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L.l
' CHAPTER 4

POWER SERIES EXPANSIONS

.1 The power sefies as an extension of the decimal number

Ask the men in the street to divide 3/4 by 1/2 . Chances
are that he will be incapashle of solving it, even if he is a
college graduate | But, give him pencil and paper and ask him to
divide 0.75 by 0.5, and he will easily do it. Why ? Arithmetic
with fractions requires special rules which few use in everyday
life., Invert, find'the‘lowest common denominator, eté. . But
arithmetic with decimals.is‘exactly like arithmetic with whole
numbers (except for positioning_the_decimal point). The invention
of decimal numhers brings a remarkable siﬁplicity to arithmetic,

We forget, perhapse, that thére was a price for this simplicity.
We had to grow accustomed to infinite representations such as
1/3 = 0.3333..., and even more disturbing, 0.999... = 1 . How did
Wwe cope with the infinite at so tender an age ? We simply said
"throw away all but the first so many digits, and the resultant
quantity is close enough for our purpose',

If decimals can simplify arithmetic.so very much, is there
not an analogous concept in higher mathematics which can simplify
our manipulations with functions ?

The decimal expansion for 92, 14 ... is really a series in

powers of 1/10 : |

9(1/10)7Y + 2(2/10)° + 1(2/10)} + L(1 /2002 + ... .
It is therefore, not unreasonable to replace 1/10 by the algebraic
variable bi and obtain the expression:

9x'1 +2 +x 4+ uxz + ve. .




This "power series" is the desired extension of the numerical
decimal. We know from the calculus that there are many such power
series, Indeed, tables of functions are often computed using them,
We saw in the calculus such power series expansions as

X x2 X3
e =1+I+rl +'3—!-+...

M

3 5
Sinx=x-§T+§T-.o-

l 1-12+.x)4-x +-o-n
1+x

Early mathematicians expanded their functions in power series to

enable them to compute results which were otherwise too difficult.

For example

x x ‘
*?— l-x + -X +a.o dx
C 1 +x 0
3 5 7
X X
= X-T+g_-7—+"' .

The deep theoretical problem born of the fact that these series
are infinite was disposed of by simply saying “throw away all
but the first few terms, since the accuracy so obtained is good
enough”" , While this attitﬁde can certainly not be considered
today as precise mathematical thinking, it nevertheless has a
useful pnrpose, Much important information can be obtained through
the uncritical manipulation of power series,

We shall see that the power series expansion for a function
is a very "natural" expression. Indeed, if f(z) is regular at the

point z = zo s then f(z) can be expanded in a convergent series
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li.2 Formal manipulations with power series

The term "formal", when applied to manipulations with series,
implies that operations are performed without consideration being
given to the question of the convergence of the series. Let us
now consider, formally, the algebraic manipulations of additioﬁ;
subtraction, multiplication, division and composition for power
series.

Given the two power series

co @
f(z) = 2 anzn ‘ and glz) = 2 bnzn ,
n=0 n=0

it is only natural to expect that the following manipulations

. are valid:

Addition >

-] (e +b)dP
(A) r(z) + g(z) = — (a + bn)z
Subtraction @

i
®
o
'
o’
w
e

(B) f£(z) - glz)

L3




Multiplication

b + b.z + b2z2 + nee

0 1l
: 2
ao + alz + azz + eee
2
aobo + aoblz + aobaz + o0
a.b.z + a_b 22 + e

170 171
azbOZ— + ® 00

2
a bO + (aob1 + albo)z + (aob2 + albl + aabo)z R S

0]
o n
(€) £(2) glz) =) (2. ab___)s®
s r=0 r Nn=-r
a a.b. - b
Division 02 410 1
e ———— b b Z+ e e
0 0
bO + blz + ...) ao + alz + e
ay + bl/boz + v
albo - b1 2+
b L N ]
0
8)by = by L.
Py
+ * e 0
£z a a.b, = b
(D) = _-Q+ 10 lZ+ L
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Composite functions

0 -

(E)  f(n(z)) =Z a_(n(z))"

n=0

In order to illustrate these formal rules, we accept for the

moment, the following power series expansions:

o

(1) 1_ - ? 2P =1 +2z + 2% 4 z> + ... (geometric series )
l -2
n=0
@ 5 )
n
z  _ E z . zZ,z2 z

(2) e = nl —1+1+2T+3’+'..
_ n=0

Z“’ 2n+1 3 s

n+
_ 4y 2 _ _ oz 22

(3) s8in z = (l)m—z ﬂ-+-5vl— coe

n=0 )

(& o)
2n 2 L
( cos z = E : -1)8 2 = - 2 B - ..
L) (=1) D 1l 5T * I e
n=0
At this time we ignore the question of the convergence of these
. 8eries and concentrate our attention on the formal manipulations.

