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FRACTIONAL DERIVATIVES AND SPECIAL FUNCTIONS*
J. L. LAVOIE,T T. J. OSLER} AND R. TREMBLAY Y

Abstract. The fractional derivative operator is an extension of the familiar derivative operator D"
to arbitrary (integer, rational, irrational, or complex) values of n. The most important representations
which have been proposed for this concept are reviewed in this paper. In particular, those representa-
tions which appear to be of greatest interest for use in exploring the special functions, are presented in
detail. A list of selected formulas and theorems on fractional differentiation is presented. Applications
to the summation of series and the evaluation of definite integrals incorporating special functions are
mentioned.

1. Introduction. The most commonly encountered explicit representations
for the special functions of mathematical physics are power series and definite or
contour integrals. As an example, the Bessel function is given by the power series
S (_ 1)kZ 2k+v

L= Y Tk + 1)

and by several definite integrals, one of which is

J(z)= 27727 J" cos tdt
BN S R O s Rl

Less often, the so called “Rodrigues type formulas” are used to define the
function by means of repeated differentiation as in

Zn+1/22n+1/2 dn cos z
Tord) = (df)"< 2 )

At first glance, this representation for J,(z) with » = —n —3 seems to be valid only

whenn =0, 1,2, - - - . However, by appropriately defining the “fractional deriva-
tive of arbitrary order a with respect to z°,” we can generalize d"/(dz®)" to
arbitrary (integer, rational, irrational or complex) order a which we denote by

D3. Thisleads to

/2Aa+1/2
z°%? Cos z
Dz ,

e z

Joamipp(2) =

which is valid for all a.

At times the representation by fractional derivatives is more convenient than
that by power series and by definite integrals because the notation itself suggests
manipulations which would otherwise not seem obvious. As an example, the
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definite integral
I e R SN ES
1)

in fractional derivative notation is nothing more than the obvious relation (see
§19)

COS zZ
D:D%:—== D"
z

CoS z
7

The mathematician has much experience with D" and fortunately this experience
often carries over to D®. Expressions like D" = D*D® the Taylor’s series, the
Leibniz rule, etc., familiar from the elementary calculus do indeed have counter-
parts in the fractional calculus which can often be guessed quite easily [10], [17]
through [25].

In Part I of this paper we review various representations which have been
proposed for fractional differentiation. Those representations which experience
has shown are of much interest in describing the special functions are considered
in detail. These include the power series (§ 3), the Riemann-Liouville integrals
(8§ 5), and the Cauchy and Pochhammer type contour integrals (§§ 11, 12 and 13).
Those representations which have been of less interest in the study of the special
functions are treated lightly. These include the Weyl fractional derivatives (§ 6)
and the definitions generated by Fourier and Laplace transforms (§ 7).

The simplest representations are presented first. These include the fractional
derivatives of the two functions e* and z”. The surprising fact that these two
representations are inconsistent leads to the conclusion that fractional differentia-
tion, like integration, must be viewed as taking place between lower and upper
limits! Where it seems instructive, brief mention of historically related notes is
included. Gradually the representations become more involved, until we arrive at
the Pochhammer integral in § 13, which incorporates a four loop contour integral
in the complex plane. The merits of the various representations are compared with
reference to their suitability for studying the special functions. Since the Cauchy
and Pochhammer complex contour type integrals have proved to be of great help
in formulating rigorous proofs [ 10] of properties of fractional derivatives, care has
been taken to present their features in detail. (Sections 12 and 13 might be a bit
tedious, and can be omitted on a first reading.)

An unusual feature of the paper is the inclusion of § 8 on the generalization of
the familiar finite difference quotients for fractional derivatives. This method of
representing the derivative was given in 1867 by Grunwald, but his approach was
not mathematically rigorous. The first rigorous demonstration was given by the
Russian A. V. Letnikov in 1868, and his methods are repeated here.

In § 16 we examine the fractional derivatives of elementary functions. In § 17
a list of the fractional derivative representations of selected special functions of
both one and two variables appears.

While most of the representations for fractional differentiation which have
been of interest to researchers are at least mentioned here, the authors do not
claim that every representation is presented. In particular, the representation
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introduced by Gaer and Rubel [5] (for functions analytic on the extended real line
and vanishing at infinity) is not considered because it does not appear to be of wide
use in describing the special functions.

In Part II of this paper we present a list of formulas and theorems on
fractional differentiation. This list includes: analyticity properties (§ 18), the law
of exponents (§ 19), generalizations of the Leibniz rule (§ 21) and the generalized
chain rule (§ 22). In § 23 we show how certain infinite series can be summed and
definite integrals evaluated with the help of fractional derivative formulas.

Recently, the first book devoted to the study of the fractional calculus was
authored [16] by Oldham and Spanier. This paper differs from that book in that it
centers interest on the application of fractional derivatives to the study of the
special functions. Thus Pochhammer type contour integrals, studied here in detail
are not found in the book by Oldham and Spanier.

PART I: VARIOUS REPRESENTATIONS FOR THE FRACTIONAL
DERIVATIVE

2. D* e*. The simplest approach to a definition of fractional differentiation
begins with the formula

d’l(eaz) _ a" eaz
az"
If we replace n=0, 1,2, - - -, by arbitrary (integral, rational, irrational or com-
plex) a we get
2.1) d ea =D%e”=qa"e”.
dz

This idea appeared surprisingly early in the history of the calculus. It is mentioned
inaletter from G. W. Leibniz to G. F. A. ’Hospital dated September 30, 1695.

It is of great importance to consider the meaning of (2.1) when « is a negative
integer. It seems reasonable that D™ should mean | dz and D~* should mean
[f dz dz, etc. This is indeed the case, for (2.1) gives

D—l eaz :a—l eaz — J eaz dz,
D?e*=ae* = jj e dzdz,
Between 1832 and 1836 J. Liouville wrote eight extensive memoirs on
fractional derivatives based on (2.1). (See the bibliography in [1] for Liouville’s

papers.) To represent the fractional derivative of an arbitrary function F(z),
Liouville assumed that the function could be expanded in a series of exponentials

F(iz)=Y c.e™
n=0
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and then he differentiated termwise to get

D°F(z)= Y c.aqe™.
n=0

Although (2.1) appears to be a fundamental result, we shall see that it is
inconsistent with the representation for fractional differentiation which we shall
ultimately find of greatest interest for the study of the special functions.

3. d;z".In 1731, L. E. Euler considered the concept of fractional differentia-
tion when he extended the familiar formula

drz? p!

