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Unit Fractions and Their
“Basimal” Representations:

Exploring Patterns

ajor foci of secondary mathematics include
understanding numbers, ways of represent-
ing numbers, and relationships among num-
bers (NCTM 2000). This article considers different
representations of rational numbers and leads students
through activities that explore patterns in hase ten, as
well as in other bases. These activities encourage stu-
dents to solve problems and investigate situations de-
signed to foster flexible thinking about rational num-
bers. Preservice teachers in a college-level mathematics
course carried out these activities. Their gonjectures
and ideas are incorporated throughout this article.

BASE-TEN INVESTIGATIONS
The set of rational numbers is often formally de-
fined as follows:

Q=1{ a/h:aand b are integersand b 20 |,
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This department is designed to provide in repraducinle formats activities for stu-

This definition uses a fractional representation
of raticnal numbers. However, a rational number
can also be represented as a terminating decimal or
as a repeating decimal. When they study rational
numbers, students are often asked to convert frac-
tional representations to decimal represeniations,
and vice versa, The connecticns that they find can
sugiest interesting problem-solving situations. This
article thcuses on investigations into the reasons
that some rational numbers can be represented as
terminating decimals while others repeat, as well as
various properties of repeating decimals.

For simplicity’s sake, only rational numbers
whose fractional representations have a numerater
of 1 are investigated in this article. Such a number
is called a wnirt fraction, which is defined as a frac-
tion of the form 1/n where n is a natural numbeér
greater than 1. Studying numbers whose fractional
representations have numerators other than 115
not necessary, sinee such numbers can he expressed
as multiples of unit fractions (for example, 5/6=5¢
(1/6)); hence, patterns that hold for unit fractions
also hold for other fractions,

Consider the first ten unit fractions, Asa begine
ning activity, students can find the decimal repre-
sentations hy doing simiple division on a calculaion
as shown in table 1. Separating the findings into
terminating and repeating sets yields

Terminating: 1/2, 1/4, 1/3, 1/8, 1/10
Repeating: 1/3, 176, 1/7, 1/9, 1/11
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First Set of Ten Unit Fractions and Their Decimal Representations
Unit Fraction Decimal Representation Terminaring or Repeating

1/2 0.5 Terminaring decimal
1/3 0.333...=03 Repeating decimal
1/4 0.25 Terminating decimal
1.5 02 Terminating decimal
1/6 0.1666 ...=0.16 Repeating decimal
1/7 0.142857142557 ., . = 0.142857 Repeating decimal
1/8 0.125 Terminating decimal
1/9 QT 20T Repeating decimal
1/10 0.1 Terminating decimal

1/11 0.090909 . . .= 0.09 Repeating decimal

Second Set of Ten Unit Fractions and Their Decimal Representations

Unit Fraction Decimal Representation Terminating or Repeating
112 0.08333 . . . =0.083 Repeating decimal
1/13 0.076923076923 . . . = 0.076923 Repeating decimal
1/14 0.0714285714285 . . . = 0.0714285 Repeating decinal
| ik 0.0666 . ..=0.08 Repeating decimal
1/18 0.0625 Terminaring decimal
1/17 0.0583235254117647 Repeating decimal
1/18 0.0555 ...=005 Repeating decimal
1/19 0.052631578947368421 Repeating decimal
1/20 0.05 Terminating decimal
1/21 0.047615047619 ., , = 0.047619 Repeating decimal

Interestingly, the first ten unit fractions are split
jually between terimminating and repeating decimals.
udents can conjecture which unit fractions termi-
ate and which ones repeat. The preservice teachers
ho completed this article’s activities, for example,
tickly saw that all the unit fractions that terminate,
«cept for 1/3, have even denominators, whereas all
e unit fractions that repeat, except for 1/6, have
ld denominators. Their insights prompted them to
ok at the next ten unit fractions, which are shown

table 2. Some of those decimal representations
n be found by doing simple division on a calcula-
r: however, others extend farther than the number
digits that a calculator can display before revealing
erminating or repeating pattern. Decimal repre-
ntations of those unit fractions can he found by
ing such computer software as Mathematica. For
is exploration, a teacher could simply provide the
cimal representations of 1/17 and 1/19 te stu-
nts, Summarizing to this point, terminating frac-
ns are 1/2, 1/4, 1/5, 1/8, 1/10, 1/16, 1/20; and re-
ating fractions are 1/3, 1/6, 1/7, 1/9, 1/11, 1/12,

13, 1/14, 1/15, 1/17, 1/18, 1/19, 1/21.

