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A New Lagrangian and a New
Lagrange Equation of Motion
for Fractionally Damped Systems

O. P. Agrawal
Professor, Mechanical Engineering and Energy Proces
Southern Illinois University, Carbondale, IL 62901

1 Introduction
All dynamic systems exhibit some degree of internal dampi

Recent investigations have shown that a fractional deriva
model provides a better representation of the internal dampin
a material than an ordinary derivative model does. For a surve
fractional damping models and their applications to enginee
systems, the readers are referred to Rossikhin and Shitikova@1#
and the references therein. Traditionally, the Newton’s law is u
to model such nonconservative systems, and when a Lagran
Hamiltonian, variational, or other energy-based approach is u
it is modified so that the resulting equations match those obta
using the Newtonian’s approach.

Several attempts have been made to include nonconserv
forces in the Lagrangian and the Hamiltonian mechanics. Rie
@2,3# presented a succinct survey of research in this area. He
pointed out that a term proportional todnx/dtn in the Euler-
Lagrange equation follows from a Lagrangian with a term prop
tional to (dn/2x/dtn/2)2. Hence, a frictional force of the form
c(dx/dt) may follow directly from a Lagrangian containing
term of the form (d1/2x/dt1/2)2. Using this as the starting point, h
developed a new approach to mechanics that allows noncons
tive terms~both ordinary and fractional damping! to be included
in Lagrangians and Hamiltonians. This paper presents ano
form of a Lagrangian and the Lagrange equation that can be
to obtain equations of motion of systems whose damping for
are proportional to a fractional derivative of orderj /n. With a
minor change in the formulation, the resulting equations can
thought of as a state space representation of Riewe’s formula
~@2,3#!.

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED
MECHANICS. Manuscript received by the ASME Applied Mechanics Division, Ju
7, 1999; final revision, Apr. 24, 2000. Associate Editor: A. A. Ferri.
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2 A New Lagrangian and a New Lagrange Equation of
Motion

This section presents a new Lagrangian and a new Lagra
equation of motion for a fractionally damped system. There
several definitions of a fractional derivative. Here a fractional d
rivative is defined in the Riemann-Liouville sense~@4#!:

Dax~ t !5
dax~ t !

dta
5

1

G~12a!

d

dt E0

t x~ t2u!

ua du,

t.0, 0,a,1. (1)

This definition can be extended fora.1. Herex(t) represents a
state space coordinate of the dynamical system. The Lagran
and the Lagrange equation of motion are given as

L5n1~a! 1
2~Day!TMDay2

1
2 yTKy1QTy, (2)

and

n1
21~a!

da

dta
]L

]~Day!
2

]L

]y
50 (3)

where y is a state vector,M and K are the mass-like and th
stiffness-like matrices,n1(a) is a a-dependent coefficient, andQ
is a vector of generalized forces. The purpose ofn1(a) is to make
the formulation consistent with the variational~or Euler-
Lagrange! approach~@2,3#!. Sincen1(a) does not appear in the
equations of motion, it will not be included, and its expressi
will not be given here~for its expression see@2,3#!. The Lagrang-
ian L defined in Eq.~2! is applicable for positive rationala only.
The dimensions ofy, M, andK depend on the denominator part o
a. Therefore, in this setting,L cannot be developed for irrationa
a. MatricesM and K are not the traditional mass and stiffne
matrices. It will be seen thatM may contain the mass and th
damping, andK may contain the mass, the damping, and the st
ness. In the case of zero damping,M andK reduce to the mass an
the stiffness matrices. It is assumed that, for the functions con
ered here, the composition rule applies.

Substituting Eq.~2! into Eq.~3!, we get the equation of motion
as

MD2ay1Ky5Q. (4)

To generateL, we needa, y, M, K, andQ. a is half of the lowest
common fractional derivative order. Thus, for a force of the fo
(dj /nx/dtj /n), a51/(2n). a can be smaller. However, the smalle
a introduces no new modeling capability. The elements of
e
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state vector y are defined asyi5D2ayi 115D1/nyi 11 , (i
51, . . . ,l 21), andyl5x(t), where l 52n is the dimension of
the vector.

Now consider thatmD2x, cDj /nx, andkx represent the inertia
the damping, and the spring forces, wherem, c, andk are, respec-
tively, the mass, the damping coefficient, and the stiffness of
system. In this case,M andK are given as

M5F 0 ¯ 0 ¯ m

] ¯ ] � ]

0 ¯ m ¯ c

] � ] � ]

m ¯ c ¯ 0

G ,

K53
0 ¯ ¯ 0 2m 0

] � � � � 0

] � � � 2c 0

0 � � � � ]

2m � 2c 0 � 0

0 0 0 ¯ 0 k

4 . (5)

In matrixM the off-diagonal containsm and thejth off-diagonal
measured from the bottom right corner containsc. In matrixK the
bottom right corner containsk, the elements left to the off-
diagonal contain2m, and all except the first and the last elemen
of the (j 11)th off-diagonal measured from the bottom right co
ner contains2c. Note thatM andK are symmetric. Structure o
these matrices will be explained further using two examples.
nally, vectorQ is given as

Q5@0,̄ ,0,F# (6)

whereF is the generalized force.
The Lagrangians and the Lagrange equations of motion for

fractionally damped systems are given below.
Example 1. Damping force5 cẋ.
For this system,a51/2. Vector y, matricesM5M1 and K

5K1 , the LagrangianL, and the Lagrange equation are

y5@y1 y2#T5@ ẋ x#T,

M15F 0 m

m c
G , K15F2m 0

0 k
G ,

L5
1
2~D1/2y!TM1D1/2y2

1
2 yTK1y,

d1/2

dt1/2

]L

]~D1/2y!
2

]L

]y
50.

These terms giveM1Dy1K1y50, which is equivalent tomẍ
1cẋ1kx50.

Example 2. Damping force5cD4/3x.
This example shows the locations ofc when j in the force term

cDj /nx is more than 1. For this system,a51/6. Vectory, matrices
M5M2 andK5K2 , the LagrangianL, and the Lagrange equatio
are

y5@y1 y2 y3 y4 y5 y6#T

5@D5/3x D4/3x D1x D2/3x D1/3x x#T,

M253
0 0 0 0 0 m

0 0 0 0 m 0

0 0 0 m 0 c

0 0 m 0 c 0

0 m 0 c 0 0

m 0 c 0 0 0

4 ,
340 Õ Vol. 68, MARCH 2001
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K253
0 0 0 0 2m 0

0 0 0 2m 0 0

0 0 2m 0 2c 0

0 2m 0 2c 0 0

2m 0 2c 0 0 0

0 0 0 0 0 k

4 ,

L5
1
2 ~D1/6y!TM2D1/6y2

1
2 yTK2y,

d1/6

dt1/6

]L

]~D1/6y!
2

]L

]y
50.

These terms giveM2D1/3y1K2y50, which is equivalent tomẍ
1cD4/3x1kx50.

Note thatM may containm andc, andK may containm, c, and
k. Also, note that in the examplesc can be set to zero to obtain th
differential equations of motion of an undamped system in
higher dimension. Similarly,a in Example 1 can be set to 1/4 t
obtain the differential equations of motion of a damped system
a higher dimension. However, such increase in dimensions a
no benefit. Further, as the order of the fractional derivativea
moves from 1 towards 0~1 towards 2! the damper behaves like
spring ~mass!.

Several techniques have been developed to solve the resu
set of fractional differential equations. Suarez and Shokooh@5#
presented an eigenvector expansion method to solve these d
ential equations. Other methods to solve these fractional diffe
tial equations include, for example, Laplace transform and dir
techniques similar to the techniques for ordinary differential eq
tions ~@6–8#!, and the numerical techniques~@9#!.

3 Additional Remarks
Riewe@2,3# developed a new approach to mechanics with fr

tional derivatives that includes the nonconservative Hamiltoni
Canonical transformations and the Jacobi theory. The appro
can also be used to develop similar Hamiltonians and the Ha
ton equations. To this end, we propose the following Hamilton
and Hamilton equations for fractional systems.

H5~Day!Tp2L5~Day!Tp2
1
2~Day!TMDay1

1
2 yTKy,

]H

]p
5Day, and

]H

]y
52Dap,

wherep5MDay. It can be shown that the above equations le
to the correct equation of motion. Using these equations,
Hamiltonian can also be written as

H5
1
2~Dap!TM 21Dap1

1
2 yTKy,

which is similar to the total energy term for a conservative syste
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A piecewise linear unified yield criterion called the twin-shea
unified was proposed. It is based on a kind of orthogonal dode
hedron stress element. The effects of intermediate principal st
are taken into account such that most available yield loci on
p-plane are embraced in a unified manner. Besides, it is capa
to represent not only convex limit surfaces but also noncon
limit surfaces. @DOI: 10.1115/1.1320451#

1 Introduction
For many engineering materials, two characteristic stren

properties are crucial, i.e., initial and subsequent yield proper
The initial yield defines the critical state when the material un
the complex stress state starts to yield. The subsequent yield
with the post yield phenomena. It describes the material beha
beyond the initial yield. The initial yield provides the basis. A
long as the initial yield property is defined, the remaining task
to define the different hardening/softening properties and to in
porate them into the initial yield provided. In this note, the yie
criteria will be confined to the initial yield properties unless ot
erwise stated.

Generally speaking, yield criteria can be classified into t
categories. The first category has originated from the concept
single shear stress yield criterion such as the Tresca and
Mises. The Tresca is a maximum principal shear stresstmax cri-
terion. The Mises is an octahedral shear stresstoct criterion. They
both postulate that whentmax ~or toct! reaches a critical value, th
material begins to yield. Both the Tresca and the Mises are ap
cable only to materials with~i! equal tensile and compressiv
strengthss t5sc ; ~ii ! linear failure loci on the meridian plan
~i.e., parallel to the hydrostatic axis which is represented by

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED
MECHANICS. Manuscript received and accepted by the ASME Applied Mechan
Division, Feb. 16, 1999; final revision, Nov. 1, 2000. Associate Editor: M.-J. Pind
Copyright © 2Journal of Applied Mechanics
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line s15s25s3 in the principal stress space!. Many derivatives
of these two criteria have been proposed to model a wider ra
of engineering materials. Among them, the well-known ones
Mohr-Coulomb, Hoek-Brown, and Johnson~Tresca’s derivatives!,
Matsuoka and Lade~Mises’ derivatives! @1#. The Mohr-Coulomb
is atmax2st criterion which considers the effect oftmax as well as
the normal stressst on the same plane. The introduction ofst
makes it capable of simulating materials with different tensile a
compressive strengthss tÞsc ~called the strength differential ef
fect or SD effect!. The Hoek-Brown and Johnson are Moh
Coulomb’s derivatives for rock. They take into account the eff
of nonlinear failure loci on the meridian plane while the Moh
Coulomb does not. The Matsuoka and Lade are failure theo
for soil ~sand!. They account for both the SD effect and the no
linear failure loci on the meridian plane.