= —1 —2 o .. — +1 p—n _— p—n
4 Pp=D(p=2)---(p=n+l)z —m)
to n =, where «a is as usual arbitrary by writing
Fp+1) -
1 D:z" = pre
G4 “TT(p-at))

In fact, it was this formula which led Euler to invent the gamma function for
fractional values of the factorial: I'(p +1) = p!.

Relation (3.1) is of great interest in this paper. Suppose we wish to find the
fractional derivative of the function z?f(z), where f(z) is analytic at z =0.
Expanding f(z) in a Maclaurin series, it seems reasonable to write

o fn)
Dizrfz) =Dz ¥ LDz

o fn)
62) i
n=0 N!

_ = fOT(p+n+])
non!l(p+n—a+1)

Dazp+n
z

ptn—a

If the Maclaurin series for f(z) converges for |z| < R, then the ratio test shows that
the series (3.2) converges for 0 <|z| < R. Thus (3.2) is a suitable representation for
D3(z°f(z)). Relation (3.2) fails to have meaning in two cases: (i) z outside the
circle of convergence, and (ii) p a negative integer. Relation (3.2) is useful for
computing fractional derivatives.

4. D* e* not consistent with D z*. Surprisingly, (2.1) and (3.2) are inconsis-
tent. To see this, we note that it seems natural to write

D*e*=D: Y z"/nl.
n=0
From (2.1) we see that the left-hand side of this expression is e*, but (3.2) gives for
the right-hand side

o)

Y D:z"/n!= i 2" /T(n—a+1).

n=0

Now this last expression is e* only when « =0, 1,2, - - -.
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This inconsistency caused much concern to researchers in the middle
nineteenth century. We find A. De Morgan commenting in his “Differential and
Integral Calculus” in 1842 on the two different systems of fractional differentia-
tion which evolve from (2.1) and (3.2): “at present I incline (and incline only, in
deference to the well-known ability of the supporters of the opposed systems), to
the conclusion that neither system has any claim to be considered as giving the
form of D"x", though either may be a form.” De Morgan’s anticipation that (2.1)
and (3.2) are two different special cases of a large family of fractional derivatives
was indeed correct.

Why should there be two different values of the fractional derivative of e*?
After all, there is only one value for D" e* when n is a positive integer. To answer
this question, it is first instructive to examine (2.1) and (3.1) for the special values
a=—1,—-2,-3,---.Recall that in this case D* really means “integration,” not
differentiation. Integrals are between limits. Let us look at (2.1):

D 'e*=¢* =J e’ dt.

0

We see that the lower limit z, must be —oo for this to be valid. Next examine (3.1):

We see that we must take z,= 0 for (3.1) to be valid. Since the “lower limits of
differentiation’ are —oo for (2.1), and O for (3.1), we are not surprised that they
give different results. We shall see later that derivatives of arbitrary order are in
general “between limits.” Each fractional derivative features a fixed lower limit z,
and the variable upper limit z. Only when the order of the derivative is a
nonnegative integer does the dependence on the lower limit vanish.

To distinguish between different limits of fractional derivatives, many
authors have chosen the notation

»D7F(z),
where the left subscript indicates the “lower limit of differentiation.” We shall not
write our fractional derivatives this way. Instead, we shall write

D:_.,F(2).
In this notation (2.1) becomes

Di.we” =a"e”,
and (3.1) becomes
D:z?=T(p+1)zF/T(p—a+1).

We shall see the advantages of this notation later when we define Dg.,F(z), for
arbitrary functions g(z), as a generalization of the familiar derivative

d"F(z)/(dg(z))".
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5. Riemann-Liouville integral. Another approach to the fractional calculus
begins with “Cauchy’s iterated integral” [6, p. 295]

D;Z,OF(x)=Jx J . j J " F() dty dty - - - di, = J TR

x0 “xo x0 “xo x0 (n - 1) !

Replacing —n by a we get

(5.1 D; . F(x)= 1 J Ft)(x—1t)™ " dt, Re (a)<0.
['(-a)
When x, =0, (5.1) is called the Riemann-Liouville integral. Some authors denote
(5.1) by the symbols I *F(x) and x,I.*F(x) which are called fractional integrals of
order —a. Note that (5.1) is undefined unless Re (a) <0. When x, =0, and F(x) is
of the form x’f(x), where f(x) is analytic at x =0, then (5.1) and (3.2) are
equivalent, provided Re (a)<0. However, (5.1) does not require analyticity of
F(x), but only that F(x) be “integrable.”
To remove the restriction Re (a) <0, many authors write

X0

m

52) D3, F(x) == D2 IF(x),

dx
where m—1=Re(a)<m, and m=1,2,3,---. Equation (5.2) is a common
representation for fractional differentiation used in many research papers. When
(5.2) is used, the author is usually only interested in real x, (although this is not
necessary), and F(x) is not constrained to be an analytic function of the complex
variable x.

6. Weyl fractional derivatives. When the fixed limit of differentiation x,
takes on the singular values 00 or —c0 in (5.1) or (5.2) we obtain expressions which
are often called “Weyl fractional derivatives.” They are

D=

D;: F(x)= o)

r F(t)(t—x)""dt

(where some suitable branch of (—1)™ must be specified) and

D;.oF(x)= —l:(_i;) [ Ft)(x—t) " dt

The symbol K™ is often used for D;_. as well as ,D.

Because the integrals defining these Weyl derivatives are improper, greater
restrictions must usually be placed on the function F(x) than are needed when x, is
finite. Also, general theorems about Weyl derivatives are often more difficult to
formulate and prove than are corresponding theorems for Riemann-Liouville
derivatives. Because of this difficulty, the authors suspect that the Weyl fractional
derivative is an inferior tool for exploring the special functions, and thus it is given
little consideration in this paper.

It is, however, worthy of remark that for certain elementary functions
F(x), D;-F(x) is again an elementary function whereas D;F(x) is not. In
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particular we note that

D we*=a%e”, Re (a)<0

whereas
Die™ = x Fi(1;1—a; ax)
rl—a)
and
D; o(x+a) = ————FI(‘C(Y__pI)) ) (x+a)y—
whereas

Py 1 —
Dix+ar =girareh (S

r(1-a) l-a

)

Thus the Weyl fractional derivative is not always more involved than the
Riemann-Liouville derivative.

7. Fourier and Laplace transforms. The familiar representations of a func-
tion by means of Fourier and Laplace transforms are respectively

1 (= ©
F(x)=—j e"’"J e "F(u) dudv

2 —eo

and

1 a+100 (s o)
F(x)=—,J e“[ e *F(u) du ds.