Example 1
Verify (1) by long division.

Solution 1+ 2 + z2 +
l] - 2 1
) l - 2z
2
zZ - z2
Z
z
2
A -
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Example 2
Using (1) and (E), show that ﬁ-z- = § (-1)" 22 .
n=0
Solution

Replacing z by -z in (1) we get

(@0]
1 n
(=37 %;) (-2)

CD,
'1——,],',—-2— = ZJ (-1)% 2%,
n=0
Example 3
Show that 34— Z: 1)z 1n+1 .
Solution

We manipulate the expression f—%_—z until we get a suitable

expression of the form T—%—; then we apply (1).
»
@
1 __1 _ 1 1 2 _ ? (-1)"2"
S YOV THE | O 1) (-?) i 3ot
3 n=0 n=0
Problems o o)
1. Show that -————2- 2 .
n=0
oo
2. Show that 1 = Efiff
a n+ )




k.7

[« o
3. Show that 1 = § (z-l)n .
2 = z
n=
oo
. Show that —= = (-1)2(z+1)"
n=0
Ioo)
? (z - z.)°
5. Show that 1 = X 0 T
a - 2 (a - Z ) .
n=0 0

Example h

Using (3) and (4) verify the identity - 2 sin z cos z = sin 2z ,

Solution

]
(Y]
0
W
+
l,-\-‘_‘lu
\n
o
'
L ]

N

sin 2z

o
A

cos 2

N
'
W
+
L]
U
O
!

N

R W
R‘{N

[}

S [
n
&
+
I
1
L ]

L
L]




Problems

6. Using (3) and (4), verify that sinzz + COBZZ =1 .

7. Using (2) and (L) verify that e+Z + ¢~ 12

8. Using power series, verify that olZ _ e'iz =23 8in z .

= 2 co8 2z .

9. Obtain the power series expansion of cosh z using (2)
and the analytic definition of cosh z from section 2.4 .
10. Obtain the first three terms in the power series expansion

of tan z by dividing (4) into (3) .

. Two formal manipulations of great utility sesrise from differentiation

and integration of the power series

(e o]

£(z) = ‘Z::~a zD

n
n=

term by term.

Differentiation term by term

o0
d £(z) _ . & 2
dz - n dz

dz

co
(F) 4 flz) =Z na z°1

Z
_ zn+1
(G) ]2 f(t)dt-jil 8, o
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We have not yet given any careful thought as to the meaning
‘of differentiation and integration of functions of a complex
variable, Nevertheless, it is not unreasonable to expect that the
result of differentiating or integrating a familiar function

of a complex variable will be the formula familiar from the real

calculus., Thus we would expect that

o4l
iz T P? ’ fz S e T
de? _ 2 Z 92 = % +C

& = e%, e zZ = e

d 105 Z = _]_._ d—z =

dz z ? z log z +C
gzsin 2 = cos 2z ﬂ/‘cos zdz =8inz + C

We saw in Chﬁpter 2 that because our definitions for gp R ez R

log 2, sin z , ..., for complex numbers z were "natural", identities
familier from the study of real variables carried over in the

very same form for complex variables. Therefore the above differ m
entiation formulas are to be expected. In the next chapters we

will take a much closer look at these operations.

In addition, we note that just because we can always differ-

entiate and integrate a finite sum of terms
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al( fl(z) + £5(z) + ... + £(2) )

’ 4 '
= r1¢Z) + fz(z) + ce0 + fN(Z)
dz

b b b
}’ ( fl(z) + e + fN(z) ydz = jF fl(z)dz + seat f, fN(z)dz

& a a

we cannot always do the same for an infinite series of terms

o

a0
4 E d £ (z)
= E f (z) = n and
dz —_—
n=0 n=0 dz

n=0 » n=0

b @ b
J[ jzl £ (z) = ji: rn(z) dz .
a

While these last two formulas are not always true, quite fortunately

they are often true, We will examine more closely the validity
of (F) and (G) 1later. For now, we ignore the deeper question of
the appropriateness of term by term differentiation and integration
and we simply operate formally.
-Example |

Derive (4) from (3).

Solution

3 5

sin 'z = Z = z + z - ese
! ]

d sin z = 1 - 322 . zh _

dz ;! 1 coee
2

cos8 2z = 1 = 5—! + % = see




bell

dt
- familiar
1+t

Using the formula arctan z =

Example 6 Jrz
0

from calculus, find the power series expansion for arctan z .