Unfortunately, recent research revealed that those theorie
not necessarily represent the real failure/yield of materials un
complex stress state. One prominent feature has been ignored
the effect of the intermediate principal stress (s2). The Tresca
and its derivatives ignore this effect whereas the Mises and
derivatives average the effects of all the three principal stres
s1 ,s2 ,s3 . Experiments show that thes2 effect varies from case
to case~@2–5#!. The extent of thes2 effect depends on the mate
rial type and the stress state.

The second category of yield criteria may be called cur
fitting multiparameter criteria such as the Argyris-Gudehu
Zienkiewicz criterion, the Willam-Warnke criterion, and som
smooth models~@1#!. These criteria usually have complex mat
ematical expressions because simple expressions usually ca
reflect the diversity of test results. The main advantage is that t
can simulate accurately the yield properties in the particular ra
of complex stress state where most tests are conducted. Ano
deficiency is that they have little physical background.

2 Twin Shear Unified Strength Criterion „TS-Unified…

2.1 The TS-Unified Criterion Bridges Most Available
Theories on p Plane. The TS-unified is an extension of th
twin shear yield criterion~TS! ~@6#! and the generalized twin shea
yield criterion~GTS! ~@7#!. The TS is based on a kind of orthogo
nal dodecahedron~OD! stress element and it assumes that whe
function of the two larger principal shear stresses (t13,t12) or
(t13,t23) reaches a critical value, the material begins to yield, i

t131t125s t when t12>t23
(1)

t131t235s t when t12<t23

ics
ra.
Fig. 1 Different yield loci on the p-plane for non-SD materials
„s tÄsc or bÄ0…
001 by ASME MARCH 2001, Vol. 68 Õ 341
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where t135(s12s3)/2, t235(s22s3)/2, t125(s12s2)/2 are
the principal shear stresses.s1 , s2 ands3 (s1>s2>s3) are the
principal normal stresses.s t is the uniaxial tensile strength.

The TS is an upper limit surface in the stress space comply
with Drucker’s convexity postulate and is used for non-SD ma
rials ~s t5sc , where sc is the uniaxial compressive strength!
only. It is the counterpart to the Tresca, as shown in Fig. 1. T
GTS extends the idea and assumes that the yield surface
function of two larger principal shear stresses (t13,t12) or
(t13,t23) and their corresponding normal stresses (s13,s12) or
(s13,s23), i.e.,

t131t121b~s131s12!5
2s tsc

sc1s t
when t121bs12>t231bs23

(2)

t131t231b~s131s23!5
2s tsc

sc1s t
when t121bs12<t231bs23.

where s135(s11s3)/2, s125(s11s2)/2, s235(s21s3)/2.
The parameterb reflects the effects of the normal stresses so t
SD effect can be represented. Likewise, the GTS serves as
counterpart to the Mohr-Coulomb, as shown in Fig. 2. Wh

Fig. 2 Different yield loci on the p-plane for SD materials „s t
Åsc or bÅ0…
342 Õ Vol. 68, MARCH 2001
ing
te-

he
is a

hat
the

en

b50, the GTS is simplified to the TS. So the TS is a special c
of the GTS.

In the TS and GTS, the largest stresses~both the shear and the
normal stresses! have the same extent of influence as that of
second largest. When different weight parameters are employe
reflect the different effects of the largest stresses and the se
largest, the GTS can be generalized to the TS-unified. The
unified can be expressed as

t131bt121b~s131bs12!5C when t121bs12>t231bs23
(3)

t131bt231b~s131bs23!5C when t121bs12<t231bs23

whereb is a material parameter which represents the effect of
intermediate~the second largest! principal stresses. The value ofb
can be determined by material tests.b and C are also material
parameters. If uniaxial tensile and compressive strength~s t and
sc! are chosen as the basic test points, thenb and C can be
expressed as

b5
sc2s t

sc1s t
5

12a

11a
C5

~11b!s tsc

sc1s t
5

11b

11a
s t . (4)

where a5s t /sc is the ratio of the tensile to the compressiv
strengths. The ratio is an index of the material strength differen
effect ~SD effect!.

The TS-unified is a series of piecewise linear yield criteria
the p-plane as shown in Figs. 1 and 2. The exact form of expr
sion depends on the choice of parameterb, which in turn can be
determined by some basic test results as illustrated in Section
of this note. The TS-unified has the following characteristics
shown in Table 1:

~a! With different choices of parameterb, the TS-unified can
be simplified to the Tresca~b50 andb50!, the linear approxi-
mations of Mises~b50 andb51/2 or b50 andb51/(11))!,
the Mohr-Coulomb~bÞ0 andb50!, the TS~b50 andb51!, the
GTS ~bÞ0 andb51! and a series of new strength criteria~other
values of parametersb andb!.

~b! In the stress space, the lower and upper bounds for the y
surfaces on thep-plane are special cases of the TS-unified, i.
b50 ~b50 for the Tresca orbÞ0 for the Mohr-Coulomb! and
b51 ~b50 for the TS orbÞ0 for the GTS!, respectively.

~c! When the parameterb varies between 0 and 1, a series
yield surfaces between the two limiting surfaces can be obtain

~d! When the parameterb varies beyond the range~i.e., b,0
or b.1!, a series of nonconvex limit surfaces could be derive

2.2 The TS-Unified Reflects Different s2 Effects. The
Lode angleus is a parameter to represent the relative value ofs2
Table 1 The characteristics of TS-unified

b50 (s t5sc5s0) bÞ0 (s tÞsc) Drucker’s Convex Postulate

b50 Tresca Mohr-Coulomb Lower bound
p plane loci Regular hexagon Irregular hexagon

Restriction for application t05
s0

2
t05

stsc

sc1st

0,b,1 New theories New theories Intermediate
p plane loci Irregular dodecagon Irregular dodecagon

Restriction for applications t05
~b11!

~21b!
s0 t05

~b11!stsc

st1~b11!sc

b51 Twin shear theory Twin shear theory Upper bound
p plane loci Regular hexagon Irregular hexagon

Restriction for applications t05
2

3
s0 t05

2stsc

st12sc
Transactions of the ASME
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with respect tos1 and s3 . To reflect thes2 effect, a theory
should embed this parameter in its expression either in explic
in implicit forms.

The TS-unified is usually expressed in terms of the stress~de-
viatoric! invariants, that is the first invariant of stress tensorI 1 ,
the second invariant of stress deviatoric tensorJ2 , and the stress
angleu, as follows:

I 1

3
~12a!1S 11

a

2 D 2AJ2

)
cosu2

a~12b!

11b
AJ2 sinu

5s t when 0 deg<u<ub (5)

I 1

3
~12a!1S 22b

11b
1a D AJ2

)
cosu2S a1

b

11bDAJ2 sinu

5s t when ub<u<60 deg

whereub is the stress angle when the two Eqs.~5! are equal:

ub5tg21
)

112a
, ~0 deg,ub,60 deg!. (6)

The stress angleu is defined to reflect thes2 effect as shown in
Fig. 2, such that

u5
1

3
cos21

3)

2

J3

AJ2
3

~0<u<p/3!. (7)

Fig. 3 TS-unified can reflect the s2 effect in a piecewise linear
manner; „a… aÄ1 and s3 Õs tÄ0.2 case; „b… aÄ1 and bÄ1 case
Journal of Applied Mechanics
t or

It should be noted that the stress angleu is different from the Lode
angleus , and they are related as follows:

u5
p

6
2us . (8)

Equation ~5! is the explicit expression for the TS-unified i
terms of the stress angleu. With different choices of the paramete
b, the TS-unified can reflect different piecewise linears2 effects.
Two illustrations are given. Figure 3~a! shows the curves of
s1 /s t versuss2 /s t for a51 ands3 /s t50.2. Obvious strength
difference can be observed when different criteria are adop
~represented by different values of the parameterb!. The maxi-
mum difference is about 25 percent. Figure 3~b! shows the curves
for a51 andb51. The same conclusion can be drawn as fro
Fig. 3~a!. In other words, the TS-unified is capable of represent
variable strengths of the same material under different st
states.

2.3 Application of the TS-Unified. If s t , sc and the shear
strengtht0 are chosen as the basic material parameters, thro
Eq. ~3! for pure shear loading, the parameterb can be expressed a

b5
~sc1s t!t02s tsc

~s t2t0!sc
. (9)

The parameterb plays an important role in the TS-unified.
builds a bridge among different strength theories. It is this para
eter that distinguishes one theory from another. On the other h
the scope of application of each theory is also represented by
parameter. Hence, the TS-unified is a unified theory that can
applied to more than one kind of material. In practice, when ba
material parameters are obtained by experiments, the valueb
can be determined through Eq.~9!. Whenever parameterb is ob-
tained, the yield criterion is determined and the application
possible~@8#!.

3 Conclusions
A piecewise linear unified yield criterion called the TS-unifie

was proposed. Besides the capability that the TS-unified
bridge most available yield loci on thep-plane for both SD and
non-SD materials, the most prominent characteristics of the c
rion are their capability to represent the effects of the intermed
principal stresss2 in piecewise linear forms. Illustrations wer
given. The determination of the parameters was also discuss

Future research could focus on the pursuit for some criteria
can bridge different criteria both on thep-plane and on the me
ridian plane. It is obvious that the representation for nonlin
meridian loci can be obtained by adopting multiparameter cr
rion instead of the proposed two-parameter TS-unified.
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Analytical solution for the tangential stress distribution ahead
a hole is needed for the theoretical prediction of notched stre
of brittle laminate using the well-known W-N criteria. In t
present study, tangential stress distribution in an orthotropic
cular cylindrical shell under uniaxial loading with a circular ho
is obtained intuitively with the use of a stress function. A g
agreement is obtained for the stresses around and ahead o
circular hole in ~0 deg4630 deg!s and 90 deg laminates wit
the finite element results.@DOI: 10.1115/1.1320452#

Introduction
Prediction of failure strength of brittle laminate with a hole w

very well established based on the W-N fracture criteria~@1–4#!.
Failure of the laminate occurs when the dominant stress nea
hole or the average of the dominant stress over a region nea
hole reaches the strength of the laminate. Konish and Whitne@5#
developed an analytical solution for the stress distribution ne
hole in an orthotropic plate. For the shell-type composite st
tures one has to essentially go for the finite element approa
there is no such analytical solution available in the literature
employing the W-N criteria. For the best numerical results a c
Im~f j !5
1

p 5
F2A0

~ j ! lnS gb

&
D 1S A2

~ j !1
B2

~ j !

r2 D cos 2uG1 (
k54,6, . . .