27” a—i00 o

Both these representations suggest at once representations for the fractional
derivative D°F(x), for if we operate with D* under the integral signs we
encounter D® e™* and D* e*™ which experience from § 2 shows should be replaced
by (iv)® e™ and s* e™ respectively. We get

(7.1) D*F(x) =% J (iv)* e™ J e "F(u) dudv

and

(7.2) D°F(x) =L, j s e”™ j e F(u) du ds.
27” a—ico 0

The relation (7.1) was given by Joseph Fourier in 1822 [4, p. 437].
In using (7.1) and (7.2), special attention must be paid to the range of values
of « admitted and to the behavior of F(x) so that the improper integrals are
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defined. In particular, for (7.2) to be valid, F(x) must satisfy the relations

D "F(x)=0,

d .. _
Ex—D, F(x) = 0,

d(m—l) m

WDX F(x)=0,
where m is the smallest integer greater than or equal to «. Since (7.1) and (7.2)
have not been of great interest in the representation of the special functions,
further details regarding their validity will not be considered here.

An important question remains however: ‘“What types of fractional deriva-
tives do (7.1) and (7.2) generate?”” In other words, “What is the value of the fixed
limit of differentiation x,, implied by these representations?”” The Fourier relation
(7.1) is either of the Weyl fractional derivatives Ds_F(x) or D,F(x), depend-
ing upon which is defined. The Laplace relation (7.2) is the Riemann—Liouville
derivative D3F(x) with lower limit x, = 0.

For further details on (7.1) consult[2], and for a discussion of (7.2) see [32].

8. Grunwald’s limit of finite difference quotients. Perhaps the most difficult,
yet in some ways the most natural, approach to a representation for fractional
differentiation was initiated by Anton Karl Grunwald in 1867 [7]. Grunwald
began by writing the familiar finite difference quotients

F(z)—F(z—h)
h b
F(z)—2F(z—h)+F(z—-2h)
h? ’
F(z)—3F(z—h)+3F(z—2h)—F(z—3h)

h? ’

the limits of which, as h approaches zero, yield the first, second and third
derivatives with respect to z of F(z). Generalizing from these formulas Grunwald
wrote

8.1) Dz F)=limh % (14(§) (k)

As n approaches infinity, we want h to approach zero in (8.1). To see how these
two limits should take place simultaneously, it is instructive to examine (8.1) for
the special case in which a =—1, i.e., the case where

D;, F(z)= J ’ F() dt.

20
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We get

jz F(t)dt=lim 5 F(z—kh)h

0 n=>o k=g

z

limnh
= J F(z—t)dt= J F(¢) dt.
0 z—limnh
But z —lim nh must equal z,, and we see that z — z, =lim nh, which means
that we should take

(8.2) h=——

It is interesting to note that (8.1) combined with (8.2) is quite free from the
restrictions which have been peculiar to the definitions used so far. It does not
require that F(z) be analytic, as does (3.2), nor does it require that Re (a) <0 as
does the Riemann-Liouville integral (5.1).

Next we show that (8.1) reduces to the Riemann-Liouville integral when
Re (a) <O0. First note that

K @ e ) (—a+D)(—a+2) - (—a—1+k)
AR et

— k_a_IXk,

where we know that

[12, vol. 1, p. 9]. Thus

(8.3) D.F(z)= lim ¥ xc(hk)="'F(z—kh)h.
n>o k=0

h=(z—z0)/n

Next assume that F(z) is continuous (and therefore bounded) on the closed line
segment joining z, and z. Since x, approaches I'(—a) ™', it seems likely that we can
remove x;, from the sum in (8.3) and get

(8.4) d*.F(z)=lim[(~a)" 3 (hk)"'F(z —kh)h.

We shall justify this last manipulation below, but for now, we assume (8.4) is true
and get at once, by virtue of (8.2) and the “partial sum of the Riemann integral”
(8.4),
D: ., F(z)=T(-a)™ 4[ t'F(z—t) dt
(8.5) N
=T'(—a)™ J F@t)(z—t) " dt

20
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Thus the sequence of generalized finite difference quotients (8.1) is seen to reduce
to the Riemann-Liouville integral when Re (a) <0 provided we can deduce (8.4)
from (8.3) rigorously. Grunwald was able to see the above intuitive derivation, but
he erred when he attempted the rigorous explanation of how (8.4) follows from
(8.3). Only one year after the appearance of Grunwald’s paper, the Russian A. V.
Letnikov [12] gave the necessary exact derivation which we follow below.

First Letnikov derived the following lemma:

LEMMA. Suppose x, > X and

(i) a.~>0 when n—- 0,

(ii) i law|<K (K independent of n),
k=0
(i) 3 aw=A,>A;
k=0
then

llm Z XkQpni =xA.

n=> k=g

This lemma appears as Theorem 5 on page 75 of [9]. (Note that Knopp [9]
credits this lemma to O. Toeplitz in 1911, but it was given by Letnikov 43 years
earlier.) In our case, X =I'(—a)™", and a,. =(hk)*"'F(z —kh)h. Condition (i)
requires that Re (a)<<0, and the boundedness of F(z) assures condition
(ii). Condition (iii) follows from the continuity of F(z) and the fact that
A =ij F(t)(z—t)"*"" dt. Thus it follows that our conclusion (8.5) is justified.

Letnikov was perhaps the most prolific writer on the subject of fractional
differentiation. His papers were the first to exhibit a strong attention to details and
mathematical rigor.

9. The functions of interest in this paper. In this paper, our interest centers
on those functions whose fractional derivatives yield the classical “special func-
tions of mathematical physics.” Experience shows that we shall require fractional
derivatives of two types of functions, (z —z,)’f(z) and (z —zo)? In (z — z0)f(2),
where f(z) is analytic at z,, and z, is the “lower limit of fractional differentiation.”
Table 16.1 shows the fractional derivatives of several such functions. The notation
used for the special functions is that of Erdélyi et al. [3]. Table 16.1 shows how we
can represent the higher transcendental functions by taking fractional derivatives
of more elementary functions. For an extensive table of fractional derivatives see
[3, vol. 2, pp. 185-200].

10. D:z" In zf(z). We saw in (3.2) that if f(z) is analytic at z =0, then
D3(z"f(z)) can be computed by expanding f(z) in a Maclaurin series, valid for
|z| <R, and differentiating fractionally termwise. The resulting series converges
on the same circle with z =0 removed, 0<|z|<R.
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A similar result is true for D3;(z? In zf(z)). Using (16.1) we write

o £
Dir nzf(z) = 3 1Y

B i": fPO0)I(p+n+1)ze =
2 nll(p+tn—a+1)
‘[nz+y¢y(p+n+)—y(p+n—a+1)],

where ¢(z)=1"(z)/T(z). It is easily shown, using the ratio test, that (10.1)
converges for 0<|z|<R.

