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JTEEOPSE

v The PREF A C L.

Source He derived thofe ingenisus aud ufeful Hiits,
that were aftcirwards tinproved &y bim, into the ne-
bleft Tnveiitions and moft fiubliiize Theories. T am we-
1y feifible, that for bis fiigular Sagacity this way He
2vas much indebicd to Nature, But Tam apt to belicve
moft Perfois are cnducd with a good fhare of ity fuch
I mean as bave a Capacity and Gezius for Mithe-
suatical Speculations.  And I am perfuaded, that our
great Admiration of others, whom <we foe emineiitly
confpicuous for this Taleat, arifes more from onr o
Neglect to cultivate the Bounty of Nature to us, thay
from any extravidinary Diffzreice theie is in ber Gifl.

This naturally leads me ts the laff Thing T foall ob-
ferve on this Head,  Aud that is cur Autho:’s -
wearied Diligence and inceflant Application in -
proviag the Hiats aud Conceptions be had citee fornned,
to the bigheft Perfetion. He pufbeth bis Fivention
thiough all the Difficulties that “ean arife, extends if
12 all the Varicties of Cafes that can bapsen, and at
laft applics it 1o the moft curious Purpofes.

Thefe diffingiiifbing Excellciicies in this elenreinary
Drealife of the greateft Mafter of Matheinatical Learn-
iig that perbaps ever appeaicd i the World, T thought
# wst amifs to mention in this Place : As Ieonceive they
afford the firongot Motives and moft powerfidd Incite-
meils to Fis Diftiples, to follsw their Great Leader
inthofe Steps, by which Iie attained to the bighe? pitch
¢f Human Glory.

T/ballnew proceed to take a fhort View of the Body of
the W ork, wwhich may be dividid iuto thefe frzo principal
Members. The firft is, the Moethod of Fluxions ir its
general Senfe s and the other is the Application of this
Metbod to the Geometry of Cuive Lines,  The St of
thefe may again be fubdivided into two Parts.” The
[t of which contains the Doctrine of infinite Series, and
5 an Tutroduition to the othei, wherein is delivered

tize Method of Fluxions pecrliarly fo called,
In

The PREF A CE. vii

In the firt Part or the Method of Infinite Series,
the Author very much enlarges the Beundiries of A-
malyticks by introducing ints Algebra or Jpecions A-
ritometick @ new Way of expreffing Univerfal Rod;-
cals, (fuch as VrZlas) by an infinite Series of fimple
Teims, which continually approach towards the trye
Falue'sf the Roots, and if infinitely continued will pe

equal to thein, and therefore may be nfed inflead of

thein.  He begins with pointing out the particular A-
nalogy that would, if attended 1o, naturally furnifh the
Hint for this Improvement, viz. the Conformity there
is between the Relation of Decimal Frafions 1o Vil
gar drithmetick, and that of Infinite Series to C ommen
Aigebra s and He explaing the manner of this Corre-
Jpondence.  He bas not given us kere the particular
Occafion which led Lim iato the Road of improving the
Hint.  This wpas befide bis prefent Purpefe.  But be-
carfe, as I bave already obferved, a very good Ufe
may be made of fuch Hiffories, and eftecially as
this is communicated b oy the Auther bimfelf *, T a0
thercfore give it the Reader in Englith as fallows.

¢ Net long after I had entered upon the Study of the
¢ Mathematicks, whilfp T was pery tng. the I¥orks of
¢ Our Celebrated Di.Wallis, aud con idering the Se-
¢ ries (of Univerfal Roots )by the Dnteipolation of which
¢ Lz cubibits the Area of the Circle and Hyperbola, for
S iufaice, in this Serics of Curves whefe Baf2 or com-
Cwmon dxis call =x, and the fuccelive Ordinates cal)

k3 3 5

A 4
¢ l—x.\-[:-;——\'xxl e, 1—xx)” .::T:;{ . ;:-—T{"[{- 1-::;:7( B
<&c.  Tobferved that if the Areas of the Alternats
¢ Curves which are x, s tx3, e & o S T
¢ tws—2aT &, condd be i;zlr;polﬂ!c’a}, we fhould
$by this means obtain the Areas of the intermediate
1

“oies s the Jift of which S35 is the Area of the
¢ Girde,

¥ VR L S cxopag 14g

’ | Iz
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viil TthREF,ACE.