` S k22

2rk22 Ak
~ j !1

Bk
~ j !

rk D cosku

1b25 2B0
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&
D 2

p

4
~2A0

~ j !1A2
~ j !!r21 (

k54,6, . . .

` S Ek
~ j !

rk22 1
Fk

~ j !

rk D cosku

1F2p

4
~A0

~ j !1A2
~ j !!r21E2

~ j !1
F2

~ j !

r2 Gcos 2u. 6 6 (2)
Based on the above stress function, Savin obtained the tan
tial stress distribution around a circular hole of radius ‘‘a’’ in an

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED
MECHANICS. Manuscript received by the ASME Applied Mechanics Division, Ma
4, 1999; final revision, May 25, 2000. Associate Editor: J. W. Ju.
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gen-isotropic shell of radius ‘‘R’’ and thickness ‘‘t,’’ under axial load-
ing, as a sum of an isotropic plate solution (su

Pl(r,u)/s) and a
function of isotropic curvature parameter,b. The solution is valid
for a hole whose projected size~on a plane passing through the
axis of shell and normal to the axis of hole! is close to the actual
hole size.
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understanding of the maximum stress location is very essential.
Unlike in metallic structures, for fiber-reinforced orthotropic
shells, the maximum stress does not occur at the hole edge in a
plane normal to the loading direction, but depends on the fiber
orientations~@5#!. Moreover, establishing convergence for the fi-
nite element model for the isotropic medium for a known problem
does not ensure convergence for the orthotropic medium. Hence
an analytical solution that can bring out the overall behavior of the
orthotropic structure is very much required.

Savin @6# in his complex variable approach to the problem of
stresses in an isotropic circular cylindrical shell with holes
showed that the stress state in a shell is a sum of a plate solution
and a function of curvature effect. Konish and Whitney’s@5# and
Kumar, Rao, and Mathew’s@7# orthotropic equations~plate! were
based on the sum of an isotropic plate solution and a function of
higher order term of distance ahead of the hole in terms of ortho-
tropic material constants. Thus one can conjecture that the ortho-
tropic shell solution in a polar coordinate system~r,u! can be
obtained as a sum of an isotropic plate equation~first term in~1!!,
higher order term of distance ahead of a hole~third term in ~1!!,
and functions of isotropic and orthotropic curvature effects~sec-
ond and fourth terms in~1!!.

su
Sh~r,u!

s
U

Ortho

5
su

Pl~r,u!

s
U

ISO

1 f ~b! ISO

1 f S higher order terms inr with
orthotropic coefficients D

1 f S higher order terms inr with
orthotropic coefficients forb D (1)

In the present work an analytical solution for the tangential
stress distribution ahead of a circular hole in an orthotropic circu-
lar cylindrical shell under axial loading is obtained for use via the
W-N criteria.

Analytical Solution for the Tangential Stress Distribu-
tion

The most general solution for the stress distribution near cut-
outs of any arbitrary shape under tension or internal pressures up
to an accuracy ofb2 was given by Pirogov@8#. The equation with
unknown coefficients~like A0 , B0 , EK , FK , etc.! is of the form
001 by ASME Transactions of the ASME
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2r4 cos 2u ~5 isotropic plate solution!
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r4D cos 2u

~5function in isotropic b, f ~b! ISO!. (3)

Similarly for an orthotropic shell,

su
Sh~r,u!

s
U

Ortho

5
su

Pl~r,u!

s
U

Ortho

1 f ~b!Ortho (4)

wherebOrtho5@A4 3(12n2)(Eu /EY)/2#a/ARt, n5Poisson’s ratio,
Eu andEY are the moduli of elasticity inu andY ~loading direc-
tion! directions~@9#!, and (su

Pl(r,u)/s) for the orthotropic plate is
available in Kumar et al.@7#.
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2C2 j

2 F4 j 23

r4 j 222
4 j 21

r4 j GCos 2j u (5)

Details of the orthotropic coefficientsC2 j ~ j varying from 1 to`!
are given in the Appendix.

It can be noticed from Pirogov’s stress function given in~1!
that the higher order terms for the plate solution andb are of
similar trigonometric relationship. Therefore, the functions ofb
may be expressed as

f ~b!Ortho52
pb2

2 H 1

4 S 11
3

r4DCos 2u

1(
j 52

`
C2 j

2 F4 j 23

r4 j 222
4 j 21

r4 j GCos 2j uJ . (6)

Thus the final expression for the tangential stress distribution
an orthotropic circular cylindrical shell with a circular hole
given by

su
Sh~r,u!

s
U

Ortho

5
12cos 2u

2
1

1

2r22
3

2r4 cos 2u2
pb2

8

3H S 11
3

r4D cos 2uJ 1S 11
pb2

2 D
3H(

j 52

`
2C2 j

2 H 4 j 23

r4 j 222
4 j 21

r4 j J cos 2j uJ .

(7)

In this work, circular cylindrical shells with (04 ,630)S and
(90)12 lay ups made of high modulus M55J/M18 carbon/epo
laminate having material propertiesEX5328.949 GPa, EY
55.955 GPa,GXY54.414 GPa andnXY50.346, with layer thick-
ness of 0.1 mm is considered.

Finite Element Modeling
The laminated circular cylindrical shell~R548 mm, t

51.2 mm and height5180 mm! with a hole of radiusa55 mm is
modeled using eight-noded layered shell elements availabl
NISA2 finite element software. Due to the symmetry, one fou
of the shell~at its half height! is modeled. The region around th
hole is modeled with a finer mesh with an element size of o
tenth of the hole radius up tor50.5, then one fifth up tor51 and
Journal of Applied Mechanics
for
s

xy

in
rth
e
ne

then one fourth up tor52 in the radial direction, while inu
direction, it is at every five-degree interval along the circumf
ence of the hole from 0 deg to 180 deg.

Boundary Conditions. Symmetric boundary conditions ar
applied at the symmetric planes.

Loading. A distributed load of 240 N is applied on the node
at the top circumference. The load is distributed in each elem
in the ratio of 1:4:1 among the nodes in an element.

Fig. 1 Tangential stress distribution around a circular hole in
an orthotropic shell

Fig. 2 Tangential stress distribution ahead of a circular hole in
an orthotropic shell
MARCH 2001, Vol. 68 Õ 345
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Results and Discussion
Initially, convergence of~7! is established by progressively in

creasing the number of terms till a converged value is obtain
For the present cases terms up toC22 ( j 511) are needed to
achieve convergence within one percent. It may be noted tha
b50, ~7! reduces to the orthotropic plate solution.

Using ~7!, the tangential stress distribution around a holer
51) is obtained and compared with the finite element results
shown in Fig. 1. The maximum stress concentration factor
28.56 is observed atu50 for (90)12 laminate, as against th
finite element result of28.71. The deviation in the results is e
timated as two percent.

In the case of (04 ,630)S lay up, the peek stress occurs atu
590 deg as expected, with a stress concentration factor v
equal to 5.18 as against the finite element result of 5.44. It ca
noticed that the deviation between the two values is about
percent. The stress distributions away from the hole forr51 to 2,
for the two types of lay-up sequence considered are shown in
2. From the finite element analysis, it is found that as a percen
of total stress, bending stress constitute within two percent for
types of lay-up sequences considered. It is concluded that
present solution shows a reasonably good agreement with th
nite element results.

Conclusion
A new analytical solution for tangential stress distribution f

an orthotropic circular cylindrical shell with a circular hole und
axial loading is derived which gives good agreement with fin
element results. The solution can be used with W-N criteria
the prediction of notched strength of an orthotropic shell with
circular hole.

Appendix
There is a standard technique~@10#! for determining the Fourier

coefficientsC2 j of a function as in~7!:

A0C01A2C21A4C452a0 (A1a)

A2C01~A412A01 !C21A2C41A4C652a2 (A1b)

and for j .3 a recursive relationship exists in the form

C2 j5
21

A4
@A2C2 j 2212A0C2 j 241A2C2 j 261A4C2 j 28#

(A1c)

where a054k(n1k21); a2524k(n1k11); A0531n222k
13k2

A254~12k2!; A45~12n212k1k2! (A2)

n5N/K, N5A2~K2 n̄XY!2ĒX /ḠXY

k51/K, K5AĒX /ĒY

ĒX ,ĒY ,n̄XY ,ḠXY are the overall orthotropic properties of th
shell.
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Stress Wave Propagation in a Coated
Elastic Half-Space due to Water
Drop Impact
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Stress wave propagation in a coated elastic half-space due
water drop impact is studied by using the Cagniard-de Ho
method. The stresses have singularity at the Rayleigh wavef
whose location and singular behavior are determined from
pressure model and independent of the coating thickness, w
reflected waves cause minor changes in amplitudes.
@DOI: 10.1115/1.1352060#

Introduction
High-speed impact of liquid drops has been known to ca

damage and erosion of the structures such as steam turbine bl
skin of the aircraft, and missiles. Evans et al.@1# used a FDM in
studying motion of the elastic bodies, where their pressure load
was obtained as if the water drop collided against a solid surfa
Adler @2# performed a more comprehensive three-dimensiona
nite element method analysis by allowing interactions betwee
water drop and a deformable target. Blowers@3# studied stress
wave propagation in an elastic half-space analytically by empl
ing the Cagniard-de Hoop method~@4#!. Although Blowers used a
simplified pressure model, which is valid only in the early stage
the impact, his results provided important information about
role of the Rayleigh waves and later his method has been u
extensively by others~@5#! to compute the stresses for variou
materials.

For damage and erosion protection, an idea of coating the
face with a thin elastic layer~@6#! has been frequently used. I
order to select the proper coating material and thickness,
essential to know the stresses inside the coating and the
material. In this paper, we study stress wave propagation i
coated elastic half-space analytically by using the generalized

1To whom correspondence should be addressed.
Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF

MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED
MECHANICS. Manuscript received by the ASME Applied Mechanics Division, Ja
27, 1999; final revision, July 21, 2000. Associate Editor: A. K. Mal.
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method~@4#!. We use the same pressure model as Blowers, wh
means that our solution is useful only in early stage of the imp
process before lateral outflow jetting takes place. However,
results are of great importance, since high stresses and pos
damages may occur in a very early stage of the impact.