It is also easy to show that (10.1) and the Riemann-Liouville integral ((5.1)
with x, = 0) are equivalent when Re (a) <0. Writing z” In zf(z) as z” In z times
the Maclaurin series for f(z), we simply apply (5.1) termwise to this series.

There is a simple formal verification of the formula for D{z? In z shown in
(16.1). Taking the derivative with respect to p of both sides of (3.1), and assuming
that d/dp and D3 commute we get

D2z Inz

(10.1)

d dz* d T(p+1)z=
— :P: ‘;_:D‘; P = ——
g D =D = T D
_I(p+ 1)z T(p+1)z""Inz_[(p+Dl(p—a+ )z
Ip—a+1) INp—a+1) Ip—a+1)?

Using the definition ¢(x) =I"(x)/I'(x) we see that the above expression reduces to
the same result as is in (16.1). A rigorous derivation of this result could be
obtained from the Riemann-Liouville integral.

11. Cauchy’s integral formula. It is well known that contour integration in
the complex plane is a pawerful tool in classical analysis. Now we consider
representations of fractional differentiation employing contour integration. We
begin by generalizing the familiar “Cauchy’s integral formula”

n!
(11.1) D"F(z)=ﬁ3gF(t)(t—z)’"’l dt

to arbitrary values of n. Before continuing, let us adopt certain conventions to be
used throughout the remainder of this paper.

ConNvENTIONS 11.1. (i) & is an open, simply connected set in the complex
plane containing the origin.

(ii) f(z) is an analytic function for z € R.

(iii) The notations

J g(t) dt= J g(t) dt
C(z0,z%) C(z0,2";81,82)

denote integrals over closed contours which start at ¢ = z,, where the integrand
takes on the value g(zo) = g, encircle ¢ = z once in the positive sense, and return to
t =z, where now the integrand assumes the value g(z,) = g,. We assume that the
contour remains in the region & and that the integrand g(¢) varies ‘‘continuously”
as we traverse the contour.
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(iv) The integrand will contain multiple-valued factors such as ¢*, In ¢, (or
(t—2)), etc. The branch cut for these functions always passes through the
beginning and ending point of the contour of integration, but never cuts the
contour otherwise. Unless otherwise stated, these functions denote the principal
branch, which is that continuous range of the function for which argt (or
arg (t— z)) iszero when ¢ (or ¢t — z) is real and positive. In the event that the branch
line is argt=0 (or arg(t—z)=0), then we define the principal branch by
—2m<argt (or arg (t—z))=0.

Returning to (11.1), we consider the consequences of replacing n by arbitrary
a. Naturally, n! will be replaced by I'(a + 1), but replacing (t—z) ™" ' by (t—z)**
is more involved. (t—2z) " has an “isolated singularity” at t = z, while (t—z) ™"
has a “branch point™ at ¢ = z. Let the branch line for (t—z) " start at t = z and
pass through the fixed point ¢ = z,. Let the contour of integration be C(z,, z*).
Notice that the value of the integral now depends on the position of the starting
and ending point z, of the contour. We shall see that z, is the “lower limit of
differentiation,” and thus we write

INa+1)

(11.2) D: . F(z)=
2771

J F(t)(t—z) ' dt
C(zg.2")

Next we show that (11.2) is equivalent to (5.1) when Re («) <0. First, deform
C(zo, z") into the union of three contours C(z,, z*) = C; U C, U Cs, where C, is a
straight line segment from z, almost to z, C, is a small circle centered at ¢ = z, C; is
C, traversed in the opposite direction. See Fig. 11.1.

Im(r)

- Re(f)

F1G. 11.1. Contour of integration used with Cauchy integral (11.2)
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Thus

L(mm Ft)(t—z)~" dt=L +L +L .

On C, (t—z)“'=expl(—a—1)(n|t—z|+i(arg(z—t)—m))]. On GC;,
(t—z) " '=exp[(—a—1)(In[t—z|+i(arg (z — )+ 7))]. If Re (@) <0, the integral
over C, approaches zero as the radius of the contour tends to zero. Thus we get

J Fi(t—z)" " dt=(=e"™ +e™™) J F(t)(z—1)" dt.
C(z0.27) .

0

Combining this last result with (11.2) we get

(€™ e Ma+t]) j F(t)(z —t) " dt.

D3 . F(1)= i

Since [(e™ —e ™) /2i][(a +1) =sin (ma)[(a+1) = —7r/T(—a), we see at once
that (11.2) is equivalent to (5.1) when Re (a) <0.

Notice that (11.2) is defined for all values of «. The apparent singularities at
a=-—1,-2,-3, - - due to the factor I'(a + 1) are removable since in this case the
integrand is analytic, and thus the integral is zero.

This form (11.2) of a contour integral representation for the fractional
derivative was used previously in [18] through [25] to study derivatives of the form
D:z"f(z). In this case we have

(11.3) Dizfe) =t [ g -2y an
2mi C(0.z")

Since the contour of integration defining D:z”f(z) passes through the origin, we
must take Re (p) > —1 so that the integral will converge. This is a serious defect.
We will attempt other contour integral representations below in the hope of
removing this restriction on p.

A representation for fractional differentiation like (11.2) was employed as
early as 1888 by Nekrassov [14].

12. Another generalized Cauchy integral. The representation for DZz?f(z)
given by (11.3) restricts the parameter p to the right half-plane Re (p) >—1, while
itis quite generous with the parameter «, since it has only removable singularities
ata =-—1,-2,-3,- - - . Can we write another contour integral for D$z?f(z) which
gives its analytic continuation with respect to the parameter p into the remainder
of the complex p-plane? The answer is yes, provided we restrict p such that
p#—1,-2,-3,---.The result is
e™ cscp

2iI'(~a)
Notice that in (12.1) the contour of integration does not pass through t=0, and
thus the integral gives no restriction on p. However, the factor csc 7rp implies that

p may not be an integer. It can be shown that the apparent singularities at
p=0,1,2,-- -, areremovable, while those at p=—1, =2, =3, - - - | are in general

(1z.1) D:z"f(z) = L( I (CICRD R

! This section can be omitted on a first reading.
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simple poles (but for certain special values of a are removable singular points).
While (12.1), when compared to (11.3), has improved the range of validity of
D;zf(z) with regard to the parameter p, it has made the range of validity
narrower with regard to «. Now we must take Re (a) <0 since C(z,0") passes
through t = z.