The first twenty unit fractions are not split
pally between terminating and repeating decimals.

The preservice teachers noted that many more unit
fractions scemed to repeat than to terminate, vielding
many more rational mumbers that can be represented
as repeating decimals. “Many more” was the stu-
dents’ term; in fact, botb sets have an infinite num-
ber of elements.

Afrer students cousider the first twenty unit
fractions, they can test their first conjectures and
comjecture which unit fractions terminate and
which ones repeat. The preservice teachers still
thought that for a unit fraction to terminate, it must
have an even denominator (except for 1/3),
whereas they thought that all the unit fractions that
repeat have odd denominators, except for 1/6, 1/12,
and 1/18. Some wondered whether all unit frac-
tions with a denominator that is a multiple of 6 re-
peat, Others huilt from this conjecture, adding the
thought that any unit fraction with a denominator
that is a multiple of 3 or 7 repeats.

When students were prompted to ook also at
possible patterns with the terminating decimals,
some of them noticed that unit fractions with de-
nominators that are powers of 2 or powers of 5 ter-
minate. This tdea placed 1/2, 1/4, 1/5, 1/8, and 1/16
(but not 1/10 or 1/20) in the list of unit fractions
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TABLE 3

Lengths of Periods of Decimal Representations of Unit Fractions with Prime Denominators
n Unit Fraction Decimal Representation Length of Period
2 1/2 0.5 , N/A i
it 1/3 00333...=03 _ 1 0
1/5 0.2 N/A
[ /7 (.142857142857 . . . = 0.142857 6
1i 1711 0.090909 ... =0.09 2
13 1/13 0.076923076923 . . . = 0.076923 6
17 /17 0.0588233294117647 16
19 1/19 0.032631575047368421 18
28 1/23 0.0434782608695652173913 23

that correspond to terminating decimals, A fow pre-
service teachers noticed, however, that the prime
factorizations of 10 and 20 contain only 25 and 5s.
In other words, they found an intriguing pattern in
the unit fractions that tenminate: the denominators
can ahvays he factored into powers of 2, 3, or boti.
All unit fractions with denominators that cannot be
factored into only powers of 2, 5, or both scemed to
repeat, This pattern accounted for evervibing that
the preservice teachiers had noticed. For example,
multiplcs of 3 (including multiples of 6) and 7 con-
tain powers of prime numbers other than 2 and 5.
Thus, unit fractions with denominators that arc
multiples of 3 or 7 do indeed repeat,

The preservice teachers had, in fact, discovered a
correct conjecture, Formally stated, a rational num-
ber o/l in simplest form can be written as a termi-
nating decimal if and only if the prime tactorization
of the denominator containg no primes other than 2
and 5. Using the conjecture on the next four unit
fractions gives 1/22 as a repeating decimal, 1/23 as
a repeating decimal, 1724 as a repearing decimal,
and 1/25 as a terminating decimal. Thesc results
canl be verified by division using a ealculator or
computer software,

Many preservice teachers became interested in
the unit fractions 1/17 and 1/19 because of the
larde numbeyr of digits before the decimal repeats.
The number of places before a dechinal repeats 1s
known as the period. When the preservice tcachers
noticed that 17 and 19 are pririe nuntbers, that
1/17 has a period of 16, and that 1/19 has a period
of 18, they wondered whether the next prime num-
ber, 23, would have a period of 22, Surely enough,
it does, They conjectured that a unit fraction with
denominator p, where p is any prime other than 2
or 5, repeats with a period of length (p - 1),

To test this conjecture, students ¢can build a
chart like table 3 of unit fractions with prime de-
nominators and look at the period of each. The pre-
service teachers quickly noticed that counterexam-
ples to the conjecture arise, since, for example, 1/13
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has a period of 6 rather than 12, However, they
were determined not fo give up on finding a pat-
tern. They were then very interested in securing a
conjecture with respect to a unit fraction’s dencmi-
nator and the length of its period. 'Thus, they modi-
fied the conjecture to state that 2 unit fraciion with
dencminator powhere pis any prime other than 2
or 5, repeats with a period of at most (p - 1). Fur-
ther, thev noticed that if pp is prime and if its period
is not of lendth (p - 1), then the length of the period
is a factor of [ — 1). Returning to the cxample
1/13, although the period 1s not of leugth 12, the
period's length of 6 is a factor of 12,