Theory
As shown in Fig. 1, we consider a coated elastic half-spacez

.0), where a thin elastic layer of uniform thicknessh lies over the
surface. On the surface, the stress generated by a water dro
pact is given in a cylindrical coordinate by

szz~r ,z,t !52P, r ,k0At, szz~r ,z,t !50, r .k0At,
(1)

whereP is a constant pressure andk0 is a constant determine
from the diameter and impact velocity of the water drop~@5#!.

The potential functions in the coating and half-space satisfy
wave equations

¹2f i5
1

a i
2

]2f i

]t2 , ¹2c i5
1

b i
2

]2c i

]t2 , (2)

where the subscripti 51 is for coating, whilei 52 for the half-
space. The parametersa i andb i are the sound speeds of P and
waves in theith medium. We nondimensionalize the parameters
a similar way as Blowers@3# did, and transform the wave equa
tions by applying the Laplace and Hankel transform with resp
to the nondimensionalized timeT and radial distanceR. In the
coating, the solution consists of upgoing and downgoing wa
due to the reflections at the interface and free surface, while in
half-space the solution contains only downgoing waves. The
known coefficients can be determined from the bound
conditions.

We show, for instance, the Laplace transformed stressS̄RR
1 in

the coating

S̄RR
1 5

2 Re

p E
0

`E
0

`F S a1
2

b1
22222w2D

3~Da
1e2ph1aZ1Ua

1e2ph1a~H2Z!!

12w2S h1b

z D ~Db
1e2ph1bZ

2Ub
1e2ph1b~H2Z!!GeiRpwp4dwdq, (3)

whereDa
1,Db

1,Ua
1,Ub

1 are the coefficients to be determined fro
the boundary conditions,Z and H are the nondimensionalize
depth and coating thickness, andp, z are the Laplace and Hanke
transform variables. The parametersh1a and h1b are h1a

5Az211 andh1b5Az21a1
2/b1

2.

Fig. 1 A coated elastic half-space subject to water drop
impact
Journal of Applied Mechanics
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It can be shown that the coefficientsDa
1,Db

1,Ua
1,Ub

1 are ex-
pressed in terms of the infinite series, whose physical meanin
that the solution in the coating is composed of the reflected wa
and the number of reflections can increase infinitely. The typ
form Ī k of the infinite series in the stressS̄RR

1 can be expressed a

Ī k5ReE
0

`E
0

`

Rk~w,q!e2pgk~w,q!dwdq, (4)

whereRk(w,q) and gk(w,q) are independent of the variablep,
andgk is of the form

gk~w,q!5w21q22 iwR1(
n

bnAw21q21a1
2/cn

2, (5)

in which cn is a i or b i .
In order to apply the Cagniard-de Hoop method, we deform

integration path such thatgk(w,q)5T. The new integration path
w5w(T,q) intersects the imaginaryw-axis atw5 inm . We per-
form the integration along the new path inT and change the orde
of integration to find the inverse Laplace transform as

I k~T!5ReF E
0

qm

Rk~w,q!
]w

]T
dqGH~T2Tm~0!!, (6)

whereqm andTm satisfy the relation,Tm(qm)5T, andH(T) de-
notes a Heaviside step function. After summation ofI k(T) over
the rays, we can compute the stresses. Depending on the re
positions ofw5 inm and the branch points, we may have to intr
duce additional integration path to detour the branch cut, wh
leads to the head wave.

WhenZ50, we need to include the Rayleigh surface wave

I R~T!5DR

H~T1a22aR!

A~T1a2!22a2R2
, (7)

whereDR is the coefficient associated with the residue term a
a5a1 /cR , in whichcR is the Rayleigh wave speed in the coatin
The surface wave in Eq.~7! has singularity atR5(T1a2)/a.

Numerical Example
For a numerical example, we consider a case that the diam

and velocity of the water drop ared052 mm, V05453 m/s, and
the thickness of the coating is 43mm. The material properties o
the coating are: Young’s modulusE151.7131011 N/m2, a1

Fig. 2 Snapshot of the stress SRR when tÄ0.05 ms
MARCH 2001, Vol. 68 Õ 347
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55910 m/s, b153160 m/s, densityr156590 kg/m3; for sub-
strate,E256.7431010 N/m2, a254150 m/s,b252220 m/s,r2

55270 kg/m3. The substrate material is Zinc-Selenide. In Blo
ers’ paper, the only specified material property is Poisson’s r
n, and we use the same value here asn50.3 for both coating and
substrate, for which casea52.017.

In Fig. 2, we plot a snapshot of the nondimensional stressSRR
at 0.05ms. There is a sharp peak near the surface, which co
sponds to the Rayleigh wavefront atr 5224mm (R5(T1a2)/a
55.84). The boundary of the impact isr 5213mm (R52AT
55.56). In Fig. 3, we show the stressesSRR andSuu at the surface
as functions of the radial distance, in which the symbols ‘‘B
‘‘R,’’ and ‘‘L’’ mean the boundary of impact area, Rayleig
wavefront, and longitudinal wavefront, respectively. For compa
son, we also show the stressSRR when there is no coating and th
half-space is filled with the same material as the coating.

Concluding Remarks
It was shown that the pressure model in Eq.~1! produces an

annular strip of the high tensile stresses outside the contact
due to the Rayleigh wave, which has been observed experim
tally by Hand et al.@7#. The location and singular behavior of th
Rayleigh wavefront are determined from the pressure model
independent of the coating thickness. The region directly un
the contact area is in pure compression. Since the stresses c
have infinite magnitude in real impact situations, the singularity
the present study may be due to the abrupt change of pres
model at the impact boundary.
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Closed-Form Representation of Beam
Response to Moving Line Loads

Lu Sun
Department of Civil Engineering, The University of
Texas at Austin, ECJ Hall 6.10, Austin, TX 78712
e-mail: lusun@mail.utexas.edu

Fourier transform is used to solve the problem of steady-st
response of a beam on an elastic Winkler foundation subject
moving constant line load. Theorem of residue is employed
evaluate the convolution in terms of Green’s function. A clos
form solution is presented with respect to distinct Mach numbe
It is found that the response of the beam goes to unbounded a
load travels with the critical velocity. The maximal displaceme
response appears exactly under the moving load and travels a
same speed with the moving load in the case of Mach num
being less than unity.@DOI: 10.1115/1.1352064#

1 Introduction
The response of beams to moving loads has been studied

tensively over the past several decades~Fryba@1#!. The investiga-
tion of Bernoulli-Euler beams with moving loads includes t
work of Kenney@2#, Steele@3#, Huang @4#, Choros and Adams
@5#, Jezequel@6#, Elattary @7#, Lee @8#, Sun and Deng@9#, Sun
@10#, Sun and Greenberg@11#, and Benedetti@12#. It is found that
the moving load is often treated as a concentrated load. Since
concentrated loading condition is only an idealized model of
tire load, it is preferable to use a distributed line load model
characterize the wheel load more realistically.

Denotey(x,t) as the deflection of the beam iny-direction, in
which x represents the traveling direction of the pavement str
ture, andt represents time. The well-known governing equation
a Bernoulli-Euler beam on a Winkler foundation is~Sun @10#!

EI
]4y

]x4 1Ky1m
]2y

]t2 5P
H@r 0

22~x2vt !2#

2r 0
(1)

whereEI is the rigidity of the beam,E is Young’s modulus of
elasticity,I is the moment of inertia of the beam,K is the modulus
of subgrade reaction,m is the unit mass of the beam,r 0 is the
half-width of the line load,P is the magnitude of the applied load
andH(•) is the Heaviside step function.

The Green’s function of the beam is defined as the solution
Eq. ~1! given that the right-hand side external load is charac
ized byd(x2x0)d(t2t0). Taking two-dimensional Fourier trans
form and inverse on both sides of Eqs.~1! gives the Green’s
function

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED
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G~x,t;x0 ,t0!5~2p!22E
2`

` E
2`

` exp$ i @j~x2x0!1v~ t2t0!#%

EIj41K2mv2

3djdv. (2)

The solution of ~1! given F(x,t) is given by y(x,t)
5*2`

` *2`
` F(x0 ,t0)G(x,t;x0 ,t0)dx0dt0 . Substituting Eqs.~1!

and ~2! into it gives

y~x,t !5
P̄

2p E
2`

` sinr 0j exp@ i j~x2vt !#

r 0j~j42m̄v2j21K̄ !
dj (3)

whereP̄5P/EI, K̄5K/EI andm̄5m/EI.

2 Closed-Form Representation of the Solution
Expression~3! can be further developed using complex fun

tion theory. To do so, one needs to identify the roots of the ch
acteristic equation of this typej41K̄2m̄v2j250. Define a new
variableu5j2 so we have a quadratic equation

u22m̄v2u1K̄50. (4)

Denote the critical velocity asvcritical5(4K̄/m̄2)1/4. Define dimen-
sionless velocity~i.e., the Mach number! M5v/vcritical .

~a! Subsonic case (M,1).
Two roots of Eq.~4! areu15@m̄v2(11 iAM 2421)#/2 andu2

5@m̄v2(12 iAM 2421)#/2. Further, we have four complex val
ued roots j1,25(m̄v2/2M2)1/2 exp@i(2jp1u)/2# and j3,4

5(m̄v2/2M2)1/2 exp@i(2jp2u)/2# in which tanu5(M2421) and
j 50 and 1. In the case ofx2vt>0, we select the closed contou
in the upper halfj-plane and, ifx2vt,0, in the lower half
j-plane. To shorten the length of the paper, only the casex2vt
>0 is considered in the following. Applying the theorem of res
due we obtain

y~x,t !5
p

2pEIr 0
H 2p i (

Im j.0
resH sinr 0j exp@ i j~x2vt !#

j~j42m̄v2j21K̄ !
J

1p i (
Im j50

resH sinr 0jexp@ i j~x2vt !#

j~j42m̄v2j21K̄ !
J J . (5)

After identifying the residues in Eq.~5!, it is straightforward to
see

y~x,t !5
iP

EIr 0
(

l 51,4

sinr 0j l exp@ i j l~x2vt !#

5j l
42m̄v2j l

21K̄
. (6)
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~b! Sonic case (M51).
In this case two duplicated roots of Eq.~5! are u1,25m̄v2/2.

Thus four real valued rootsj1,25j3,456(m̄v2/2)1/2. Since these
two poles are of the second order, this means that a singula
occurs when integrating~4! along the contour. Using the sam
procedure as in the case ofM,1, it is found that dynamic re-
sponse in this case becomes infinite and the singularity is of
orderO(«21). This result indicates the existence of a resonan
phenomenon asv5vcritical .