The demonstration of the validity of (12.1) is similar to that of (11.3). Deform
C(z,0%) into C,U C,U C; as shown in Fig. 12.1. Now

R

1 2 3
| ,

Branch line

= Re(r)

F1G. 12.1. Contour of integration used with Cauchy integral (12.1)

We must take care that the correct branch of the function ¢” is used. By
Conventions 11.1, t* denotes the “principal value” of this multiple-valued
function. (This means that with argt as shown in Fig. 12.1, we have O=arg ¢
<mw/2) On C, we write t°=¢Pil*i@s2m) " apd on C; we write
tP = erinli+iere)) | et the radius of C, approach zero and note that if we restrict p
such that Re (p) > —1, then the integral over C, will vanish. Thus we get

(12.2) L( - tPf(t)(z—t) " dt=(—e™+1) J Pf(t)(z — )" dt.

0

Multiplying (12.2) by e™ csc wp/[2i[(—a)] we see that the right-hand side of
(12.1) is the Riemann-Liouville integral (5.1) for D3;z"f(z).

13. Pochhammer contour integrals.” We have given two single loop contour
integral representations for D;z”f(z). The first, (11.3), could not be used if

* This section can be omitted on a first reading.
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Re (p)=-1, and the second, (12.1), could not be used if Re (a) =0. Now we
present a contour integral for D;z"f(z) which has no ‘“half-plane” restrictions.
The price we must pay for this greater generality with respect to the parameters «
and p is that we will employ a more complicated contour of integration. It is the
opinion of the authors that the Pochhammer representation presented here is the
most efficient tool for proving general formulas and properties for fractional
derivatives. The use of other representations often requires consideration of first
this case and then that case, while the Pochhammer representation completes the
proof in one stroke.

Recall from § 9 that our interest centers on finding fractional derivatives of
zP(In z)°f(z), where & is either 0 or 1. We begin by examining

(13.1) [ Foa=] eanopoe—zr

29

where the contour P is called the ”Pochhammer contour,” and is given by

P=C1UC2UC3UC4. Thus

L=loeloe L

3 4

Figure 13.1 shows these four components of P, and also shows how the two branch
lines of the integrand of (13.1) both pass through the point ¢ = a without crossing P
at any other point.

Let F(a) = a’(In a)’f(a)(a —z) *"" (where 6 = 0 or 1) denote the value of the
integrand of (13.1) when we begin to traverse P, i.e., F(a) is the principal value as
defined in Conventions 11.1. Then, using the notation for contours adopted in
Conventions 11.1 we have

C.=C(a, z"; F(a), F(a) e ™),

Co=C(a,0% Fla) e 7, Fa) (14272) g2mtr=m),

C3= ( F(a)(1+27”6) Zm'(p—a)’ F(a)(1+27ﬂ5) ezm.p)’

1 Ina
C,= C(a, 07; F(a) (1 +2—7TZ—;—6) e, F(a)).

Notice that after completely traversing all four components of P, the integrand of
(13.1) returns to the value of F(a) with which it started.
Next we rewrite the integral over C; in terms of the integral over C;.

f(t) dt

J' F(¢) dt J
C; C(a,z*;F(a)(1+2mwis/In a) e2™P;F(a)(1+2mis/In a) e2™(P~®)

F(t) dt.

— eZ-mp j
C(a,z*;F(a)(1+2mis/In a),F(a)(1+2mis/In a) e "2™)
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A Im() \\ Branch line for (r — z)™*" !
‘\
\
\

Branch line \‘/

for /r\\

*(In 1) \
\

\

FIG. 13.1. The four components of the Pochhammer contour

Now if F(t) denotes the “principal value,” then F(t)(1+2m6i/Int)

= F(t)+2m8it’f(t)(t —z) =" and the above integral becomes

12 =-ev| Foa-tmse|  efou-2 " d

C(a,z")

We next rewrite the integral over C, in terms of the integral over C,.

LA F(t)dt= —J l F(t) dt

C(a,0%;F(a),F(a)(1+2mis/In a) e>™P)

(13.3) F(t) dt

= 2T J'
C(a,0";F(a) e 2™, F(a)(1+2ms/In a) e>™(P~%))

= —e”'“j F() dt.
C:

2
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Combining (13.1), (13.2) and (13.3) we get

J F(t) dt=(1—e2""’)J F(t) dt
(13.4)" @
F(t) dt —2mid e*™ j tf(e)(t—z) ' dt.

C(a,z™)

+ (1 _ eZma) J

[e]

Next we try to identify (13.4) with the fractional derivative. If we take

Re (p)>—1, we can let a approach zero and then the integral over C, above will
vanish. Thus we get

(13.5) JF(t)dt=(1—e2""’)J F(t)dt—27-ri6e2"“"[ f(t)(t—z) " dt.

0,z7) C0.z%)

If we set § =01n (13.5), we get

P _ —a—1 _ 1 » _ -
J’C(O,f) : f(t)(t Z) dr= (1 —ezm‘l’) 4[? t f(t)(t Z) dt.

Multiplying both sides by I'(a +1)/27i and comparing the result with (11.3) we
get

REPRESENTATION 13.1. Using the notation adopted in Conventions 11.1, we
have for « not a negative integer, p not an integer, and z on & —{0},

[(a+1)e ™

[y 4 e
(13.6) D3z%f(z) 477 sin 7p

J tf(t)(t—z) ' dt.

If we set §=1in (13.5) we get

2mie’™

2mp J tpf(t)(t - z)iaﬁl dt.
C(0,z7)

1
F . N
v[c(o,z*) (1) dt (1—e*™) L F(t) dt 1—e

Multiplying both sides of the above expression by I'(a +1)/2ri and comparing the
result with (11.2) we get

e ™ (a+1)

D:zP 1 = -
2% In 2f(z) 44r sin 7p

J tPIntf(e)(t—z) ' dt

T e1rip

: D:zPf(z).
sin 7rp

Comparing this last result with (13.6) we get the following representation.
REPRESENTATION 13.2. With the notation adopted in Conventions 11.1, we
have for a not a negative integer, p not an integer, and z on & —{o},

e "T(a+1)
44 sin 7p
_T(a+1)
4 sin® 7p

D:z% In zf(z) = J tPIntf(t)(t—z) =" dt

(13.7)
J tf)(—z) ' dt
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The Pochhammer contour integrals (13.6) and (13.7) appear to provide us
with representations for the fractional derivative which give the widest possible
range of values to z, @ and p.