Solution
Replacing 2z by -t2 in (1) we get

1 + t y

n=0

Integrating term by term we get

/ 2 (= 1)nj £2P 4t
1+t
(o o]

n=0
2n+l
arctan z = 2 (=1) TYs) .

n=0
Problems
d
11, Since __§%§E_£ = sinh z, use the result of problem 9 to get
the power series for sinh z . z
12, We know from the calculus that -)[ dt = Log(z+l) .
1+t

0

Obtain a power series for Log(z+l) in powers of =z .

13. Using the result of problem 12, obtain the power series
expansion of Log z in powers of (z-i) .

1. By differentiating (1), obtain the power series for (l-z)'2

15. Obtain the power series expansion for (l-z)-3
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As & finsl formal consideration, we obtain a method that

determines the numbers an in the series
(6) f(z) =a. +8.(z =-2,) + a,(z - 2 )2 + a,(z - 2z )3 +
0 1 o 2 0 3 0 e 0

when the function f(z) has been given.

Step 1: Set z = Z, in (6) .

=a,+0+0+0+ ...

f(z 0

0!

Thus we have found the first number

[ao = f(zo)}.

Step 2: Differentiate (6) and then set z = Zg .

(7) f(l)(z) =a, + 2ay(z - zo) + 3a3(z - zo)2 + hau(z - 20)3 +,...'

(1) -
f (zo) =a, + O+0+0+ ...

Thus we have

L al = f(l)(zo)

Step 3: Differentiate (7) and then set z = Zy .

(8) f(z)(z) = 2&2 » 302 a3(z - zo) + L3 au(z - 20)2 + eee
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f(2)(zo) =2 az +0+0+ ...

Thus we have

a2 > o

Ste : Differentiate (8) and set z = Zy -

.:(3)(2) =.3°2133 + 3.2 ah(z - go) + Sei.3 gs(? 3 20)2 + e

+0+0+ 400

30 =52 05 40

Thus we have

. f(3)(i6)ﬁpﬂ'f

a = .
3 31

Continuing in this way we get

f(n) ( zo) : - | . e ’ S R

a - ———————— .
n n!

Substituting this “last relation into (6) we have -

Taylor’s formula
O

r‘n)(zo) |

(H) f(z) = (z = z)"

_ nl
n=0 S _ L e
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Series of the form (H) are often called Taylor’s series. All
the series examined in this section were Taylor‘’s series. The special
case of (H) in which 2z, =0 1s sometimes called a Maclaurin
series. Series (1) through (4) are Maclaurin series.

Our derivation of (H) was again purely formal., We did not
consider the convergence of the infinite series at all. Even if the
infinite series does converge, how do we know that it converges to
the original function f(z) ¢ In spite of the fact that we have
left these deeper questions unanswered, we can anticipate that
for analytic functions ( that is "natural functions“‘) the expression

(E) should make some sense, We will return to this question in

the next section$ .

Example 7 .
In Example 1 we derived (1) be long division., Now derive (1)

using the Taylor'’s formula (H).
Solution

We select Z, = 0, since the formula we wish to verify (1)
is a Maclaurin series, We must find a formula for the nth. derivative

of (1-5)'1 svaluated at 2z = O,

0%(1-2)"t = (1-2)72 and setting z = O we get 1
Dl(1-2)"! = (1-2)72 "o v
D?(1-2)"1 = 2(1-1)"3 L w2
D}(1-2)"1 w203 (1m)H 0 L ¥

D¥(1-2)"1

nl (l-z)'n'l " n n " nl
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Since D%(1:z)7% = n!, we see at once from (H) that

z2=0

—e

(1-2z)71 =Z 27

n=0

Problems:

16. Derive (2) using Taylor’s formula (H).

z2-2,. o Use two

17. Derive a Taylor’s series for eZ in powers of 0

di(ferent methods, First assume (2) is true and use (E) with
e? = exp(zo) exp(z-zo), and second apply Taylor'’s formula (H).
18. Derive the series considered in problem 5 using Taylor’s
formula (H).

19, Derive the series considered in problem 13 using Taylor’s
formula (H).
All the manipulations performed in this section were natural

extensions of manipulations the reader has performed before with

polynomials w = a, + a2+ ...+ anzn . W, have viewed the Taylor’s

series simply as a very "long" polynomial. This is not unreasonable.
In addition, seversal of fhe Taylor‘’s series were derived formally
by entirely different methods, and in each case, the same series

was obtained. This evidence adds weight to our suspicion that

Taylor’s series are "natural" expressions for describing our

analytic (natural) functions.
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bL.3 Numerical computations

An important use of power series is for the numerical comp=-

utation of tables of fregquently used functions.