¢ In order to 1his, Jirft it was obvions thas in each
Sof thefe Series the Filk Term was x5 thas the fecond
Cterms a3, Ix, 3% 3%, & were iy an Arith-
Smetical Progreficn, and confequently the ey Jrfe
“Terms of the Series to by interpalated muft e 'y
RS A

3 3 3

¢ Now for the Interpolation of the reft, T confidered
€ that the Deisominators I 3s 5 7> &c. were (i all
Cof them) in Arithmetical Progieflicn, and confequenily
€ the whole Difficul:y confifted 1t firding out the numeyal
¢ Co-efficients. Bur thefe in the alternate Areasy wwhich
are giveit, I obfrrved were the Jame with the Figures
Cof which the frveral afeciding Powers ¢ she Nymber
CIr ocopfif, viz. 1p°, Iy 11, 10, 114, &c,
¢ that is VBT e fecond 1,1 3 the third 1,2,1 3 the
< fourth 1,3,3,1 5 the fifih 1.4.6,4,1, &c.

I applied myfelf thersfure to Jeek for a Method &y
Cawbhich the rwo firft Figurzs of thefe Series might be
< derived from the refts and Ifound, that if for the fo-
€ cond Figure or wumeral term we put my, the rel
€ the ternis will be produced by the continyal Multipli-

X o

. . . 70 -1 Pi—=2
“eation of the Terms of this Series "2 x =2
1 2 3

ex 3, "_7_5:5’, &e.

< %ar inflance ; Let the fecond Term m be put equal

. —1 . .

(7 4, and there will arife 4x ”—1—!-—-, thatis 6 5 which

Cisthe third Term.  The fourth Term will be 6 x m—?-z,
. m— .

Sthatis 4. 4x -I:—;:r, is the fifth Term s and the

.o . -
ofixth is 4x ~l—4:o. Which flews the Series is Ferg
clerminated in this Caf?,

€ This being fennd T applied it as ¢ Rule 1 ina
<terpolate the absvementisned Series,  Aud JSince in
wthe Series which will exprefs the Girde, the fecond
serm

32

The PREFACE
sterm was found to be *F Therefere T 2ut g

T—1

€ =4 and there was prodiced the Torms 15 31 o
' : 2z
te?2 x_
Gty i x T2 o s s kX 3 0 o

. £,
C+iv axd o on in infinitum.  Hewce T difeovere
¢ that the Area forught of the Segment of the Circle i;
x

11 LAY R | 9
PR AN it >, e,

3 5. 7 , ,

< In the fame manner theAreas to be interpolated .f

¢ the other Curves might be produced, as might alfy 1/,
¢ drea of the Hyperbola and of the reft of the altiis.ris
1

z et PN

¢ Curves in this Series, I R T E e

3
¢ l-‘{—x.xl;, &,
¢ By the fame Method likewife otber Serics mivls i -
¢ interpolated, and that too if they fhould be take a
< the diftance of two or more intervals.

This was the way by which T firft opeired ais Ea-
¢ trance i7ts thefe Specilations, which I frould st bive
¢ remembred, bul that in turning over my Papers a fr
¢ Wecks age, I accidentally caft my Fyes upon thof re-
¢ lating 10 1his Matter.

$Whe I bad proceeded thus far, it immediar

vlo

1-——xxl > I—xu 7,

Coccurred 1o me, that the Terms

4 _6_ .
CIaxT TR, G thatis 1, 1—xw, 1—2vx

¢ dxty 1—gunfognt—sS, &9, might be interpe! ]
<inthe famz manner a; I'bad done the Areas gw:er;:.t”..’
€ by them, aid for this there needed nething elfz, b 2
€ toleave 0uf 2he Densminators Yy 35 55 7, NCoon te
 Terins that expref the Areasy that isy the Co-clficicns

p . . wad s
€ of the Terssof the Ruantity to be interpolated (i),

’

2 - . bt e
Yor IT53%5 o univerfally v ix|m ) soill be ol tai 4
9

a ¢
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: k2
¢ Thus (for Example ) T2 P = 1—180-xt 155,

—_i s
“&ec. and Tz T=r--ixt | xtpet ol &e. oand

. :
x| T 1t Lt 5 x5, (0,

Thus I diftovered a geieral Methed of veducing
Radicals into Infinite Series by the Rule ® aclach I fent
“in my laft Letler, before I objeived that the jame thing
might be obtained by the ExtraZlion of Rocts,

But after I bad found out that method, thisother way
could not remain long unkinown 3 for in order to prove
the Trath of thefe Operations, I multiplied 1-—1tx*
¢ mxt—t 2, &co into dfelf, and the groduit is

n o

L

"~

T
1—xx, all the Terins after thefe n infinitum vanifh-
ing 5 and fo 1—Yxx—"txtemm3 x5, &c. twice drawn
into itfelf produced 1~-xx. As this was a certain
Demonftration of the Truth of thefe Conclufions, fo I
was therehy naturally led to try the Converfe of it,
viz., whether thefe Series that now were kivwon o be
the Roots of the Quaistity x—ux might not be extrofled
*theince by the Rule for Extraétion of Roots in Arithme-
S iy and wpen trial T found it fucceed to my Defire,

« [ fhall bere fet dowon the forme of th: Procels in

Suadraticks,

~ o A

LI NN

N
Tmmg X (1 == icte— 1055, e,
1
o—x¥ .
e—rx-lIxt .