OBSERVATION 13.1. In Representations 13.1 and 13.2, we required f(z) to
be analytic at z = 0. It is interesting to note here that we could also allow f(z) to
have an essential singularity at z =0, and still relations (13.6) and (13.7) would
have meaning. This extension follows since the terms involving negative powers of
z in the expansion of f(z) do not affect the multivalued nature of the integrands of
(13.6) and (13.7).

Multiloop contour integrals, like those studied above, have a long history.
The first reference to them seems to be Riemann’s [29]in 1857. They were studied
by Jordan [8] in 1887 in his work on linear differential equations, and by P. A.
Nekrassov [15] in 1891. L. Pochhammer published a few papers on this type of
contour [26],[27],[28] and that may be the reason why they are named after him.

14. Derivatives of composite functions. Next we consider replacing the order
“n’” in the familiar “derivative with respect to g(z),” d"F(z)/(dg(z))", by arbi-

trary “a” and denote it by Dy, F(z). To define D5, F(z), we make the natural
substitutions g(z) = w, F(z) = F(g"'(w)), and write

(14.1) D F(z)=D3F(g '(w)),

where the right-hand side of (14.1) was defined previously. In order to insure that
g~ '(w) is well-defined, we assume that g(z) is analytic and univalent over a region
of the z-plane which includes the point z = g7'(0) as an interior or boundary point.
We can now rewrite integrals like (11.2) to get representations of the form

INa+1)

D:(Z)F(Z) = 27"

[ Foeo-s g0 d
C(g"(0).z27)

Note in particular, that for the special case g(z) =z — z,, we get

+
D¢, F(z)= Hatl) J F(t)(t—z)" dt.
27” Clz,2™")

Because the above formula is a natural outgrowth of our definition of differentia-
tion with respect to g(z), we adopted the notation D?_,, in preference to ,, D2 in
§ 4. For ordinary derivatives, D7 = D?_, , but this is not the case for fractional
derivatives. Derivatives with respect to g(z) were considered in [17], [18], [21],

[23], [24].

15. Final remarks on the representations of D*. Throughout this paper, we
generated several different representations for D:z?f(z) and D:z” In zf(z). In
particular, we were interested in obtaining representations which would explicitly
define the fractional derivative for the widest range of the three variables z,  and
p- The following Table 15.1 summarizes our results. Recall that # denotes the
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region of analyticity of f(z) (which contains the origin), and that R denotes the
radius of convergence of the Maclaurin series for f(z).

For further information on the history of fractional derivatives and other
generalized derivatives see [1], [30].

TABLE 15.1
Range of validity of various representations for the fractional derivative

Representation for Restrictions on the variables
D$zPf(z) and
D%z" In 2f(z) z a p
1. Power series (3.2) 0<|z|<R no p # negative
and (10.1) restriction integer
2. Riemann-Liouville ze R —{o} Re (a)<0 Re(p)>-1

integral (5.1)

3. Cauchy integrals ze R—{0} a # negative Re (p)>-1
(11.2) and (11.3) integer

4. Cauchy integral zeR—{o} Re (a)<0 p # integer
(12.1)

5. Pochhammer integrals ze R—{0} a # negative p # integer
(13.6) and (13.7) integer

16. Fractional derivatives of elementary functions. To find the fractional
derivative of an elementary function, one of the simplest techniques is to expand
the function in a power series and differentiate fractionally termwise. For exam-
ple, to find D(z +a)” we first write

(z+a)’=a"(1+z/a)"

—g" ¥ <—_P)<-_Z>

n=0 n! a

where (—P),=(—P)(—P+1)(—P+2)---(—P+n—1). We now differentiate
termwise and use

n—a

I (174
D:z _F(n—a+1)

nlz"*

T-a)(1-a),
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to get

(P( 1)"

Di(z+a)’=a” Z D:z"

n=

S o NS NUNE)
F(l _a) n=0 (1 —a)nn!

We now recognize this last series as a hypergeometric series of the form

o 2 (a)a(b)ax"
2Fl(a7 ba C, ngo (C),,n'
so that we get
a‘z™"
Di(z+a) =—"—— —
(z+a) Il-a )2F1(1 —a;—z/a).

Other examples include

—a
a _az

z
: Irl-a)

Fi(1;1—-a; az)

and

I(p+1)z7~=

16. xzP =
(16.1) D2z%Inz M(p—atD)

[Inz+y(p+1)—y(p—a+1)],
p#—1,-2,

A table of fractional derivatives of elementary and higher transcendental func-
tions is found in [3, vol. 2, pp. 185-200]. It is interesting to note that while the
ordinary derivative of an elementary function is again an elementary function, the
fractional derivative of an elementary function usually yields a higher transcen-
dental function.

17. The special functions. Table 17.1 lists the fractional derivative represen-
tations of several of the special functions of one variable. These are generalized
“Rodrigues type”’ formulas.

It is also possible to represent special functions of several variables by means
of fractional differentiation. In this case, it is sometimes necessary to employ
fractional partial differentiation which is quite easily explained by

Dzi=D:D:.

The following list illustrates these representations for functions of several vari-
ables. The notations used for the special functions are those of Erdélyietal. [3].
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The Appell functions.

H_yl I-yya—vga—171 _ - _ -B’
F(a)t Dt (1 —xt) P (1—yt)™*,

I(yI(y) Xy
T(BT(B)"

Fl(aa B’ BI’ Y;Xt7 yt)z
Fya, B, B ;% v % y)= DEE T Xy (1 —x —y) 7,

r
Fg(a, a/, B’ Br; 'Y; X, y)= (7 F&;FE;) B) 1+a ‘YDa+cx y a+p’ ‘YDB+B -y

! ’

T

Y

F('Y a)r(‘y B) 1+a -yDa+a -y a'+B— ‘YDB"'B v

I'(a)I(B")
s

, a,
iy (4F

F4(a, B, Y, 'Y’; X, y) =_II;((_E% xl—yy1—7’Df‘;7,5—7'(xy)3—1(1 —x— y)—a
a at+l
-oF) 5’ 2 —ﬂ—
B (1-x—-y)*/,
F IF(vI'y) . .

B B+1
'2F1 (2’ 2
(41

The confluent functions of Humbert.

4xy
(1-x-y)?/.