Several preservice teachers were still interested in
invesrtigating other properties of the vepeating deci-
mals. They noticed thar some decimal expansions
have repeating portions that begin iminediately to the
right of the decimal point, whereas others have re-
peating portions that do not. The prrely periodic deci-
mals, whose decimal expansions have repeating pos-
tions that begin immediately to the right of the
decimal point, can be seen in the decimal representa-
tions of 173, 1/7, 19, 1711, 1/13, 1/17, 1/19, 1/21,
and 1723, The delayed periodic deeimals, whose deci-
mal expansions have repeating portions that begin
afrer a delay to the right of the decimal point, include
76,1712, 1/14, 1715, 1/18, 1/22, and 1/24. For ex-
ample, 1/6 =0, 16 has an infinitely repeating part that
begins ane place to the night of the decimal point,
viclding a delay of length 1. Similarly, 1/12 = 0.083
has an infinitely repeating part that beding tvo places
to the right of the decimal point, yielding a delay of
length 2. Table 4 surmmarizes the lendihs of delay of
the unit fractions considered thus far.

‘The preservice teachers remembered that they
could use the prime factorization of the denominator
of a unit fraction to determine whether its decimal
representation terminates or repeats; they suspected
that the length of delay of a repeating decimal can be
determined by appealing to prime factorization,
Thev decided to consider the repeating decimals
with delay lengths that are greater than zero (that s,




TABLE 4

Length of Delay of Unit Fractions Having Decimal Representations That Repeat

Unit Fraction

Decimal Representation

Length of Delay

1/3 0.333...=03 0 (purely periodic)

1/6 0.1666...=0.16 1

1/7 0.142857142857 . . . = 0.142857 0 {purely periodic)

1/9 0.011...=0.1 0 (purely periodic) i

1/11 0.090909 . . . = 0.09 0 (purely periodic) |

1712 0.08333 ... =0.083 2

1/13 0.076923076923 ., . . = 0.076923 0 (purely periodic)

1/14 0.0714285714285 . . . = 0.0714285 1

1/15 0.0666 ...=0.06 1

IiET 0.0388235294117647 0 (purely periodic) i

1/18 0.0555 .. .=0.05 1 ' 1
i 1/19 0.052631578947363421 0 {purely periodic) |
! 1/21 0.047619047619 . . . = 0.047619 0 (purely pertodic) ]
| 1/22 0.0454545 . . . = 0.083 1 ’
E: 1/23 0.0434782608695652173913 0 (purely periodic)
| 1o 0.041666 ... =.0418 3

| Prime Factorization of Denominators of Unit Fractions Having Delayed Periodic Deeimal
Representations
Unit Fraction Decimal Representation Length of Delay Frime Factorization
of Denominator  ;
1/6 0.1666...=0.16 1 2e3 |
1/12 0.08333 .. .=0.083 2 2°e 3
1/14 0.0714285714285 . . . = 0.0714285 1 2e7
1/15 0.0666 . .. =0.06 1 3s5
1/18 0.0555...=10.05 1 203
1732 0.0454545 . .. =0.045 1 211 i}
1/24 0:041666. . . = 0.0418 3 2'e 3 1

the delayed periodic decimals) and determine
whether any patterns involved 2s and 5s again. The
work for this investigation is shown in table 5.

One preservice teacher nioted immediately that
when the prime factorization invelved 25, the
length of the delay matched the power of 2. Others
noticed that when no 2s were in the prime factor-
ization (such as with 1/15), they could look at 5s;
the length of the delay matched the poser of the 5.
Most wanted to test these ideas with other cases
and particularly wondered what would happen if
hoth 2s and 5s appeared within a prime factoriza-
tion. Clearly, they remembered that the denomina-
tor of the unit fraction must have at least one prime
factor other than 2 or 5 for the decimal to repeat,

Cases such as the ones shown in table 6 can
be tested.