1
MTx* 4 6 1 3
X as 1
S St n it '
& 5
kN, &ec.
« This beiug found Ilaid afide the Method of Inter-
o pviation, and affumed thefe Operations as a inore ge-

® He means the famous Bintrvial Theotem, fine well kaowne
¢ nyiné

¢ Proceeding upon this Foundation, the next thing I
“attempted, wasthe Refelution of affecied Equations 3
caphich I alfo ehtained, &c. ,

We bave in this Account the Origin of the feveral
Improvemeiits the Author made in the new Way of
Notation by Infinite Series : the feveral Rranckes of
which are bere difpefed in Order and methodically di-
gefled. He firft foewws hew 1o refelve by Divifion
Frafiicns with multinomial Denominaters.  Their Fle
proceeds to extrast the Roots of Pure Powers s and
laftly exhibits the Method for extraling thofe liketwife
of affected Equations.  And sobereas the Methods de-
livered before by Vieta, Oughtred, and others, for this
Operatioiin Numbers, were very iutricate and tedious,
He bere fupplies one snnch more eafy and free from
that Load of fupeiflious Terms with <which theirs
were inicumbred.

The Foundation being thus laid, He pafleth on to the
Method of Fluxions.  This is the Body and grincipal
Part of the IWork. It is the diftinguifbing Charatler

of cur Author, that from a few plain and chvicus Prin-
ciples He deduceth the maft furprifing Conclufionss and
this Part of His Charalter no where appears to
greater Advaitage than in the Invention of His Me-
thed of Fluxions. TheAncients bad confidered the drea
of @ Reilaigle as produced by the Motion of one of
its Sides along the other.  Our Autbor extends this
Principle to all Kinds of mathematical Quantities.

The Conception is wery eafy and natural: We

Jee by continnal Experience that all Kinds of Iigures
are aftually deferibed by the Motion of Bodies.  But
it is evident, that Quantities generated in thismanner
ina given Time become greater or lefs, in Propertion
as the Velocity with which they are generated is greater
or lefs. Theje swere the Confiderations that led the
a2 Au-
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metrieal we may use in determining and demonstrating any other thing that is
also geometrical.
it may also be objected, that if the ultimate ratior of evanescent, quantities
are given, their ultimate magnitudes will be also given: and so all quantities
Fwill consist of indhvisibles, which 18 contrary to what Fuelid has demonstrated
qncc:ﬁ?;::n incommensurables, in the tenth book of s flements. But this ob-
~Jection is founded on a false supposition. For those ultimate ratios with which
oon:..:.:_.::.,m vanish are not truly the ratios of ultimate quantities, but limits to-
wards which the ratios of quantities decreasing without limit do always eon-
verge; and to which they approach nearer thao by any given difference, but
never go beyond, nor in effect attain to, till the quantities are diminished in
wnfingtum. This thing will appear more evident, in quantities infinitely great. If
two quantities, whose difference is given, be augmented n infinitum, the ulti-
mate ratio of these quantities will be given, namely, the ratio of equality; but
it does not. from thence follow, that the ultimate or greatest quantities them-
selves, whose ratio that is, will be given. Therefore if in what follows, for the
sake of being more easily understood, I should happen to mention quantities
as least, or evaneseent, or ultimate, you are not to suppose that quantities of
any deterinate magnitude are meant, but such as are conceived to he always
diminished withput end.

™ SECTION II
q’

THE DETERMINATION OF CENTRIPETAL FORCES

ProrositioN 1. THrorEM 1

The areas which revolving bodies describe by radit drawn to an immovable centre
of force do lie in the same immorable planes, and are proportional to the times in
which they are described.