Ity tDE T (1 —xt) P e

di(a, B; y; xt, yt) “T(a)

I'(y—a) 1+a— —y. B— (a
, ; ; t, t — +a 'yDB+a v, B—1 ylF
¢2(a B;v:x Y) F(B) y y y e I y

__T)
I'a+B)

I'(yI'(y)
T(a)T(B)"

LB (y) .
T(e)(e)”

t(x—y)>

tl—‘yD:x+B—‘yta+B—l eyllFl (

B tHx — y))

1 vyl—v'Dﬁ;v.a—v’xB—l ya—l(l_x)—u ey/(l—x)’

o xy)‘

Yila, B; v, ¥ x, y) =

e, B; ¥; X, y) == —x' Py "D (xy) e“’oFl<
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TABLE 17.1
Special functions expressed as fractional derivatives

Name Derivative Representation
1" 1-¢
Hypergeometric function ,Fi(a, b;c;z) :%)——D'j"[z""(l —2z)]
. . )z »
Confluent hypergeometric function Fi(a;c; z)= I(a) D {ez*™"]
a
. . . a, " ,a,c r'(d)z'
Generalized h ometric functio wF,. [ i ]=
ypergeometric function ., F., b,,~'~,bq,dz B
a. - .a
. Dz*d{zt-—l [ 1> (a4 ZJ}
PF‘? by, b,,
Bessel function J(z2)=7""22""z7°D #""?sin 2
L dre functi P,(z) ! D;_(1-2%°
egendre function (2)=————=Di_.(1—
& P T+ T E
Psi function Y(x)=—y+Inz-T(x)z' D Inz
Incomplete gamma function y(a,z)=T(a) e *D." e*

PART II: SUMMARY OF FORMULAS AND THEOREMS ON FRAC-
TIONAL DERIVATIVES

The various representations for the fractional derivative given in the first part
of this paper have been investigated with an eye toward ultimately obtaining
useful new information concerning the special functions. In particular, certain
infinite series and definite integrals incorporating special functions have been
determined in closed form with the aid of fractional derivatives. Now we list
several formulas and theorems which have been used by the authors to obtain
these series and integrals. No proofs or derivations are given, as these are referred
to in the literature.

18. Analyticity properties of fractional derivatives. The functions D;z°f(z)
and D:z” In zf(z) can both be viewed as functions of the three complex variables
z, a and p. Holding any two of these variables fixed, the fractional derivative is
then an analytic function of the remaining variable. What are its analyticity
properties? Is it entire, or meromorphic? Where are the singularities? These
questions are answered by the following two theorems which are discussed in full
in [10].

THEOREM 18.1. Let f(z) be analytic on the simply connected open set R which
contains the point z = 0. Also let f(0) #0.

(i) Ifze R—{0} and p#—1,-2,-3, - - -, then D;z"f(z) is an entire func-
tion of a (with z and p held fixed).
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(ii) ifze R—{0}, and @ =0, 1,2, - - -, then D:z*f(z) is an entire function of p
(with z and « fixed). When a #0,1,2, - - -, and z € R —{0} then Dz°f(z) is a
meromorphic function of p whose only singularities are simple poles at the points
p=-—1,-2,-3,-- -, or a subset thereof.

(iii) If p#—1,-2,-3,- - -, then D:z%f(z) = 2" *g(a, p; z), where g(a, p; z)
is an analytic function of z on R.

THEOREM 18.2. Let f(z) be an analytic function for z on the simply connected
open set R, which contains the point z =0. Also f(0) # 0.

(i) IfzeR—{0} andp #—1,-2,-3,- - -, then D2z" In (z) f(z) is an entire
function of a (with z and p fixed).

(i) If zeR—{0} and a=0,1,2,-- -, then D2z"In(z)f(z) is an entire
function of p (with z and « fixed). If ze R—{0} and a #0,1,2, -, then
D:z? In (z) f(z) is a meromorphic function of p whose only singularities are simple or
double poles at p=—1,—2,-3, - - -, or a subset thereof.

(iii) if p#—1,-2,-3,---, then D2z"In(z)f(z)=z""[In (2)A(a, p; 2)
+B(e, p; z)], where A(a, p; z) and B(a, p; z) are analytic functions of z on R.

19. The law of exponents. The relation D’D® = D*** is always true when «
and B are natural numbers, but it is not true for arbitrary values of a and B. The
simplest example is

z

D;'D:f(z) = L f(2) dz = f(z) - f(0) # D3 f(z) = f(2).

The general situation is examined in the following two theorems. Derivations of
these theorems are found in [10].

THEOREM 19.1. Let f(z) be analytic on the simply connected open set R
containing the point z = 0. Also assume f(0) # 0, and thatp #—1,—2, -3, - - . If
p—a#—1,-2,-3,---, then for z€ R —{0} we have

DZD:z%f(z) = D8 z%f(z).
Ifp—a=—N,N=1,2,3,-- - then for ze & —{0},
N OO (p+n+1)zP o fm

b:D:2"f(2) = D2**2"f(z) - ¥ n'f(p—a—B+n+1)

THEOREM 19.2. Let f(z) be analytic on the simply connected open set R
containing the point z =0. Also assume f(0)# 0, and thatp #—1,-2,-3,- - - . If
zeR—{0}, andp—a#—-1,-2,-3,- -, then

(19.1) DZD:z” In (z)f(z) = D™z In (2) f(2).

If, however, p — a is a negative integer, then D¢D?z" In (z) f(z) is undefined unless
B=0,1,2,- -, in which case (19.1) remains true.

20. Generalizations of Taylor’s series. One of the remarkable features of the
fractional calculus is that often formulas familiar from the elementary calculus
incorporating the symbol D" can be generalized by simply replacing the n by some
simple expression which is no longer a positive integer. An example of such a
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formula is the familiar Taylor’s series

(20.1) f2)=3 Lj?lzﬂ

n=0

(Z *Zo)".

Replacing n by n + v, where v is an arbitrary complex number, and extending the
summation from minus infinity to infinity we get the correct formula:
& D)=z

(20.2) flz)= X

o Tn+y+1) (z=29"

This formula in general converges only for z on the circle |z — zo| =|z4|-

We can generalize (20.2) by replacing n by an and by multiplying the series
by a. The result is
2 DIf(2)]imn

(20.3) flz)= %

nemo D(an+vy+1) (z=2)""a,

provided a is a real number restricted to 0<a =1. If 1 <a, the left-hand side of
(20.3) becomes more complicated (see [18]). Again, (20.3) converges only for z
on the circle |z — zo| =z

We can also generalize the above formulas so that they include the familiar
Lagrange’s expansion

(20.4) T—f%ﬁz L DSy
where y =x +1t¢(y). If 0<a =1 we have

f) 2 e anty o
(20.5) ————l_t¢,(y)—n=z_m D {f(x)[¢(x)] }F(an+,y+1)a

provided that |(y —x)/#(y)| = |x/#(0)|. This formula and its generalization to the
case where 1 <a is discussed in [18] where another notation is used.