After testing some other cases, most preservice
lteachers were comlortable with the conjectures

about factors involving 2s and 5s. They simply added
that if Loth 25 and 5s appeared within a prime factor-
wzation, the length of delay is the Ighest power of ei-
ther the 2 or the 5. Again, the preservice teacliers
had arrived at a correct hypothesis. That is, the
length of delay of the decimal representation of a
given rational number corresponds to the highest ex-
ponenf on either the 2 or the 5 in the prime factor-
ization of the denominator of the {ractional represen-
tation of the rational muuber. It foilows that a
rational number is purely periodic if and only if the
denominator has no factors of 2 and 5 (that is, the
denominator is relatively prime to 10}, It also follows
that any rational number with a prime denominator
greater than 5 must be purely periodic.

EXTENSION: BASE-FOUR INVESTIGATIONS
Learning whether the patterns found in base ten also
work in other base systems is an interesting activity.
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TABLE 6 -

More Cases of Prime Factorization of Denominators of Unit Fractions Having Delayed
Periodic Decimal Representations
Unit Fraction Decimal Length of Delay Prime Factorization
Representation of Denominator
1/30 0.03 1 2835
1/48 0.02083 4 2'e3 |
1/56 0.017857142 3 2'e 7 '
1/60 0.016 2 Fe3as
1/75 0.013 2 3e5
1/150 0.006 2 2835
1/1200 0.00083 4 2'e3e5
1/30,000 0.00003 4 2'e3as5 |

For example, one might wonder how to tell whether
a umnit fraction in base four has a “hasimal” represen-
tation that terminates or one that repeats, (Note that
the word hasimal replaces the word decimal, since
deei refers specifically to base ten only, whereas hasi
refers to any base. We chose the term basimal vepre-
sentetion because some readers may not be familiar
with the term redix representation. Radix refers o
the number base of a numeral system., An Internet
scarch on the word hasimeal led to results that may be
more applicable for use in the high school classroom
than the word radix, if a reader wants to further pur-
suc the ideas presented in the article.)

Before we consider base-four basimals, we
briefly review operations in base four. 'The base-ten
systemn uscs ten digits (0, 1,2, 3,4, 5,6, 7,8, and 9)
and place value to denote sets of ten; the base-four
systenn uses four digits (0, 1. 2, and 3) and place
value ta denote sets of four. Counting in hase ren
involves 0, 1, 2, 3,4, 5,6, 7, 8§ and 9, lollowed by
10 to represent one set of ten, As the numbers in-
crease, every new set of ten creates a new place-
value position. For example, 100 represents ten sets
of ten. Similarly, base-four counting begins with
0. ., L., 20and 3., and then continues with
10, . to represent one set of four. As the numbers
increasc, every new set of four creates a new place-
valile position, In this manner, the numbers up to
100, ;are 0, L 20,3010, 1, 120,

Addition, sabtraction, multplication, and divi-
sion ¢an be performed in base four with the same
algerithms used in base ten. Addition can be com-
pleted by adding the digits in given place-value posi-
tions and carrying sets of four. Adding 213, and
1220, ... for example, vields 2033, . 'The 3 in the
rightmost place-value position comes from adding
3., and 0, , and the 3 in the second place-value
position {moving left) comes from adding 1., and
2, . The 0 in the third place-value position {contin-
uing to move left) comes from adding 2., and 2, ..
detting 10, , recording the 0, and carrying the 1
into the next place-value position (moving left),
This carried 1, , is added to the 1., from 1220
to vield 2. _ in the fourth position,

Much like addition, subtraction can be com-
pleted by subtracting the digits in given place-value
positions and borrowing sets of four. Standarnd algo-
rithms for multiplication and division incorporate
addition and subtraction facts. The preservice
teachers who completed the activities in this article
practiced many base-four operations before doing o
basimal investigation. While working on practice
problems, they built a table, shown as table 7, of
base-four multiplication facts to enable them to
complete their work more quickly, Seme completed
the table using repeated addition, for example,

tavr

31, %3, =31, +31,, +31, .

fear

fe :r leoar? .
lS:r i 2’0' Bl 211»‘\\! 22:’« (3] 23[- ary 30[( it :-“ it 32.‘,“, = 1221’( w+ 31!\: iy
33 . and 100, . Here, 100, , represents four scts =213,

of four, which 1s equivalent to 16 i base ten.