Example 1
Using the power series
x n
N i
n=0

compute the number e ,

Solution
It is helpful to employ the following table of reciprocsal

factorials rounded off to seven decimal places.

1/21 = 0.5000000
1;31 = 0,1666667
1/4! = 0,0416667
1/51 = 0.0083333
1/61 = ©6,0013889
1/71 = 0,000198

1/81 = 0,000024

1/9! = 0.0000028
1/10! = 0,0000003

Using (1) with z = 1 weAhave

(2) e=1+1+1/21 +1/31 + ... + 1/101 + ... .

Adding the first eleven terms we get e = 2,7182819 which is -
accurate only to the first six decimal places, Cémpare this result

with the more accurate falue e = 2,71828 1828} 59045 .

Example 2

Use the Maclaurin series

(3) (l-z)-1 =1 +2 + z2 + 20+ zu + zs + ves

to compute (le)-l when z = -1 ,
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Solution
Substituting 2z = -1 in (3) we get

(L) 0.5 =1-1+1-1+41-1+....
The series just obtained makes no sense. Unlike the series
used in Example 1 which gave us e correct to 6 decimal places
using eleven terms, this series does not approach the vaiue 0.5
regardless of the number of terms employed. We say that the
series (L) diverges , while the series (2) converges., We have
not defined these terms precisely, and for the moment, we will
8imply use our mathematical instinct to help us decide if a given
series converges or diverges.,
Problems :
Use appropriate series from the previous section. Decide if
the series converge or diverge.
20. Show that sin i = 1.1752 1 .
2l. Show that Log (1.1) = 0.0953 .
22, Try to compute Log(-9) wusing the Taylor’s series from the
previous problen, ' |

23. Compute cos(—lii-) .

L.4 The region of convergence

We saw in the previous section that power series were some=-
times quite useful for computing the values of a function, but
at other times they gave no meaningful information at all. For
what values of 3z will a given power series converge ?  We

discover the answer to this question now.
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. -1
We begin by examining the Maclaurin series for (1l-z) by

long division.

l + 2z + 22 + see + ZN
1 -2 J1
l -2
z
2
zZ - Z
zE
22 - 23
zj
zN+1
Therefore
N+1
1 =\1+z+z‘2+...+z€'+ z
l -z /- Lt -2z
/ AN
given approximation to the error resulting from
function given function using the use of the terminated
N+1 terms of the Taylor’s series

Taylor‘’s series

The question: "Does the power series converge ? " reduces to

"Does the error term approach zero as N approaches infinity ?"

Replacing 2z by reie we see that the modulus of the error tefm
becomes
ZN+1 ) N+l 18(N+1) _ N1
l -2 l- reie 1 - rei *

Hold r fixed and let N tend to infinity. If O < r < 1, then
rN+1 approaches zero as N approaches infinity and thus the
series will convergs, However, if r > 1l, then rN+l does not
approach zero, and the series will diverge. Thus we see that the

region of convergence for the series
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@ Im(@)

(1) (1 - z)"1 = 2{:; 2 for [il <1

n=0

is the open circle with center at 2z = 0

and radius one.

Example 1

We saw in the previous section that

w n
zZ - 2
(2) (1-2)7% = (l-zo)'IZL{ o} :
. 1_ zo

n=0

Determine the region of convergence.

Solution
z - 2z,
If we replace 2z in the infinite series (1) by T
‘ 0

we get the infinite series in (2). Since (1) converges for |[z| < 1,

- then (2) converges for

z = 2z, <1 + Im(z)
1-3
This last inequality is
|z - zol < ,1 - z,| which . s Re(z)
is the interior of the
circle with center at 2, singularity of (1-2)72
with radius ,1 - 2]
Problem
—_— : ©
2. In problem 5 we showed that (zsl-z)'1 = 2{:: (z-zo)n/(a-zo)n+1

n=0

Determine the region of convergence of this series and show the

region on the complex z-plane.
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Conjecture 4.1
Based on the experience  gained above, what might we conjecture

as to the shape, position, and size of the region of convergence
of the Taylor’s series
o0

£(z) = 2:% an(z¥zo)n

when f(z) is some explicitly given analytic function. (See Appendix

II1.)
Example 2
Determine the region of convergence of the series
fon)
, n
Log z = > (-1)0+1 (z-1)

n=1 n

Solution

The function Log z has a singularity (branch point) at z=0,
Since the Taylor‘’s series converges inside the largest circle with
center at 2z=1 not containing any singularities of Log z, we know
that the circle of convergence must be [z-l[ <1l.