~c! Supersonic case (M.1).
Two roots of Eq.~4! are u15@m̄v2(11A12M 24)#/2 andu2

5@m̄v2(12A12M 24)#/2. Therefore, we have real valued roo
j1,256R1 and j3,456R2 where R15$m̄v2@11(1
2M 24)1/2#/2%1/2 and R25$m̄v2@12(12M 24)1/2#/2%1/2. Appar-
ently, since the distribution of the roots of the characteristic eq
tion depends heavily on the range of the Mach number, one m
expect that dynamic response of the beam to a moving load
also be distinct for different Mach number.

The poles of a system without damping can be thought of as
limit situation of poles of a system with damping while the dam
ing is approaching zero. The poles of a physical system with t
damping can be determined by seeking the roots of a new c
acteristic algebraic equation in which a negative infinitesim
imaginary term is added into the previous characteristic algeb
equation, i.e.,j42m̄v2j21K̄2 i«50 where« is a positive infini-
tesimal real number. Sinceu5j2. This new characteristic equa
tion becomes

u22m̄v2u1K̄2 i«50. (7)

The square root of the discriminant of Eq.~7! is D1/25m̄v2(1
2M 24)1/2 exp(ic/2), in which tanc5b(12M24)21 and b
54m̄22v24«. Sinceb→01 as«→01, we havec→01 andu1

51/2m̄v2@11(12M 24)1/2#exp(il1) and u251/2m̄v2@12(1
2M 24)1/2#exp(il2) as two roots, in which tanl15(1
2M24)1/2 sinc/2/11(12M 24)1/2 cosc/2 and tanl252(1
2M24)1/2 sinc/2/12(12M 24)1/2 cosc/2, respectively. Thus
j1,25R1 exp@i(l112jp)/2# and j3,45R2 exp@i(l212jp)/2#, ( j
50,1) where R1,25$m̄v2@16(12M 24)1/2#/2%1/2. Realize l1

5 limc→01 arctan(tanl1)501 and l25 limc→01 arctan(tanl2)
502, asc→01, the rootsj1 , j2 , j3 , andj4 , respectively, ap-

proach their own limits argj1,25$p1l1/2
l1/2

5$p101
01

and argj3,4

5$p1l2/2
l2/2

5$p102
02

.

Fig. 1 Poles of the beam on an elastic foundation with tiny amount of
damping
MARCH 2001, Vol. 68 Õ 349
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Figure 1 depicts the distribution of these poles in the comp
j-plane. Asv approaches critical velocityvcritical ~i.e., M→1!,
four poles ~black points! will move towards those poles~gray
points! of the casev5vcritical . Each pair of gray points on on
side of the imaginary axis will get more and more close to e
other asM→1, and becomes a single pole of the second ord
The dynamic response of the bean is given by

y~x,t !5
iP

2EIr 0
(

l 51,4

sinr 0j l exp@ i j l~x2vt !#

5j l
42m̄v2j l

21K̄
for x2vt>0.

(8)
In the case ofx2vt,0, we just need to replacel 51,4 in Eq.~6!
or ~8! by l 52,3.

3 Maximum Response
Define h5x2vt. The derivative ofy(x,t) with respect toh

suggests thath50 correspond to the extreme point. The maximu
response in the case ofM,1 can be obtained by substitutingx
2vt50 into Eq. ~7!. Define new parameters. The maximum r
sponse is ymax

moving(x5vt)5 iP/EIr 0$sin@r exp(iu/2)#/S11 iW1

1sin$r exp@i(2u1p)/2#%/S21 iW2% in which S155f4 cos 2u
23m̄v2f2 cosu1K̄, S255f4 cos 2u13m̄v2f2 cosu1K̄, W1

55f4 sin 2u23m̄v2f2 sinu, and W255f4 sin 2u13m̄v2f2 sinu,
f5(m̄v2/2M2)1/2 and r 5fr 0 . Using Maclaren series to expan
ymax

moving(x5vt) and taking only the real part

ymax
moving~x5vt !52

P

EIr 0
H A1S12B1W1

S1
21W1

2 1
A2S22B2W2

S2
21W2

2 J (9)

where

A15(
n50

`
~21!nr 2n11 sin@u~2n11!/2#

~2n11!!
,

B15(
n50

`
~21!nr 2n11 cos@u~2n11!/2#

~2n11!!
,

A25(
n50

`
r 2n11 cos@u~2n11!/2#

~2n11!!
and

B25(
n50

`
r 2n11 sin@u~2n11!/2#

~2n11!!
.

It should be noted that, althoughh50 can maked/dhy50
satisfied, it is a sufficient condition rather than a necessary co
tion. Actually, the response of the beam at the center of the m
ing load is the maximal response in the case ofM,1, while the
response of that location remains quiescent in the case ofM.1. It
also should be pointed out that similar method is applicable
moving load problem with damping considered in the govern
equation. Given the limit of the content, the result is not presen
herein.
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An Analytic Algorithm of Stresses
for Any Double Hole Problem
in Plane Elastostatics
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This paper gives an analytic algorithm to plane elastostatic pro
lem of an infinite medium containing two holes of arbitrary shap
and arrangement, using Schwarz’s alternating method, and fi
that the method has a very quick convergence speed even
solving a complex double hole problem.
@DOI: 10.1115/1.1352065#

1 Introduction
There are a large number of papers in plane elastostatics d

ing with regions containing two circular holes~@1–4#!. It seems
that only Hasebe et al.@5# provided one analysis method for th
problem of two complex holes in which one hole is of compl
profile and the other is a crack. However, the method is o
suitable for a symmetrical double hole problem.

The crucial ingredient in solving a double hole problem
means of Schwarz’s alternating method is the repeated solutio
a single hole problem, which can be well solved by Muskhelis
vili’s method ~@6#! via a conformal transformation of mapping th
given hole shape into a unit circle. The iterative solutions for
Schwarz’s alternating method needs many repeated transfo
tions between the physical and mapped planes. In order to con
the iterative solutions easily, two mapping functions of two hol
z15v1(z1) andz25v2(z2), and two corresponding inverse map
ping functions,z15v1

21(z1) andz25v2
21(z2), are introduced. In

the process of iterative solutions every iteration refers to
completion of solutions for two single hole problems.

2 Basic Formulas for Stress Analysis of Any Double
Hole Problem

In Fig. 1 z1 andz2 are the complex coordinates inx1o1y1 and
x2o2y2 local coordinate systems, respectively;c is the relative

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED
MECHANICS. Manuscript received by the ASME Applied Mechanics Division, Ma
22, 2000; final revision, Sept. 20, 2000. Associate Editor: J. R. Barber.
001 by ASME Transactions of the ASME



w
n

i-

t to

;
ole

ed
ons
dun-
face
ons

ce

e

t

ole
ole

(3)
position vector of two holes inx1o1y1 coordinate system;sx
` ,

sy
` , andtxy

` are external loads uniformly distributed at infinity.
In the process of the first iteration, the presence of hole one

lead to a single hole problem, whose solution of stresses ca
written in terms of two complex stress functions,w11(z1) and
c11(z1), of the complex variablez1 . The stress boundary cond
tion for the presence of hole one is

Fig. 1 The calculating model for any double hole problem

Fig. 2 The problem for two circular holes
Journal of Applied Mechanics
ill
be

w11~s1!1
v1~s1!

v18~s1!
w118 ~s1!1c11~s1!5 f 1~s1! (1)

where a prime on a function denotes differentiation with respec
its argument, and a bar on a function indicates its conjugate;s1 is
the value ofz1 on the unit circle;w11(s1) and c11(s1) are the
values ofw11(z1) and c11(z1) on the unit circle, respectively
f 1(s1) is the principal vector of surface forces at the edge of h
one.

The stress functionsw11(z1) and c11(z1) can be used as the
loading functions for solving another single hole problem induc
by the presence of hole two. At this stage the boundary conditi
are satisfied at the edge of hole one, however, there exist re
dant surface forces at the edge of hole two. The redundant sur
forces are obtained directly by three coordinate transformati
between coordinatesz2 , z2 , z1 andz1 and a formula

f 12~s2!5w11~g1!1
v1~g1!

v18~g1!
w118 ~g1!1c11~g1! (2)

where s2 is the value of boundary pointt2 of hole two in z2
plane; f 12(s2) is the principal vector of the redundant surfa
forces with respect tos2 ; g1 is the coordinate ofs2 in z1 plane
via mapping transformationt25v2(s2), coordinate translation
T15t21c and inverse mapping transformationg15v1

21(T1).
The distribution of f 12(s2) at the edge of hole two can b

approximated by complex series(
k52L

L
Dks2

k , in which Dk is the

complex coefficient ofs2
k . In order to eliminate the redundan

surface forces, the reversed forces of(
k52L

L
Dks2

k , 2 (
k52L

L
Dks2

k ,

are imposed at the edge of hole two, yielding the other single h
problem in the first iteration. The solution for the presence of h
two can be expressed by two complex stress functionsw22(z2)
andc22(z2). The corresponding stress boundary condition is

w22~s2!1
v2~s2!

v28~s2!
w228 ~s2!1c22~s2!5 f 2~s2!2 (

k52L

L

Dks2
k

Table 1 The comparison of the maximum tensile stresses at the edge of the right hole from two methods
MARCH 2001, Vol. 68 Õ 351
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wherew22(s2) andc22(s2) are the values ofw22(z2) andc22(z2)
on the unit circle inz2 plane, respectively;f 2(s2) is the principal
vector of surface forces at the edge of hole two.

The superposition ofw11(z1), c11(z1) andw22(z2), c22(z2) is
the solution for the first iteration of the Schwarz’s alternati
method. At this stage, the boundary conditions only at the edg
hole two are satisfied. Of course, the second and later iterat
can be operated.

Taking w~z! and c~z! as the superposition of two stress fun
tions for all required iterative solutions, the stress components
be obtained readily.

3 Discussions on the Convergence Accuracy of Itera
tive Solutions

3.1 Comparison With the Exact Solution for the Problem
of Two Circular Holes. Now let us consider a linearly elasti
medium containing two equal circular holes, as plotted in Fig.
Three fundamental loading cases are discussed in some d
namely, the all-around, horizontal and vertical tensions applie
infinity. Owing to the symmetry of the problem, Table 1 on
Fig. 4 The redundant surface forces sr and tru for different iterations

Table 2 The maximum compressive stresses at the edges of two holes
Transactions of the ASME
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gives the maximum tensile stresses on the boundary of the
hole in which the iterative solutions are obtained by the Schwa
alternating method for ten iterations and the exact one given
Ling @3#.