| Base-Four Product Chart i

L' ] o 1 g 7] 10 i R R IR T TR T T
To o o 0 0 o:ilTo g R BT T o | o a: | a 0
= 1 2 aclag | [zl | 20 | s ezibas [aar| s 32 | 3z | 100
2 | o 2 | 10 [ 1220 [ 22| 30 [3z | 100 {102 ] 110 [ 12 [1zo 122 | 130 | 132 | 200
I 3 | 12 [ 2t {30 {33 10z} | a20 {12332 200 {210 [213 | 232 | 231 | 300
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whereas others noticed that quicker base-ten methods 31,
worked in base tour {for example, 31, % 3,.. =213, b
since 1, % 3, =3, in the ones place-value
column and sinee 3,.,, x 3, =21, in the next col-
wmr, moving left). pArI S
A slightly more coniplicated multiplication ex-

ample is 31, x 23, . When the standard algerithm
for multiplication is used, the problem can he set up
vertically and completed as in the steps in figure 1. 31

Set up prohlem vertically,

Multiply digits using standard algorithm,

213 ' Place results in stair-step pattern (31, x 3, =213, ,
written in the first row and 31, x 2, =122 writ-
ten in the second row one space from the rightmost
place-value position).

L

(137}

fioun Add digits in given place-value columns, carrving

The multiplication facts in table 7 are uscful . A i T sets of four. Note: The 0 in the third place-value
not only for more complicated multiplication prob- 9193 | position (from the right) comes from adding 2, , and
lems, but also for long division. Figure 2 shows the s 2, getting 10, , recording the 0, and carrying the 1
steps for completing 130, + 2, by using multi- _AH__ into the next piace-value position (moving left). This
plication and subtraction facts, R 1 then gets added in the next (fourth) column.

As table 8 shows, students can use Tong division |
to complete work for a set of unit fractions. The Fig. 1 Steps for sciving 31, = 23,
first seventeen numbers in base four are 0., 1, —
Becidece W, 11, 120 ) 155, B0es @l il o - T Set up long division.
23,...30,., 31, .32 .33, ,and 104, so the 2.,J130,, Consider how many times 2 does into 1.
first fifteen unit fractions can be compiled with Since 2, does not go mnte 1, consider how
these values {except for 0, and 1, ) in denomina- many times 2, | does into 13, . Using multipii-
tors. Each long-division problen involves replacing cation facts,
the numerator of 1 with 10000 ., ., using as many 9 w1l =2
0's for place-holders as needed when carrying out i

2o X 20, =10,

the division process and leoking for repeating pat-

! e P KB =12,
terns in the result. For example, the unit fraction '

1731, ., requires an extension of seven Vs, the first and
six of which are needed to find tiie repeating por- 2% 10, =20,

tion of the basimal and the seventl of which is
needed to discover when the repeating portion be-
dins a new cycle. Sec figure 3.

The preservice teachers who completed table 8
found it useful to see some long-division examples

Sinee 2., x 3., is less than 13, and since 2
% 10, is dreater than 13, 2., goes into 13
at moest 34, times.

oo

Toart Yoo

Record the 3, above the problem setup and

in base four and then completed the remaining 3 . o . )
problems, They then set out to find patterns using v, JT30, . ;he Pmd“ft 13; 1 1‘-'*510.“’ fh'@- Pl?m@”_l setup. ‘
the denominators of the unit fractions that mav de- 1 : 1.1l?tm.cft' 1%1; \TOm 13.',.,,, and er'gl dO“jﬂ Eht
termine whether the basimal representation termi- o next digit. This work yields a remainder of
nates or repeats. Recailing that terminating deci- 10,

mals 111 base ten correspond to a prime fuctorization Consider how many times 2. does into 10
of the denominator containing no primes other . L < e S feurt
than 2 and 5, the students guessed that a similar 9 Il—i’é— Snee

pattern may hold true i base four, Since the nu- I 2y % B i,

meral 5 does not exist in base four, the preservice 12 ' . ) i

teachers knew that the cxact pattern from hase-ten i0 21 lgoes into 10, , exactly 2, times. Record
computations could not hold true in hase-four 10 the 2, , above the problem setup and record
work. One student thought that the 3 could just be 0 the product 10,.,, belaw the problem setup.

Subtraet 10, from 10,.,. This work vields a
remainder of 0, . Since no other digits can be
brought down, the problem is finished.

