The Class Equation

Let G be a group. The set of all elements x that have the property that z9a = a¥x for
every a in G is called the center of G. We will use the symbol Z for the center of a group. While
there is some chance that you might confuse this symbol with the symbol for a modular group Z,,
the only other widely used symbol for the center of a group is C which we will put to a different
use. . Z ={z|z € G and z%a = a¥kz for every a € G}. In other words, the center of a
group is the set of elements that commute with all other elements. Please note that in any group,
e € Z. Thus, the center of a group is never the empty set.

Example 1: The center of any abelian group is the entire group.

Example 2: If G = D, then Z = {e, b?}. This can be confirmed by a quick inspection of the b>
row and column of your group table for Dy.

Example 3: If G = Qg then Z = {1,-1}.
Theorem: Let G be a group. Let Z be its center. Z is a normal subgroup of G.

Proof: Closure
Let z; and z, be elements of Z. We must prove that z; - zo € Z. Let a € G. Consider:
(z1-29)-a=2z - (z9-a)
=z -(a-zy)sincezy € Z

Inverse Closure
Let z € Z. We must prove z! € Z. For any a in G, we know:
az = za

ctaz=a
,',z'la = qz”!

~rtez
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NTC
Leta € G, letz € Z. Consider:
azal = zaa™
= ze
=z€eZ
cazaleZ
VAN E
QED

Definition: Let G be a group. Let a € G. The centralizer of a (denoted C(a)) is defined to be
the set of all elements x in G suchthatx-a = a - .

Note that for any group G and any element a init, Z C C(a). Note also that C(a), for
a # e, always contains at least two elements. e € C(a)since e - a = a - e always. Also
a€Cla)sincea-a=a-a. Ifa’ # a,thena is a third element of C(a) since a - a™!
always. For any group, if z € Z then C(z) = G. Finally, if G is an abelian group then
C(a) = G for any a.

=a'l-a

Example 1: In Qg, C(¢) = {1.-1,4,-i}.
Example 2: In Dy, C(b) = {e, b,b%,b%}.

Example 3: In Zs, C(2) = Zs.

Theorem: Let G be a group. Leta € G. C(a) is a subgroup of G.

Proof: Let z; and x, be elements of C(a). Consider :
(wlxz)a = 1(220) = r1(azy)
= (z1a)zy = (az1)zs = a(z122)
s A(z1z2)a = a(z129)
S.X1X0 € C’(a)

Inverse Closure
Let z € C(a)
By definition ax = za
= a = zaz’
= zlag = ax!

szl e Cla)

QED
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For a given group G and element a, C(a) may not be normal. If G is finite, o(C’ (a)) has
to be a divisor of o(G) as is the case for any subgroup. The right cosets generated by C(a)
partition the group into disjoint subsets and the right cosets all have the same order. The same
can be said for the left coset. For an example of a centralizer that is not normal, consider a in Ds.
C(a) = {e, a} which we know by previous calculations is not normal in Ds.

Definition; Let G be a group. Let a € G. An element b in G is said to be conjugate to a if and
only if there exists an element x in G such that b = zaxl.

If G is an abelian group, the only element conjugate to a is a itself since
zax = zx'a = afor any a. Further, if a is in the center of a non-abelian group, then once
again the only conjugate of a is a itself for the same reason. To discover the set of all conjugates
of a given element a by brute force one needs to compute zaz™ for every z in G.

Theorem: Let G be a group. Define a relation R on G by: aRb iff a is conjugate to b, e iff
there exists z in G such that @ = zbx!. R is an equivalence relation.

Reflexive Property
Since eae’! = eae = a for any a, a is a conjugate to itself. .. aRaforanyainG.

Symmetric Property
Suppose aRb. There exists x such that a = zbx.
= z'la = bz’
= zlax =b
Lety = z”'. We know that y! = (31;'1)'1 =z
syayl=b
.. b is conjugate to a
S bRa

Transitive Property

Suppose aRb and bRc.
There exists z; such that a = z,bzy'. There exists z, such that b = ZoCXy .
Consider:

a = zbx}

a= xlxgcx'gl x'll

a = (z122)c(z122)"

Let z120 = x3

Then: a = x3cxy

.aRc
QED

The Class Equation
Unpublished Work © 2000 Larry Howe Page 3




As we know, all equivalence relations induce equivalence classes on the set upon which
they are defined. By an early theorem in this text, two equivalence classes are either equal or
disjoint. We can see that any collection of distinct equivalence classes that have the property that
every element in the set is in exactly one equivalence class acts as a partition of the original set.
We have seen this before when we partitioned a group into cosets induced by a particular
subgroup. However, partitioning a group by cosets is far different from partitioning a group by
conjugacy. If the group is finite the order of any one coset is the same as any other coset.
However, as we are about to see, partitioning a finite group using conjugate classes creates
disjoint or equal subsets that do not have the same order. In other words, if a and b are elements
of a finite group G, then the order of the conjugate class generated by a may well be different that
the order of the conjugate class generated by b.