Formulas (20.3) and (20.5) convert from series to integrals when we let the
parameter a tend to zero. In this case, Y. _, is replaced by [~,, an is replaced by w,
and a is replaced by dw. As an example, (20.3) becomes

(20.6) fo)= | D7f(@)l:-s

o T(w+y+1) (z=20)"" do.

This formula and similar generalizations are discussed in [21].

21. Generalizations of the Leibniz rule. In the previous section we gave
several series and integral generalizations of the familiar Taylor’s series. Now we
give similar series and integral generalizations of the Leibniz rule

(21.1) D u(z)v(z) = i (:)DN“u(z)D"v(z).

Replacing N by arbitrary (real or complex) a we get

o

(21.2) Du(z)v(z)= Y (:) D:"u(z)Dv(z).

n=0
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This formula has a strange feature. We can obviously interchange u and v on the
left-hand side of the formula, but the interchange is not obvious on the right-hand
side since u is differentiated fractionally while v is differentiated in the usual
elementary sense! We suspect that (21.2) is the special case of a more general
formula in which the interchange is clearly possible.

The necessary generalization is

(21.3) D:u(z)v(z)= Y ( « )D?”‘"’u(z)D';”v(z).
n=—w \H+7y

In this series v is an arbitrary complex number. The series (21.3) has an interesting
region of convergence. Let z,, z,, z3, * - -, be singular points of the functions u(z)
and v(z) in the complex z-plane. (We assume here that the collection of singular
points can be uncountably infinite in number in spite of the subscripts indicated.)
From each singularity z;, draw the line segment to the origin and call it L,. Next
consider the half-plane HP; whose boundary is the perpendicular bisector of L,
and which contains the point z = 0. The intersection of all such open half-planes
forms the region of convergence of (21.3) (see Fig. 21.1). A full discussion of
(21.3) is found in [17] and [24].

Zy

e

Re(z)

FIG. 21.1. The region of convergence of the generalizations of the Leibniz rule

By introducing the parameter a, where 0 <a =1, we can further generalize
(21.3) as

(21.4) Diu(z)v(z) = :ZO_: (ano_(l_y)D;"“""u(z)DZ"”v(z)a.

This series is discussed in [20] and [23].
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Letting a approach zeroin (21.4) we get the integral form of the Leibniz rule

a

)D;"“’"u(z)D;"”v(z) do.
w+y

(21.5) Diu(z)v(z) = E; (

This integral analogue of the Leibniz rule is discussed in [22] along with other
generalizations.

22. The generalized chain rule. Another formula which yields a simple
generalization to fractional derivatives is the formula for the Nth derivative of a
composite function

(22.1) DYf(h(z)) = § U(2) D} f(h(2))/n1,

where

n

n —-r

U.2)= % (")) D)
r=0

In fact, we can simply replace the natural number N in this formula by arbitrary «

and we get the correct result for fractional derivatives

(22.2) D f(h(z))= ; Un(2)Dicy f(h(2))/n!,

where

U= 3 (7)herDiaer

In (22.2) we require that h~'(0) = 0. This formula for the fractional derivative of a
composite function, as well as other formulas, is discussed in detail in [17].

23. The summation of infinite series and the evaluation of definite integrals.
We conclude this survey of formulas and theorems from the fractional calculus by
giving a few examples of how certain of these formulas can be used to obtain
closed form expressions for series and integrals involving the special functions.

Example 23.1. A Fourier integral. The integral analogue of Taylor’s series
(20.5) can be used to generate Fourier transforms. As an example, set f(z) = z” in
(20.5) and get

DZJ“Y"’FZO .
P —EZ TR (5 oy YOty
(231) z J: F( 1)(2 Zo) do.

From the first entry of Table 16.1 we have

Dw+nPl = F(P + 1)28_1”_7
T T(p—w—y+1)
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Inserting this last expression into (23.1) and simplifying we have

(3. = (0 )arz=1" da
where we recall that

(a)_ T(a+1)

b) T(a—-b+1L(b+1)

Since this integral is valid only for z on the circle |z —zo| =|zo|, we can set
z=12z0+2z0e ", for || < m. Now (23.2) becomes

(23.3) J ( p )e"“""’*”dw=(1+e""")” for || < m.
o \Wty

It can be shown that this integral vanishes for |¢|> . The integral (23.3) tells us
that the Fourier transform of the function (p ), (thought of as a function of w), is
w

(1+e ), for |¢| <, where the transform variable is ¢.

In the same manner, by selecting other functions for f(z) in the integral
analogue of Taylor’s series (20.5), we generate additional Fourier integrals. A list
of such integrals is given in [21].

Example 23.2. Generalizations of Dougall’s formula. Using the notation

= I'A+B+C+D-3)
rA+c-1nNr(A+bp-nNrB+Cc-1y)r(e+b -1y

and

1
['(A+x)[(B+x)[(C—x)[(D—x)

we can write the so-called Dougall’s formula as

R(x)=

(23.4) L= fl«m,

n=-—00
where

3<Re (A+B+C+D).

Dougall’s formula is itself a generalization of the formula for the sum of the
hypergeometric series of unit argument. To see this, set B =1 in (23.4), and after
straightforward manipulation get

(1-0).(1-D).
0 (A)nn!

[(A+C+D-2)[(A)
TA+C-1D)I(A+D-1)

o8

Dougall’s formula (23.4) can be obtained easily from the generalized Leibniz
rule (21.3) by taking u(z) =z""“? v(z)=2z*""?, a=A+C-2and y=A-1
(see [17]). To get direct generalizations of the Dougall’s formula, we can employ
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(21.4) and (21.5) with the same substitutions and get

(23.5) L= R(an)a=r R(w) do,

n=-—ao —00

(see [21] and [23]).

Examples 23.3. A higher generalization of Dougall’s formula. Numerous
higher generalizations of the Dougall’s formula given in the previous example can
be obtained by selecting other functions for u(z) and v(z) in (21.4) and (21.5). As
an example, select u(z)=z"“?(1-z)"°, v(z)=2z**""2(1-2)E a=A+C-2
and y=A —1 and get

¢+E,A+B+C+D-3
e |
2 A+D-1 z
o= e, A+C—1 E,B+D-1
(23.6) —n;_mR(an)zFl[ A+an z]z 1[ D—an zJa 0<u=1)
® e, A+C—1 E,B+D-1
ZJ_mR(“’)zF‘[ Atw z]“[ D-w Z]d“"

Another series and integrals are given in [21] and [23].
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