3.2 Accuracy Analysis for the Problem of Two Complex
Holes. Let us consider the problem of an infinite and linea
elastic region, containing two complex holes, only under the
tion of compressive stresses at infinity~sx

`510 MPa andsy
`

520 MPa! ~see in Fig. 3!. If the solution is terminated at som
iteration, the boundary condition of zero surface forces along h
two will be satisfied exactly and along hole one approximate
Figure 4 plots the distribution of redundant surface forces al
hole one for 3, 5, 10, 15, and 20 iterative solutions, seen fr
which the redundant surface forces are gradually reduced to
roes as the further iteration.

4 The Maximum Stresses Around Two Holes for Dif-
ferent Loads and Arrangements

This paper still takes two holes in Fig. 3 as examples, o
changing the loads at infinity and arrangement of the two ho
Three loading cases and three arrangement cases are investi
and the maximum stresses at the edges of two holes are pres
in Table 2.
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In a recent paper by Flores and Osler, the authors investiga
tautochrone curves in the xy-plane under an arbitrary poten
V(y). In this paper we imagine that the xy-plane of the tau
chrone curve is rotating about the y-axis with constant angu
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momentum. We find the differential equation of the tautochr
curves. While this differential equation is difficult to solve analy
cally, several exact solutions (in terms of elementary functio
are obtained in an indirect manner. Intuitive motivation for ta
tochrone motion is given.@DOI: 10.1115/1.1352066#

1 Introduction
Consider a bead of unit mass that moves on a frictionless w

described by the curvex5x(y) in the xy-plane. Assume that the
bead starts at timet50 at the point (x(Y),Y) with no initial
velocity and that the curvex5x(y) terminates on thex-axis at the
point (x0,0). The motion of the bead is governed by a poten
V(y) as it moves along the curvex5x(y). This curve is called a
tautochroneif the timeT required for the motion from the startin
point at (x(Y),Y) to the final point (x0,0) is independent of Y, ~the
starting height on the curve!. The problem of determining the
shape of the tautochrone curve under the gravitational pote
V(y)5gy was solved by Huygens and by Abel. The authors st
ied this problem under arbitrary potentialsV(y) in a recent paper
~@1#! using the fractional calculus. In this paper we assume that
xy-plane containing our curvex5x(y) is rotating with constant
angular momentumL about a shaft centered on they-axis.

In our previous study~@1#! ~angular velocityv50! we deter-
mined that the timeT for the bead to descend fromy5Y to y
50 is given by

E
0

Y ds

AV~Y!2V~y!
5A2T. (1)

Here s measures the distance along the curvex5x(y) starting
from (x0,0) to the point (x(y),y). Using the fractional calculus
we determined that when the curve is a tautochrone, then
potential and the arc length are related by

V~y!5
p2

8T2 s2. (2)

We also determined that the differential equation satisfied by
tautochrone curve is

11x8~y!25
2T2

p2

V8~y!2

V~y!
. (3)

For ~3! to be valid, we require thatV(0)50. ~This can always be
achieved by simply adding a constant to the potential.! The solu-
tion for our tautochrone curve in terms of the given potential

x~y!5E
0

yA2T2

p2

V8~u!2

V~u!
21du1x0 . (4)

We will use the above results when we solve our rotating tau
chrone problem.

2 The Rotating Versus Nonrotating Tautochrones
The sum of the kinetic and potential energies for the rotat

parts and for our bead of unit mass on the wirex5x(y) in the
rotatingxy-plane~angular velocityv(y)! is

1

2
Iv~Y!21

1

2
v~Y!2x~Y!21V~Y!

5
1

2 S ds

dt D
2

1
1

2
Iv~y!21

1

2
v~y!2x~y!21V~y!. (5)

The following are important features of~5!:
A The wire and rotating ‘‘parts’’ are rigid and rotating freel

~without torque! about they-axis. ~See Fig. 1.!
B On the left of~5! we see the energy at the moment the be

is released at the point (X,Y) and on the right we see the energ
when the bead is at the arbitrary point (x,y) on the wire.

r.
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C The wire is given an initial angular velocity and the bead
started with zero velocity relative to the rotating frame. In partic
lar, at timet50 the system is rotating with angular velocityv(Y)
about they-axis.

D As a consequence ofC, at time t50 the bead has no com
ponent of velocity tangent to the curve but it does have a com
nent of velocity perpendicular to thexy-plane given by
v(Y)x(Y).

E During the motion the angular velocity of the bead~and the
system of parts! given by v(y) will vary. It will change so that
angular momentum is always conserved.~See relation~12!!.

F The moment of inertia of the wire, rotating shaft and su
ports isI and its kinetic energy is the term 1/2Iv(y)2.

G The termds/dt is the magnitude of the velocity compone
tangent to the curve. The arc lengths is measured from the termi
nal point (x0,0) to the moving point (x(y),y).

If we call V* (y) the terms

V* ~y!5V~y!1
1

2
Iv~y!21

1

2
v~y!2x~y!2, (6)

we can abbreviate the writing of~5! as simply

V* ~Y!5V* ~y!1
1

2 S ds

dt D
2

. (7)

Solving ~7! for ds/dt we get

ds

dt
52A2A$V* ~Y!%2$V* ~y!%. (8)

The minus sign in~8! is due to the assumption that the arc leng
s is decreasing. This requires that the initial angular speedv(Y)
be small enough that when the bead is released with zero rel
velocity, the bead falls downward instead of flying outward. F
example, in the case of a gravity-potential, it assumes that

dy

dx
.

x~Y!v~Y!2

g
.

We can now write

A2dt52
ds

AV* ~Y!2V* ~y!
. (9)

Integrating from the beginning of the motion to the end we ge

A2T5E
0

Y ds

AV* ~Y!2V* ~y!
. (10)

Notice that Eqs.~1! and~10! have the same form, thus, they ha
the same solution. This implies that for a given curvex5x(y), the
time T for the rotating case under the potentialV(y) is the same as
the time for the nonrotating case under the potentialV* (y). This
last statement is important for our work. If we know that the cur

Fig. 1 The rotating frictionless wire with supports
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x5x(y) is a nonrotating tautochrone under the potentialV* (y),
then we know that the same curve is a tautochrone rotating w
angular velocityv(y) under the potential

V~y!5V* ~y!2
1

2
~ I 1x~y!2!v~y!2. (11)

We can eliminatev(y) from ~11! by using the conservation o
angular momentum expressed as

L5~ I 1x~Y!2!v~Y!5~ I 1x~y!2!v~y!. (12)

We require that this angular velocity vary with the starting heig
Y so as to keep the angular momentumL constant.

Solving ~12! for v(y) and substituting into~11! we get

V~y!5V* ~y!2
1

2

L2

~ I 1x~y!2!
. (13)

We recall from our previous paper that all the potentials we
are required to satisfyV(0)5V* (0)50 so that relations~1! to ~4!
are all valid. Sincex(0)5x0 we must add the constant term
L2/2(I 1x0

2) to the right side of~13! so that all potentials are zer
wheny50. We get

V~y!5V* ~y!2
1

2

L2

~ I 1x~y!2!
1

L2

2~ I 1x0
2!

. (14)

We will use ~14! to find several rotating tautochrones in the ne
section.

3 Finding Exact Rotating Tautochrones
In our previous paper we found exact nonrotating tautochro

indirectly. We started with a curvex5x(y) for which we could
calculate the arc lengths5s(y) exactly. We then used relation~2!
to find the potential that would make this curve a tautochro
Nine such curves were selected for their ease of calculation.
nine can be easily modified using~14! to give us rotating tauto-
chrones. The results are shown in Table 1.

While all the resulting potentials are bizarre, we believe it
important to collect exact solutions of mechanics problems wh
ever they are possible. When exact analytic solutions canno
found, perturbation or numerical solutions are usually possi
The latter tell us much less than the exact solutions.

4 The Differential Equation for the Rotating Tauto-
chrone

We will now find the differential equation satisfied by the r
tating tautochrone. Relation~3! is the differential equation for the
nonrotating tautochrone. SubstitutingV* (y) from ~14! for V(y) in
~3! we get

11x8~y!25
2T2

p2

H V8~y!2
L2x~y!x8~y!

~ I 1x~y!2!2 J 2

H V~y!1
L2

2~ I 1x~y!2!
2

L2

2~ I 1x0
2!J

. (15)

This is our differential equation for the rotating tautochrone. It
much more complex and difficult to solve than~3!. We can re-
write ~15! in the form

p2$2~ I 1x0
2!~ I 1x~y!2!V~y!2L2x~y!2%~ I 1x~y!2!3~11x8~y!2!

54~ I 1x0
2!T2$~ I 1x~y!2V8~y!2L2x~y!x8~y!%2. (16)

We can use~15! or ~16! to check our solutions in Table 1, bu
solving exactly for a given potential appears to be difficult.
course, numerical solutions are possible.

5 The Case WhereI is Large
We now discuss the approximation where the moment of ine

of the bead,x2, is much smaller thanI, the moment of inertia of
Transactions of the ASME



Table 1 Examples of Potentials and Corresponding Rotating Tautochrone Curves

Tautochrone Curve Arc Lengths PotentialV(y)

1 x5R sinu1x0,
y5R2R cosu

circle: center (x0 ,R),
radiusR

s5Ru5Rcos21SR2y

R D p2R2

8T2 Hcos21SR2y

R DJ2

1
L2

2~I1x0
2!

2
L2

2~I1~A2Ry2y21x0!2!

2 x5R2R cosu1x0
y5R sinu

circle: center (R1x0,0),
radiusR

s5Ru5R sin21(y/R)) p2R2

8T2 $sin21~y/R!%21
L2

2~I1x0
2!

2L2/~2~I1~R2AR22y21x0!2!!

3 x5R sin(a1u)2Rsina
1x0

y5R cosa2Rcos(a1u),
R anda fixed
circle: radiusR

center
(x02R sina,Rcosa)

s5Ru

u5cos21SRcos~a!2y

R D2a

p2R2

8T2 Hcos21Sa2y

R D2aJ2

1
L2

2~I1x0
2!

2
L2

2~I1~AR22~R cosa2y!22Rsina1x0!
2!

wherea5R cos(a)
4 x5R(u1sinu)1x0

y5R(12cosu)
inverted cycloid:
base liney52R

s54R sin(u/2)
s52A2Ry

p2R

T2 y1
L2

2~I1x0
2!

2
L2

2SI1HRcos21SR2y

R D1A2Ry2y21x0J 2D
5 x5Ru2R sinu1x0

y5R2R cosu
cycloid

s54R(12cos(u/2))

s54RS12A12
y

2RD
p2R

T2 y1
L2

2~ I 1x0
2!

2
L2

2S I 1H R cos21SR2y

R D2A2Ry2y21x0J 2D
6 x5ay1x0 s5A11a2y p2~11a2!

8T2 y22
L2

2~I1~ay1x0!
2!