For suppose the time to be divided into equal parts, and in the first. part of
that time let the body by its innate foree describe the right line AB. In the
second part of that time, the same wounld (by Law 1), if not hindered, proceerd
directly to e, along the line Be equal to AB; so that hy the radii AS, BS, ¢S,
drawn to the centre, the equal areas ASB, BSe, would he described. But when
the body is arrived at B, suppose that a centripetal foree acts at once with a
great impulse, and, turning aside the body from the right line Be, compels it
alterwards to continue its motion along the right line BC. Draw (" parallel to
BR, meeting BC in C; and at the end of the second part of the time, the body
(by Cor. 1 of the Laws) will be found in C, in the same plane with the triangle
ASB. Join SC, and, because SB and Cc are parallel, the triangle SBC will be
equal to the triangle SBe, and therefore also to the triangle SAB. By the like
argument, if the centripetal force acts successively in C, D, E, &c., and makes
the hody, in each single particle of time, to deseribe the right lines CD, DE,
EF, &e., they will all lie in the same plane; and the triangle SCD will be equal
to the triangle SBC, and SDE to SCI, and SEF to 8DDJ. And therefore, in
equal times, equal areas are deseribed in one immovable plane: and, by com-
position, any sums SADS, SAFS, of those areas, are to each other as the times
in which they are deseribed. Now let the number of those triangles he aug-
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mented, and their breadth diminished #n infindtum; and (by Cor. 1v, Tem. 3)
their ultimate perimeter ADF will be a curved line: and therefore the centrip-
- etal force, by which the hody is continually drawn back from the tangent of
‘ this curve, will act continually;
and any described areas SADS,
SAFS, which are always pro-
portional to the times of de-
seription, will, in this case also,
be proportional to those times.
Q.E.D.
e Cor. 1. The veloeity of a
; body attracted towards an im-
movable centre, in spaces void
{ of resistance, is inversely as the
perpendicular let fall from that
centre on the right line that
touches the orbit. For the ve-
locities in those places A, I3, C,
D, E, are as the bases AR, RC,
CD, DE, EF, of equal trinngles:
and these bases are inversely
‘ as the perpendiculars let. fall
wn . upon them.
¥Cor. 11. If the chords AB, BC of two arcs, successively described in equal
tned by the same body, in spaces void of resistance, are completed into a
parallelograin ABCYV, and the diagonal BV of this parallelogram, in the posi-
- tion which it ultimately acquires when those arcs are diminished 7n infinitum,
i produced both ways, it will pass through the centre of foree.
“Cor. 111 If the chords AB, RC, and DE, EF, of ares deseribed in equal times,
™ 8pages void of resistance, are completed into the parallelograms ARCY,
DEFZ, the forces in B and I are one to the other in the ultimate ratio of the
diagonals BV, EEZ, when those arcs are diminished in infinitum. For the motions
BC and EF of the body (by Cor. 1 of the Laws) are compounded of the motions
Be;BV, and Ff, BZ; but BV and EZ, which are equal to Ce and Ff, in the
ﬁiosmeqwemc: of this Proposition, were generated by the impulses of the con-
‘ipetal force in B and 1, and are therefore proportional to those impulses.
‘Cor. 1v. The forces by which borlies, in spaces void of resistance, are drawn
i /baek from rectilinear motions, and turned into curvilinear orbits, are to each
other as the versed sines of ares described in equal times; which versed sineg
0d'to the centre of force, and bisect the chords when those ares are diminighed
nfiity. For such versed sines are the halves of the diagonals mentioned in
CHI,
Cor. v. And therefore those forces are to the foree of gravity as the said
d sines to the versed sines perpendicular to the horizon of those parabolie
‘whith projectiles deseribe in the same time.
de. V1. And the rame things do all hold good (by Cor. v of the Laws) when
! lanes in which the bodies are moved, together with the centres of foree
‘Which®ire placed in those planes, are not. at rest, but move uniformly forwards

ght lines.
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History of Mathematics — Dr. T. J. Osler

Last Lecture Outline

Math from Newton to Today

1. Isaac Newton 1642-1727
Robert Hooke 1635-1703
Edmund Halley 1656- 1742
Gottfried Leibniz 1646-1716

2. Bishop George Berkley 1685-1753

3. Leonhard Euler 1707-1783

4. Joseph Louis Lagrange 1736-1813

5. Pierre Simon Laplace 1749-1827

6. Carl Friedrich Gauss 1777-1855

7. Jean Baptiste Joseph Fourier 1768-1830

8. Augustine Louis Cauchy 1789-1857
9. Evariste Galois 1811-1832

10. Bernhard Riemann 1826-1866

11. Jules Henri Poincare 1854-1912
12. Albert Einstein 1879-1955

13. Godfrey Harold Hardy 1877-1947
Srinivasa Ramanujan 1887-1920

14. John Von Neumann 1903-1957

15. Benoit Mandelbrot 1924-
Mitchell Jay Feigenbaum 1944-

Invents calculus — General laws of motion
Challenges Newton — Newton stops writing
Encourages Newton to resume publishing
Invents calculus independently

Points out the lack of rigor in calculus

Most prolific mathematician

Celestial mechanics, solution of algebraic
equations.

Celestial mechanics without vectors.
Stability of the solar system

Computes orbit of asteroid Ceres

Invents Fourier series — renews search for
rigorous foundations of calculus

Rigorous foundations for calculus
Invents modern algebra

Non-Euclidean geometry and the Riemann
hypothesis

Finds chaos in the “Three body problem”
Special and general relativity

Major work on series and integrals
Self taught genius- new series for pi

Game theory — computer visionary

Fractal geometry
Feigenbaum constant



