Direct Products

Let A and B be sets. The Cartesian cross product of A with B, denoted A x B,
is the set of all ordered pairs (x,y) where x € A and y € B. If G and G, are groups,
the external direct product of G; with G, is also denoted in the same manner: G; X Gs.
The set of elements that constitute G; x G is precisely the same set as the Cartesian
cross product of G;with G,. However, the external direct product of G; with G is
endowed with an operator. If x,and x, are in Gy and y, and y, are in G5,

(x1,y1) % (22, y2) is defined to be (x; - z2,y1 - y2) where the " - " in the first coordinate is
the G; operator and the " - " in the second coordinate is the G, operator. There should be
no ambiguity in using " X " in these two different but related ways in this text.

Is G; x G4 a group? That ¥ is closed, associative and well defined is inherited
from the G; and G operators. (eg, e5) acts as an identity for G; X G5 where e is the
identity of G; and e, is the identity of Go. Finally, (z,y)? is (z™!, y!) where the inverses
in the last ordered pair take place in Gy and G, respectively. G X G5 is a group.

External direct products can be used to create new groups from ones we've already
studied. If either G| or GG, are non-abelian, G; x G5 will be non-abelian. Sometimes
G x G4 will be an isomorphic copy of a group we have already studied. As an easy

example, consider Z » X Z 5. The elements are ([0], [0]), ([0], [1]), ([1], [0]) and ([1], [1]).
An operating table is:

Z o xZ | ([0],[0]
([o], [0]) | ([o],[0]

) | ([0}, (1)) | (1], [0]) | ({a), [1]
) | ([0}, [1]) | ([1],[0]) | ([x), (1]
([0}, (1)) | (o1, [1]) | ([0}, [0]) | ([}, (1) | ([1], [0]
(O, fop) | (@, fop) | (1, (1)) | (o], [o)) | ([o], [1])
(L, 1D | (@) |l ol | (o, 1) | {[o], [o])

% 9 X % o is an isomorphic copy of Ky. We will use the symbol " ~ " to mean "is
isomorphic to". Therefore, Z o x Z 5 ~ Kj4.

)
)
)
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Let's construct an operating table for Z , x Z 3. We will drop the brackets that
we have been using to denoted equivalence classes in order to shorten our notation.

Z,x%5)(0,0)](0,1)](0,2 1,0 ]@11)](1?2)
(0,00 ](0,0)](0,1)}(0,2)] (1,0 | (1) |12
0,1) |(0,1)](0,2) (0,0 |(1,1)](1,2) | (1,0
0,2) |(0,2)](0,0)](0,1)](1,2) | (1,0) | (@Q,1)
(1,00 }(1,0) | (1,1)|(1,2)](0,0)](0,1)](0,2)
L1y 1) [E,2)]1,0]061)](02) (0,0
(1,2) [ (12)] @0 ](@1)](0,2)](0,0)](0,1)

Consider the injective function:

N

S, XS; Se

(0,00 —>0

(0,1) 1
(0,2) 2
(1,0) 3
(1,1) 4

1,2) ——=> 5

You should verify that this is a homomorphism (36 equations must be confirmed)
and therefore, since it is injective, an isomorphism. Once this is accomplished, we have
established that Z o X Z 3 ~ Z 5. As we will see later in this chapter, it is no accident
thatZQXZ32Z6bUtZQXZQ¢Z4.

A fascinating use of external direct products is to create new groups from the
groups we already know. For example, if we cross (Jg with the integers under addition we
create an infinite non-abelian group.
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For any two groups G and Gy, it is easy to show that G; x G5 ~ G5 X G. The
function f(a,b) = (b, a) can be used to establish this isomorphic relationship. As a result,
order will be of little consequence when writing external direct products. Also, we can
extend the definition of external direct products to as many groups as we wish. For
example, G; x Gy x G5 will be a group of ordered triples.

Let G be a group. Let N; and N, be normal subgroups of G. We say that G is
the internal direct product of N; and N, (written G = Ny ® N,) iff:

1. Ny - N, spans G. This means that if x is any element of G then there exists an
element y in N; and anelement sin Ny > z =y -z

2. N1 ONQ = {6}

As an example, let G; = Z . Let N; = {[0], [3]} and N, = {[0], [2], [4]}. If
you compute N; - No you obtain:

(0] +[0] = [0]
[0] +[2] = [2]
[0] +[4] = [4]
[3]+[0] = [3]
[3]1+[2] = [5]
[31+[4] = [1]
Also, Ny NNy = [0]. . Z ¢ = {[0L[3]} ®{[0],[21.[4]}

Let's look at some non-examples. D3 # {e,a} ® {e, b, b*}. While the product of
these sets spans D3 and their intersection is {e}, only the second set is a normal subgroup
of D3. Qs # {1,-1,4,-i} ® {1,-1,7,-7}. Spanning is not the problem here nor is
normalicy. The intersection of these sets has two elements. Let G be the positive reals
under multiplication. Let N; be the set of all integral powers of 2 i.e. Ny = {...,23, 22,
271,20, 21, 2223 ..} Let N, be the set of all integral power of 3. G # N; ® Ns.
Here the problem is spanning. 7, for example, cannot be written as the product of a power
of 2 times a power of 3.

