [1] and Peck and Schonbef@] showed fairly minimal

past the support; hencelh= 2.0 was not considered in this casedifferences for smaké/h values and for mostL2/L valuesitypi-

For the fixed-fixed beam indentation problem, all calculations af@!ly 1€ss than five percentThis was expected becaugb the
performed with a Poisson’s ratio of 0.3. The results of this parg®Verning equations of motion for the solution developed herein
metric study were compared with values obtained using the mayd the solutions developed by Keer and Millet and Peck and

els developed by Keer and Mill§t] and Peck and Schonbefig] Schonberd 2] are identical for the_ case of simply supported ends,
that did not include upper-surface rotation effects. and(2) beam upper surface rotation effects on beam response are

For small values o€/h (i.e.,c/h<0.5), the predictions of peak minimal when for smallc/h values. Furthermore, in the case of

contact stress values by the various solutions agreed quite wéifed-fixed beams, asl3/L—1 andL/h increases, the condition
However, forc/h=1 the peak stress predictions were found t8f Zero rotation angle at the fixed end supports has less of an
occasionally differ significantly. This occurred because/sin- effect on the contact zone. Therefore, the effects of second order
creases, the effects of beam upper surface rotation effects becaimearing effects on the average beam rotatidor the new model
more pronounced. While the current model incorporates those become negligible. While the current model incorporates those
fects, the previous models do not. Therefore, the various modef§ects, the previous models do not. Therefore, the newly devel-
will match more closely for smaller contact areas and indenteped and previous models will match more closely for smaller
locations that result in minimal rotation effects. For larger contacbntact area and indenter locations that result in minimal rotation
areas and for indenter locations near beam ends, peak contaw shearing effects.

stress values predicted by the various models differed by as muclirigure 2 shows the nondimensional load-displacement curves
as 10-15 percent for both types of beam supports. Finally, i@ L/h=10 and 20 fixed-fixed beams wheré 2ZL=1.7. The

Non-Dimensional Displacement Comparisons
New Model vs Old Models
Fixed-Fixed Beams, 2Lo/L=1.7, L/h = 10.0, 20.0

18

16 2
£ 14
£ /
§ 12 A
a //
2
o 10
E L/h =20.0 /
o s
[7]
E 6 =&~ New Model
o —4— Beam Theory
(=4
24 / ---P&S [2] -

L/h=10.0
2 /
0 ¥ L) v L) v T v
0.25 0.50 1.00 2.00
c/h

Fig. 2 Nondimensional displacement comparisons, hew model versus old
models (Keer and Miller [1]; Peck and Schonberg [2]), fixed-fixed beams,
2Ly/L=1.7, L/h=10.0 and 20.0
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larger differences in some of the indentation scenarios shown$ummary and Conclusions

this figure can probably be attributed to limitations in the numeri- The stati dd ic indentati b d olat tin-

cal integrations of the infinite integrals that appeared in the work € stafic and dynamic indentation of beams and plates contin

performed by Peck and Schonbdi?]. According to Peck and ues to be an intriguing problem, especially for scenarios in which

Schonberg, it was not possible to integrate the kernels in tf?erge area contact can b? expected to occur. The sqll_mon scheme

fixed-fixed beam equations to the same accuracy as those in pigSented herein is a refinement of the approach originally devel-

simply supported cases. This was due to the fact that the kern@R€d for the relatively simple problem of central beam indenta-

for simply supported beam equations converged at a ratezdf 1,tion. We found thqt thg results _prowded by this refinement are, in

while those for the fixed-fixed beams converged at the muéﬂ,OSt cases, not slgnlflcantly different from those. that can be ob-

slower rate of 14 In our solution, we have overcome this numeril@inéd using existing GLOBAL/LOCAL analysis techniques.

cal integration limitation by using exact integration results fofiowever, the changes introduced into the modeling process

expressions involving Bessel functions. This allowed the kerneTQOlJ_'d ?HOW this refmed solution technique to more accura_tely

in the fixed-fixed beam equations to converge at the much fasfi@dict internal stress fields due to upper surface indentations.

rate of 156h¢. This cqpablllty is critical in the case of composite bgams or plates
Interestingly enough, the value Bf(the radius of the indenter where internal damage can appear prior to any evidence of dam-

did not appear to have any bearing on the solution of the govei@ge on the external beam or plate surface.

ing equations for this problem. That is, the nondimensional stress

and displacement values calculated using the model developed

herein would appear to be valid for all values Rif Mathemati-

cally, this occurs because of the nondimensional scheme: in tﬁ%ferences

scheme, all traces & are removed by the nondimensionalization ) ) o

process. HoweverR doeshave an effect when the nondimen- [ Keer L'&"é'cﬁ“fog""'e“%GR'7'117983* “Smooth Indentation of a Finite Layer,”

sional valugs of stress and d!splacgment are. tr.anSformed Into ref’é] Peck,gJ. A., and S’czznberg, W. P., 1993, “Asymmetric Indentation of a Finite

values. While all of the nondimensional predictions of the model  Ejastically Supported Beam,” J. Appl. Mecl&0, pp. 1039—1045.

may be mathematically possible, they m@gt be physically at- [3] Keer, L. M., and Schonberg, W. P., 1986, “Smooth Indentation of an Isotropic

tainable for some values & For example, the case ofh=2 is [4] (é:g:ilivel\rllBe;rli]"’s::rl]wtéibesrgndvs\;lSlguclﬂsféé)&g;;é&alndentat'on of a Trans
. . , L. o , Py s I -
clearly more read_lly _a_ttamable for V_ery large VallfIGSRdb's com- versely Isotropic Cantilever Beam,” Int. J. Solids Stru@2, pp. 1033—-1053.
pared toh), and significantly less s@f not impossiblg for small [5] Zhou, M., and Schonberg, W. P., 1995, “Rotation Effects in the Global/Local
values ofR (as compared tt). Analysis of Cantilever Beam Contact Problems,” Acta Medi0g pp. 49-62.
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