First a definition. The conjugate class of an element a in a set G (denoted cl(a) is defined
to be the set of all elements conjugate to a. In other words:
Definition: cl(a) = {b|b = waz™ for some z € G}

Example 1: Let G = D3 = {e, a, b, b’ab, ab*}.
cl(e) = {e} since zex! = e forall z
cl(a) = {eae'l, aaa’l,bab™, (bg)a(bg)-l, (ab)a(ab)'l, (abQ)a(abQ)_l}
= {a, ab, ab’}
cl(b) = {ebe”, aba, bbb, b7 (1), (ab)b(ab)", (ab2)b(ab?)" }
= {b’ b2}
cl(b?) = {b,b%}
cl{ab} = {a,ab, ab?}
cl{ab?®} = {a, ab, ab?}

You should verify each of these results! Dj is the union of distinct classes and o(D,) is
the sum of the orders of the distinct classes.
We could say:
o(D4) = o(cl(e)) + o(cl(a)) + o(cl(b))
or

o(Dy4) = o(cl(e)) + ofcl(ab?)) + o(cl(b?))

We could not_say:

o(Dy) = o(cl(e)) + ocl(a)) + o(cl(b)) + o(cl(b?)) + o(cl(ab)) + o(cl(ab?))

The two equations above for o(D,) will soon be examples of a principle called the
"class equation".
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Example 2: Let G = Qs = {1,-1,4,-4,j,-j, k, -k}
cl(1) = {1}

el(-1) = {-1}
cl(i) = {i, i}
cl(-i) = {i,-i}
cl(j) = {3,-5}
cl(-j) = {4,-3}
cl(k) = {k,-k}
cl(-k) = {k,-k}

Therefore, 0(Qs) = o(cl(1)) + o(cl(-1)) + o(cl(-¢)) + o(cl(-5)) + o(cl(k)) or any of a
number of other representations as the sum of orders of disjoint conjugacy classes.

The preliminary "class equation” we have derived by knowing that conjugacy is an
equivalence relation is:
Class Equation Part I: If G is a finite group then o(G) = > o(cl(a)) where the sum
a €qG
includes each equivalence class once and only once. In other words, if a is conjugate to b and
o(cl(a)) is one of the addends in the sum then o(cl(b)) is not one of the addends.

Theorem: Let G beagroup. Let p € G. cl(p) = {p}if and only if p is an element of Z, the
center of G.

Proof: Ifp € Z then xpxr! = prx! = pforall z.
- cl(p) = {p}
Conversely, suppose cl(p) = {p}.
Then, zpzr! = p forall z € G.
Sxp=pxforallz € G
S PEZ
QED

We now know that any time the conjugacy class of an element is a singleton then that
element is a center element. The union of the singleton subsets must yield the entire center of the
group. Therefore, o(Z) = > o(cl(c)) where the sum is computed for each center element c.

Note that for each such ¢, o(cl(c)) = 1.

Class Equation Part II: If G is a finite group, o(G) = o(Z) + 3 o(cl(a)) where Z is
the center of G' and the sum on the right assumes each conjugate class is represented once and
only once and each a in that sum is not an element of Z. For QJg, we obtain:

o(G) = o(Z) + o(cl(s)) + o(cl(j)) + o(cl(k)) where Z = {i,-i}.
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We will now establish a relationship between the centralizer of an element and the
conjugate class of that element for finite groups. We proved that C(a) is a subgroup. All

subgroups generate left cosets which are disjoint or equal and whose orders in a finite group are
o(G)
o(C(a)) :

identical. The number of left cosets generated by C(a) is given by

Suppose zC(a) = yC(a)
=z € yC(a)
= x = yr for some r € C(a)
coxax! = (yr)a(yr)! = yrarly?!
= yarrly! [since r € C(a)]
= yay’!
.. x and y generate the same conjugate of a.

Conversely, suppose x and y generate the same conjugate of a. Then:
zar! = yay'1
= ylea =ay'lx
= ylz € Cla)
=z € yC(a)
= zC(a) = yC(a)

We have proven that the number of conjugates of a equals the number of left cosets
generated by C(a).

- o(cl(a)) = 0(/G)

Class Equation Part II1: For any finite group G,

o(G) = o(2) + X3

where Z is the center of G and each conjugate class is represented once and only once in
the summation.
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