Theorem: Let G be a group. Let N; <G and N, <Gy. IfG = N; ® N, then for
everyzin Ny andyin Ny, z-y=1vy- 7.

Proof: Consider the element zyz 'y (This product is called a commutator). Let's first
group the product in the form (zyz!)y!. We know that N, is normal. Thus,

zyz! € Ny. Sincey € Ny, we know y' € N,. Finally, the product of zyz™! and y!
must be in N, because of closure. ", zyz'y' € N,.
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Let's associate the same product in the equivalent form z(yz'y?) = « (y:cy‘1 )'1

We know that N; is normal and z € Ny. .. yxy' € Ny .. (yacy'l)'1 € N;. Hence
zyy 'y € N;. Combining this fact with our previous result, we obtain:

:L'y:r'ly'l e NyN N,

However, Ny N N, = {e}
zyrlyl — e

=zyrl =y
= gy = yx
QED

Care must be taken in interpreting the result of the last theorem. The theorem
does not say that if G = N; ® N, then G must be abelian. It does say that any element of
N, will commute with any element of N,. However, if two elements are both from N; (or
N,), they might not commute with each other. For example,

D = {e,b°} ® {e, a,b? b*, ab?, ab*}. Note that e and b> commute with each of the
elements in the second subgroup. However, if we select a and b% which are both in the
second subgroup, a - b% # b? - a.

Theorem: IfG = N; ® N, and zis any element in G then x has a unique
representation of the form h - k where h € N; and k € N,.

Proof: Since N; - N, spans G, each z in G has at least one representation of the form
h -k where h € N; and k € N,. Could some z in G have two or more such
representations? Suppose so. Suppose z € G and equals both ki k; and hoky where
hy,he € N; and ky, ky € N, and either hy # hy or k; # ks. We can deduce that :

hiky = hoky
= hl kl kél = hg
= kl kél = hil h2

Because of the definition of a subgroup, k; k; € Ny. Also hil ho € Np. Our last equation
says that an element of N, equals an element of N;. Since N; 1 Ny = {e}, both sides of
the last equation equal e.

kl k‘él =e and hilhg =e
:>k1:k2 and h2=h1
S R—
QED

The next two theorems establish that there is only a cosmetic difference between
internal and external direct products.
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Theorem: IfG = N; ® N, then N; x N, is isomorphic to G.

Proof: Consider what we obtain when we construct N; x No. We obtain the set of all
ordered pairs of the form (z,y) where z € Ny and y € N,. Define f : Ny X Ny — G as
f[(x,y)] — z -y where x € N; and y € N,. Note that N, - N, must span G so that this
function must be surjective. Consider:

f[(:cl,yl) -z, yg)] = f[(.’L’llL‘g, ylyg)] = X, - Y1Y2. By a previous theorem, every
element of N; commutes with every element of N,. Therefore, the previous product can
be written z1y; - oYz = f[(wl,yl)] -f[(xg,yg)]. .. f is a homomorphism.

Is f injective?
Suppose f[(fﬂl,yl)] = f[(%,yz)]
= T1Y1 = Ta2lY2

By a previous theorem, each element in G has a unique representation as an
element of N; times an element of N,
ST =X and Y1 = Y2
.. f is injective.
QED

Theorem: If G = G; x G5 then there exist normal subgroups N; and N, of G >
1. N is isomorphic to G
2. N, is isomorphic to G,
3. G=N; ® Ns.

Proof: Let N, = {(z,e3) | z € G;}. Itis easy to show that N; is a normal subgroup
of G. It is also easy to show that f : N; — G, defined by f[(z,€e2)] = z is an
isomorphism. Similarly, the set Ny = {(e1,¥) | ¥y € G2} can be shown to be a normal
subgroup of G that is isomorphic to G.

Every element (x,y) in G can be written as (z, e2) - (e1,y). Therefore Ny - Ny
spans G. Suppose (z,w) € N; N No. Because (z,w) € N;, w = e;. Because
(z,w) € No,2=r¢€;. .. (2,w) = (e1,e2) which is the identity of G.
G = N1 & NQ

QED

Example 1

When we examined external direct products, we discovered that Z , X Z 5 ~ Kj.
The sets {e, p) and {e, g} are both normal subgroups of K. Further,

{6,p} & {87 q} = K4'
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The following charts:

e € q
e e e e q
P P e q q e

are both isomorphic copies of Z » :

(o] [ 1]
[0] | [01 | [1]
[11 | [11 ] [0]

In a sense, K4 equals Z 5 X Z 5 both internally and externally. This is essentially
the thrust of our theory.

Example 2

Earlier, we found that Z 5 x 3 is isomorphic to Z . We also found that
Z ¢ = {[0],[31} x {[01,[21,[4]}. Since {[0],[3]} is isomorphic to Z , and {[0],[2],[4]} is
isomorphic to Z 3, we again confirm the internal/external equivalence of direct products.

Example 3

We pointed out in this chapter that
Ds = {e,b°} ® {e, a,b*,b*, ab®, ab*}.

The second normal subgroup in this product is an isomorphic copy of D3 (you should

verify this). The first normal subgroup is an isomorphic copy of Z ;. We can now deduce
that DG ~ Zg X Dg.
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