[T

“tlirown away” or ignored, leaving a pafttern involy-
ing prime factorization of denominators containing
no primes other than 2, . Others thought that the 5

should be converted into base-four notation (that is, 150, + 2., =32, |  The result can be checked with multiplication:
11,.,.), yielding a pattern involving prime factoriza- 32, .% 2., =130, ,

tion of denominators containing no primes other

than 2, ,and 11, ... Fig. 2 Steps for solving 130, . + 2,

To test these conjectures, the preservice teachers de-
cided to stick with the idea of prime factorizations, and
they used base-four muliplieation facts to factor the
denominators of the unit fractions in question.
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TABLE 8

| Base-Four Unit Fractions and Their Basimal Representations

Unit Fraction Basimal Representation Terminating or Repeating
1/2 0.2 f Terminating hasimal
1/3 0.111...=01 Repeating basimal
1710 a.1 Terminating basimal
1/11 0.0303...=003  Repeating basimal
1412 00222, 1=0.03 Repeating basinal I
1/13 0.021021 ... =0.021 Repeating basimal
I 1/20 0.02 Terminating basimal
1721 0013013 ...=0.013 Repeating basimal
1/22 0.01212 ... =0.0ﬁ ; Repeating basimal
1/23 00113101131 .. . = 0.01131 Repeating basimal
1/30 0.0111 ...=0.01 Repeating basimal .
1/31 0.010323010323 . . . = 0.010323 Repeating basimal - |
1/32 0.0102102 . .. = 0.0102 Repeating basimal
i 1/33 0.0101...=0.01 Refaeating basimal
| 1/100 0.01 Terminating basimal
0.0103230 . ... 1 Table 9 shows this work. Since counterexamples
31, JL.O00ODO00, ... arise, comparing the results in table 8 and table 9
| 31 rules out the conjecture about a pattern involving
| 300 prime factorization of denominators containing no
| 213 primes other than 2,.  and 11, . However, the conjec-
| 210 ture about a pattern involving prime factorization of
1D denominators containing no primes other than 2,, .
290 seems to work, On further reflection, the preservice
213 teachers were content with this ides, thinking that the
100 2 and 5 are “special” in base ten because they are the
31.. . (problem repeats from beginning) prime factors of ten (10, ) and lkewise that the 2, is
“special” in base four because it is the only prime fac-

Fig. 3 With long division, the unit fraction /31 requires an extension of seven zeros,

Base-Four Prime Factorization
* Unit Fraction Prime Factorization of Denominator
1/2 2
1/3 31
1/10 2
1/11 Ll
j 1712 2w X |
. 1/13 13 '
1/20 op
1/21 3
1/22 291l
1/23 23
1/30 prt
1/31 31
1/32 2#13
1/33 3e11
1/100 r
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tor of four (10,. ).

Thus, the conjecture that a rational number o/
1 simplest torm in base four can be written as a
terminating decimal if and only if the prime factor-
ization of the denominator contains no primes
other than 2, was denevally accepted. Two more
cases are checked in table 10.

SUMMARY OF INVESTIGATIONS

In working on all the preceding activities, students
are encouraged to look for patterns, make conjec-
rures, test conjectures, discover number-theory
facts, and investidgate mathematics, Exploring seri-
ous mathematics challenges both students and
teachers beyond the usual mundane pursuits of ordi-
nary arithmetic. The conjectures made by the pre-
service teachers who worked through the activities
brought out many fascinating ideas and led them to
delve further info mathematics, The preservice
teachers developed theorems about rational num-
bers through discovery methaods, rather than by
memorizing them from a textbook, Many of the stu-
dents were denuinely excited about their pursuits




TABLE 10

‘jase-Four Unit Fractions, Basimal Representations, and Prime Factorization

| Unit Fraction Basimal Terminating or Repeating Prime Factorization
Representation of Denominator
1/133 00020100201 . ., =0.00201 Repeating basimal 133
1/200 0.002 Terminating basimal -~ |
and accomplishments and gained a sense of pride MARLENA HERMAN, herman®@

from developing their own ideas.

Teachers and students can use sheets 1 and 2 to
complete the activifies that the preservice teachers did
in this article. Solutions to these activity sheets can he
found throughout the article, Readers are further en-
couraged to explore methods of determining the
lengih of the pericd and the length of the delay of basi-
mal representations that repeat in base four. In fact,
readers can repeat the above actvities in various other
bases. Building on the ideas presenred in the article,
readers can develop deneral theoremns about the hasi-
mal representations of unit fractions, given any base.
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