1
L2

2~I1x0
2!

7 x52Aay3/31x0
s5

2

3a
@~11ay!3/221#

p2

18a2T2 @~11ay!3/221#2

2
L2

2~ I 1~2Aay3/31x0!2!
1

L2

2~ I 1x0
2!

8 x5ay2/21x0 s5(ayA11a2y21

ln(ay1A11a2y2))/2a
p2

32a2T2 ~ayA11a2y21 ln~ay1A11a2y2!!2

2
L2

2~ I 1~ay2/21x0!2!
1

L2

2~ I 1x0
2!

9 y5a cosh((x2x0)/a)2a
1x0

s5A(y1a)22a2 p2

8T2 @~y1a!22a2#1
L2

2~I1x0
2!

2L2/S2SI1Ha cosh21Sy1a

a D1x0J2DD
a

the wire, shaft and support. We will also assume thatx050, so
that the wire is attached directly to the shaft at the bottom. St
ing with ~14! we can write

V* ~y!5V~y!1
L2

2I ~11x~y!2/I !
2

L2

2I
.

Expanding the second term on the right in powers ofx(y)2/I we
obtain to a first-order approximation
Journal of Applied Mechanics
rt- V* ~y!5V~y!2
1

2

L2

I 2 x~y!2.

The conservation of angular momentum~12!, to a first-order ap-
proximation becomes simplyL5Iv wherev is now a constant.
Thus the above expression becomes

V* ~y!5V~y!2
1

2
v2x~y!2.
MARCH 2001, Vol. 68 Õ 355
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The differential Eq.~15! is now much simpler,

11x8~y!25
2T2

p2

$V8~y!2v2x~y!x8~y!%2

H V~y!2
1

2
v2x~y!2J .

As an example consider the potential of a simple harmo
oscillatorV(y)5ky2/2 and try a straight line solutionx(y)5ay,
the differential equation becomes~after simplifying!

11a25
4T2

p2 $k2a2v2%.

Solving for a we geta5A4T2k2p2/4T2v21p2. Thus, under a
harmonic oscillator potential the tautochrone curve is a stra
line with slopea.

In general the potential for the rotating tautochrone, to a fi
order approximation, is

V~y!5V* ~y!1
1

2
v2x~y!21C.

The first term is the potential of a nonrotating tautochroneV* (y),
the second term is the potential of a simple harmonic oscilla
and C is a constant. The second term could be produced by
ideal spring stretched along thex-axis with one end attached to th
bead and at the other to the shaft. As the bead moves dow
does the spring. The tension in the spring serves to exactly ca
the centrifugal forcev2x. Thus, the motion of the bead along th
wire, as seen by an observer rotating with the system, will
identical to the motion of the bead of a nonrotating tautochrone
potentialV* (y).

6 Physical Intuition Behind Tautochrones
There is a simple, beautiful explanation for all tautochrone m

tion. All tautochrones act like simple linear springs. Suppose a
massm attached to a spring is displaced a distanceA from equi-
librium. The time required for the mass to return to the equil
rium position is

T5
p

2
Am

k
(17)

where k is the spring constant. This time is independent of
displacementA and thus we have tautochrone motion in eve
simple spring. The restoring force from the spring is proportio
to the distances that the spring is stretched:F5ks. Solving ~17!
for k we can write this force as

F5
mp2

4T2 s. (18)

This formula is also valid for any nonrotating tautochrone~@2#!.
Let us now examine the forces on the bead~of unit mass! on

our rotating tautochrone curve. Starting with relation~2! and re-
placing the potential byV* (y) we get

Fig. 2 Geometric meaning of differentials
356 Õ Vol. 68, MARCH 2001
nic

ght

st-

or,
an

e
so

ncel
e
be
of

o-

b-

he
ry
al

V* ~y!5
p2

8T2 s2.

Next use~14! to replaceV* (y) to obtain

V~y!1
1

2

L2

~ I 1x~y!2!
2

L2

2~ I 1x0
2!

5
p2

8T2 s2.

Differentiate with respect toy and get

V8~y!2
L2x~y!x8~y!

~ I 1x~y!2!2 5
p2

4T2 s
ds

dy
.

From ~12! we see thatv(y)25L2/(I 1x(y)2)2 and thus the above
expression can be written as

V8~y!2x~y!v~y!2
dx

dy
5

p2

4T2 s
ds

dy
.

Finally we multiply bydy/ds to get

V8~y!
dy

ds
2x~y!v~y!2

dx

ds
5

p2

4T2 s.

From Fig. 2 we see that the derivatives in the above expres
can be replaced bydx/ds5cosu anddy/ds5sinu.

V8~y!sinu2x~y!v~y!2 cosu5
p2

4T2 s. (19)

Using Fig. 3 we see that the termV8(y)sinu is the component
of the force generated by the potential in the direction tangen
the tautochrone curve. We also see that the termx(y)v(y)2 cosu
is the component of centripetal acceleration along the tautoch
curve.

Thus we see that~19! tells us that when the forces acting on o
bead are resolved in the direction tangent to the tautochr
curve, then the sum of these forces is proportional to the dista
s from the final point on the tautochrone. This is similar to~18!
that describes the simple spring.~Notice that withm51 the con-
stants in~18! and~19! are identical.! The sum of the forces tangen
to a tautochrone curve on a moving bead is proportional to t
distance measured from the final point to the bead.
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Fig. 3 Why all tautochrones act like simple springs
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Standard methods of beam indentation analysis use a beam th
solution to obtain the load-displacement relationship and a He
solution to calculate local stresses. However, when the con
length exceeds the thickness of the beam point contact ca
longer be assumed and Hertzian relations are no longer va
This paper presents an improved superposition solution techn
that uses a true elasticity solution to obtain the load-displacem
relationship in non-Hertzian indentation problems.
@DOI: 10.1115/1.1352068#

Introduction
In this paper, we present an improved solution to the tw

dimensional problem of a finite beam of lengthL and thicknessh
that is loadedasymmetricallyon its upper surface by a frictionles
cylindrical indenter~see Fig. 1!. Standard methods of indentatio
analysis use a beam theory solution to obtain an overall lo
displacement relationship and then a Hertzian contact solutio
calculate local stresses under the indenter. However, prev
modeling efforts have shown that the stress distribution in
region of contact will differ significantly from a Hertzian on
when the contact length exceeds the thickness of the beam
such cases, point contact can no longer be assumed and He
relations are not valid.

Problems of this type were solved previously by Keer a
Miller @1# and Peck and Schonberg@2# using a GLOBAL/LOCAL
approach that superposed beam theory and elasticity express
The technique developed was also applied to cantilever beam
dentation by Keer and Schonberg@3,4# and subsequently modifie
to include beam rotation effects by Zhou and Schonberg@5#. A
review of the superposition procedure used by Keer, Schonb
et al. reveals that it has a problematic aspect: it uses an app
mate solution~instead of an elasticity solution! to establish the
load-displacement relationship at the contact site.

The improved superposition technique presented in this pa
addresses this issue by using a static finite layer solution that
true elasticity solution. Also, in a manner similar to that used
Zhou and Schonberg@5# to model cantilever beam indentation, th
rotation of the beam under the indenter is included in the mi
boundary condition at the contact site. As a result, the final s
tion takes into consideration all of the prescribed boundary
end conditions and describes more accurately the local sur

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED
MECHANICS. Manuscript received and accepted by the ASME Applied Mechan
Division, May 31, 2000; final revision, Oct. 10, 2000. Associate Editor: M.-J. P
dera.
Copyright © 2Journal of Applied Mechanics
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deformation due to contact pressure and the global flexural de
mation of the beam. The validity of the solutions presented
assessed by comparing the results obtained to the prediction
modified beam theory solutions.

Generalized Elasticity Solution for a Finite Layer
In this section we present the solution for a finite elastic layer

thickness that is subjected to an arbitrary upper surface pres
distribution. This solution is achieved by the superposition of
elasticity solution for an infinite layer loaded on its upper surfa
with an elasticity solution for a finite layer subjected to asymm
ric bending.

A suitable elasticity solution that represents normal loading
the upper surface of an infinite elastic layer in plane strain with
loading on its lower surface is given by Keer and Miller@1#. To
complete the finite elastic layer solution, we introduce the follo
ing elasticity solution for the asymmetric bending of a finite lay
~thicknessh and lengthL! having end momentsM0 andM1 :

syy50, (1)

sxy5
V~x!

2I
y~h2y!, (2)

sxx5
M ~x!

I S y2
h

2D (3)

ux5
1

D H b02a1y1
22n

12~12n!

M12M0

L
@2~h2y!323h~h2y!2#

1FM0x1
M12M0

2L
~L01x!2G S y2

h

2D (4)

uy5
1

D Fa01a1x2
1

2
M0x22

M12M0

6L
~L01x!3G

2
n

2~12n!D
M ~x!~y22hy! (5)

ū~x![
1

h E0

h ]uy

]x
dy5

1

D Fa12M0x2
M12M0

2L
~L01x!2G

1
nh2

12~12n!D

M12M0

L
(6)

M ~x!5M01
M12M0

L
~L01x!, (7)

V~x!5
M12M0

L
(8)

whereL0 , L, andL1 are as shown in Fig. 1,D5mh3/6(12n),
I 5h3/12, M0 , M1 are end bending moments atx52L0 and at
x5L1 , respectively, anda0 , b0 , a1 are ~as yet! unknown con-
stants. This solution is a superposition of the Airy stress funct
solutions for asymmetric bending and for pure shear.

Superposing Eqs.~1!–~8! with the corresponding expression
for stresses, displacements, etc., in Keer and Miller@1# yields the
generalized elasticity solution for a finite length isotropic elas
layer subjected to an arbitrary upper surface loading. In the n
section, we apply appropriate end conditions to this solution
obtain the desired beam indentation problem solutions.

Asymmetric Beam Indentation Model
The mixed boundary value problems to be solved in this sec

are those of a simply supported and a fixed-fixed elastic beam
are indented by a cylindrical punch on their upper surface~see
again Fig. 1!. The solutions of these problems are achieved
application of the mixed boundary conditions at the contact s

ics
in-
001 by ASME MARCH 2001, Vol. 68 Õ 357
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and the appropriate end support conditions in the generalized
ticity solution presented in the preceding section. As in Zhou a
Schonberg@5#, the boundary condition for both types of beams
contact sites is written as follows:

uy~x,0!5D1u0x2
x2

2R
uxu,c (9)

where D and u0 are the beam upper surface displacement
rotation under the indenter. The two types of end support co
tions that need to be satisfied are~1! simple supports~zero mo-
ment and displacement at the beam ends!, and~2! fixed ends~zero
slope and displacement at the fixed ends!. By applying these end
support conditions to appropriate expressions in the genera
elasticity solution, we obtain a system of four equations for
four unknownsa0 , a1 , M0 , and M1 for each beam type. Onc
solved, the expressions for these four quantities are used in ap
ing the mixed boundary condition at contact site given by Eq.~9!.
Following the approach used by Keer, Schonberg, et al. we ob
two coupled Fredholm integral equations of the second ki
These equations have the following forms:

h3

6
c~x!1E

0

c

c~ t !K1~x,t !dt1E
0

c

f~ t !K2~x,t !dt1 f ~x!52
Dx

R

(10)

h3

6
f~x!1E

0

c

f~ t !K3~x,t !dt1E
0

c

c~ t !K4~x,t !dt1g~x!50

(11)

where the kernelsK1 throughK4 and the functionsf (x), g(x) are
given as follows:

Simply Supported Ends.

K1~x,t !52E
0

`Fh3

6 S b1shbchb

b22sh2b
11D jxJ0~jx!

1
x

2

cos~jL0!1cos~jL1!

j2 GJ0~jt !dj1
p~L12L0!2

4L
x

(12)

K2~x,t !5
p~L12L0!

4L
xt (13)

K3~x,t !5
h3

6 S 1

t D1
h3

6 E
0

`S b1shbchb

b22sh2b
11D

3@J0~jx!2jxJ1~jx!21#J1~jt !dj2
3px2

8L
t

(14)

K4~x,t !52
3px2

8L
~L02L1! (15)

f ~x!50, (16)

Fig. 1 Indentation of a finite layer
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g~x!50 (17)

Fixed-Fixed Ends.

K1~x,t !52E
0

`H h3

6 S b1shbchb

b22sh2b
11D jxJ0~jx!

2
h3

6L

x

b2shb
@sin~jL0!1sin~jL1!#J J0~jt !dj

2
322n

12n

ph2

12L
x (18)

K2~x,t !5
h3

6L E0

` x

b2shb
@cos~jL0!2cos~jL1!#J1~jt !dj

(19)

K3~x,t !5
h3

6 S 1

t D1E
0

` h3

6 S b1shbchb

b22sh2b
11D

3@J0~jx!2jxJ1~jx!21#J1~jt !dj (20)

K4~x,t !50 (21)

f ~x!5
x

2L
~L12L0!~M12M0!, (22)

g~x!52
3

4

x2

L
~M12M0! (23)

The functionsc(t) and f(t) are related to the symmetric an
anti-symmetric components of the surface loading as follows:

P52pE
0

c

c~ t !dt, (24)

M52pE
0

c

tf~ t !dt. (25)

Once Eqs.~10!,~11! are solved to obtainc(x) and f(x), all
necessary quantities can also be readily obtained. The actua
lution of Eqs. ~10!,~11! is performed numerically in nondimen
sional form. This transformation is obtained using the followi
nondimensional parameters:L0 /h, L/h, t/c, x/c, y/h,
Rh3c(x)/Dc, andRh3f(x)/Dc, andRD/h2. To assess the va
lidity of the elasticity solutions, their predictions for beam di
placement are compared with the predictions of beam theory
lutions that use as input the contact pressure generated by
elasticity solutions. These solutions are given as follows:

Simply Supported Ends.

DSS5
L0L1

3DL
@L0L1P1~L12L0!M #

1
1

D E
0

cS pL0L1

4L
2

t

9D t2c~ t !dt

1
p~L12L0!

32DL E
0

c

t3f~ t !dt (26)

Fixed-Fixed Ends.
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DFF5DSS2
L0

2L1
2

3DL3 ~L22L0L1!P2
L0L1

6DL3 ~L12L0!

3@L21~L12L0!21L0L1#M

2
pL0L1

12DL3 @L212~L12L0!212L0L1#E
0

c

t2c~ t !dt

1
pL0L1~L12L0!

16DL3 E
0

c

t3f~ t !dt (27)

whereDSS is given by Eq.~26!, andP, M are again given by Eqs
~24!,~25!, respectively.

Results and Discussion
Solutions to the two types of indentation problems were

tained forc/h50.25, 0.5, 1.0 and 2.0,L/h510.0 and 20.0, and
for each L/h value, 2L0 /L51.0, 1.5, and 1.7~where 2L0 /L
51.0 corresponds to the case of central indentation studied
Keer and Miller @1#!. We note that for 2L0 /L51.7 and L/h
510, c/h52.0 would imply that the contact length would exten
past the support; hence,c/h52.0 was not considered in this cas
For the fixed-fixed beam indentation problem, all calculations
performed with a Poisson’s ratio of 0.3. The results of this pa
metric study were compared with values obtained using the m
els developed by Keer and Miller@1# and Peck and Schonberg@2#
that did not include upper-surface rotation effects.

For small values ofc/h ~i.e., c/h<0.5!, the predictions of peak
contact stress values by the various solutions agreed quite
However, forc/h>1 the peak stress predictions were found
occasionally differ significantly. This occurred because asc/h in-
creases, the effects of beam upper surface rotation effects be
more pronounced. While the current model incorporates those
fects, the previous models do not. Therefore, the various mo
will match more closely for smaller contact areas and inden
locations that result in minimal rotation effects. For larger cont
areas and for indenter locations near beam ends, peak co
stress values predicted by the various models differed by as m
as 10–15 percent for both types of beam supports. Finally,
Journal of Applied Mechanics
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note that while there were differences in peak contact stress
ues, the overall shapes of the contract stress distributions w
very similar to those presented by Keer and Miller@1# and by
Peck and Schonberg@2#.

A comparison between the predictions of beam displacem
under the indenter generated by the improved solutions develo
herein and the predictions of the beam theory solutions sho
that the results of the two solutions agreed very well, and that
agreement improved asL/h increased andc/h decreased. This
can be explained by the following considerations. First, asL/h
increases, the effects of shear deformation on beam respons
come negligible. Second, asc/h decreases, the local effects o
beam upper surface rotation become negligible. In both ca
while the elasticity solution incorporates those effects, the be
theory solutions do not. Therefore, the two solutions will mat
more closely for indenter locations that result in minimal she
deformations and for smallerc/h values.

Differences between the displacement predictions of the e
ticity solution developed herein and the predictions obtained us
the GLOBAL/LOCAL models developed previously by Keer an
Miller @1# and Peck and Schonberg@2# showed fairly minimal
differences for smallc/h values and for most 2L0 /L values~typi-
cally less than five percent!. This was expected because~1! the
governing equations of motion for the solution developed her
and the solutions developed by Keer and Miller@1# and Peck and
Schonberg@2# are identical for the case of simply supported en
and~2! beam upper surface rotation effects on beam response
minimal when for smallc/h values. Furthermore, in the case
fixed-fixed beams, as 2L0 /L→1 andL/h increases, the condition
of zero rotation angle at the fixed end supports has less o
effect on the contact zone. Therefore, the effects of second o
shearing effects on the average beam rotationū for the new model
become negligible. While the current model incorporates th
effects, the previous models do not. Therefore, the newly de
oped and previous models will match more closely for sma
contact area and indenter locations that result in minimal rota
and shearing effects.

Figure 2 shows the nondimensional load-displacement cu
for L/h510 and 20 fixed-fixed beams where 2L0 /L51.7. The
Fig. 2 Nondimensional displacement comparisons, new model versus old
models „Keer and Miller †1‡; Peck and Schonberg †2‡…, fixed-fixed beams,
2L 0 ÕLÄ1.7, L ÕhÄ10.0 and 20.0
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larger differences in some of the indentation scenarios show
this figure can probably be attributed to limitations in the nume
cal integrations of the infinite integrals that appeared in the w
performed by Peck and Schonberg@2#. According to Peck and
Schonberg, it was not possible to integrate the kernels in
fixed-fixed beam equations to the same accuracy as those in
simply supported cases. This was due to the fact that the ker
for simply supported beam equations converged at a rate of 1j2,
while those for the fixed-fixed beams converged at the m
slower rate of 1/j. In our solution, we have overcome this nume
cal integration limitation by using exact integration results
expressions involving Bessel functions. This allowed the kern
in the fixed-fixed beam equations to converge at the much fa
rate of 1/shj.

Interestingly enough, the value ofR ~the radius of the indenter!
did not appear to have any bearing on the solution of the gov
ing equations for this problem. That is, the nondimensional st
and displacement values calculated using the model develo
herein would appear to be valid for all values ofR! Mathemati-
cally, this occurs because of the nondimensional scheme: in
scheme, all traces ofR are removed by the nondimensionalizatio
process. However,R doeshave an effect when the nondimen
sional values of stress and displacement are transformed into
values. While all of the nondimensional predictions of the mo
may be mathematically possible, they maynot be physically at-
tainable for some values ofR. For example, the case ofc/h52 is
clearly more readily attainable for very large values ofR ~as com-
pared toh!, and significantly less so~if not impossible! for small
values ofR ~as compared toh!.
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Summary and Conclusions
The static and dynamic indentation of beams and plates con

ues to be an intriguing problem, especially for scenarios in wh
large area contact can be expected to occur. The solution sch
presented herein is a refinement of the approach originally de
oped for the relatively simple problem of central beam inden
tion. We found that the results provided by this refinement are
most cases, not significantly different from those that can be
tained using existing GLOBAL/LOCAL analysis technique
However, the changes introduced into the modeling proc
should allow this refined solution technique to more accurat
predict internal stress fields due to upper surface indentati
This capability is critical in the case of composite beams or pla
where internal damage can appear prior to any evidence of d
age on the external beam or plate surface.

References
@1# Keer, L. M., and Miller, G. R., 1983, ‘‘Smooth Indentation of a Finite Layer,

J. Eng. Mech.,109, pp. 706–717.
@2# Peck, J. A., and Schonberg, W. P., 1993, ‘‘Asymmetric Indentation of a Fin

Elastically Supported Beam,’’ J. Appl. Mech.,60, pp. 1039–1045.
@3# Keer, L. M., and Schonberg, W. P., 1986, ‘‘Smooth Indentation of an Isotro

Cantilever Beam,’’ Int. J. Solids Struct.,22, pp. 87–106.
@4# Keer, L. M., and Schonberg, W. P., 1986, ‘‘Smooth Indentation of a Tra

versely Isotropic Cantilever Beam,’’ Int. J. Solids Struct.,22, pp. 1033–1053.
@5# Zhou, M., and Schonberg, W. P., 1995, ‘‘Rotation Effects in the Global/Lo

Analysis of Cantilever Beam Contact Problems,’’ Acta Mech.,108, pp. 49–62.
Transactions of the ASME