Problem
25. Determine the circle of convergence for every power.ssries
generated in problems i-through‘lS.

Conjecture l.2

Conjecture the region in the Z-plane over which the formal
manipulations of the addition (A), subtraction (B), and the
multiplication (C) of Teylor’s series discussed in section 4.2 are

valid,
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Conjecture L .3

In expression (D) of section L.2 we formally divided the

Taylor’s series for f(z) by the Taylor’s series for g(z).
Conjecture the region in the 2-plane in which this division is
valid. What assumption must be made concerning g(z) ?

Conjecture L.lL

In expression (E) of section 4.2 we discussed the formal

manipulation of replacing 2z by h(z) in the power series expansion
of the function f(z). Determine the region in the z-plane over
which this substitution is valid.

Conjecture L .5

Conjecture the region over which a Taylor'’s series may be

differentiateéd or integrated term by term. See relations (F) and

(G) of section 4.2 .

We were able to determine the circle of convergence of the
power series expansion of the analytic function f(z) from the
position of the singularities of f(2z). Suppose now that the power
series itself is given, but the function which generated it is
unknown. ?ow are we to determine the circle of convergence now ?
For this purpose, a criterion known as the "ratio test" |is
often helpful. This is the same ratio test uéed in the real calculus,
and its proof for complex.series is almost identical to the proof
for real series., We will not consider the proof here, but we will
use the ratio test to determine the size of the circle.or con~-

vergence,
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Ratio test

0 .
Let E:: c be a series of complex numbers, Suppose
n=0 o
¢
lim |BH o
n—o! N

Then the series converges if L < 1, diverges if I > l, and

might converge or diverge if L =1 ,

Example 3 @
We know from example 2 that 2 (-l)n+l(z»l)n/h converges
n=1

for ’z-l ’< l, Use the ratio test to double check this conclusion.

Solution

We must examine the ratio

(=1)8*+2(5_1)n*1
n+l /

(-1)R*1(,_q)n
n

S n approaches infinity. Since

Wé See that the series converges for all z such. that lz-ll <1
and diverges for lz-l] > 1.
Prgblems

26. Use the ratio test to £ind the region of convergence of the

geomstric series .Z: 2" Which we have shown before convergsgs

n=0
for [z |< 1.
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i

27, Find the region of convergence of the hypergeometric series
n

o)
2{: (A)n(b)nz

n=0 (c)n n! )

where (a)n = a(§+1)(a+2) «es (@8+n-1), (We define (a)O = 1,)

28, Find the region of convergence of the confluent hypergeometric

series o
n
f (a) z
n=0 (b)n nl! :

L+5 The binomial series

One of the most important expansions is the binomial series

(1) (1 +2)P =1+ %z + %-Rél 22 + %-Bil-ﬁfg 2> + eee o

The history of this series shows how general results in mathematics
are often obtained only after many years of éxperience are gained
with special cases, We now take a brief look at this history.

As early as the thirteenth century, the following powers of
the binomial 14z were known to Aradb algebraists
(1+2)%=

(1 + z)1 =14+ gz
2

l + 3z + 3z2 + 23

(1 + z)2 =1 +2z + g
(1 + z)3
(1+Z)L"=1+L‘.z+6z2+)4z3+ 2t

(1 + Z)S =14+ 5z + 1022+ 10z3+ Szh + 'zs

About 15)4); the German Michael Stifel introduced the term
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"binomial coefficients" for the coefficients of the the powers of

Z in the above series, He knew that whe these numbers are

arranged in a triangle

1l
1 -1
2 1
" 3 ¢ 3 " 1
1 1
1 5 10 10 5 1

any number is the sum of the two numbers just abﬁve it to the lert
and right, For éxample, the next row in the triangle is
1 6 15 20 15 6 1 .
In this ﬁay he was able to get the expansion for (1+z)N knowing
the expansion for (1+z)¥-1
This triangular array of numbers was used by Pascal in 165&;
and although it was known to many mathematicians before him, it

has become known as "Pascal‘’s triangle",

Isaac Newton made a significantadvance in the use of the binomial
theorem before 1669. Newton was trying to use his newly discovered

integral calculus to compute

the area under the circle of
-] Yy =\/[1l - x
radius one in the Tirst '
quadrant, This area is given |
by the integral //{j::j;
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Today, we would evaluate this integral by making a trigonometric

substitution x = sin © s but in Newton’s day replacing

Vi1- x2 by its power series was s much more familiar technique,

Therefore the expansion of (1 - xa) P witn p = 1/2 1is needed,

The expansion for p=0,1, 2, ... is easily obtained from Pascal’s

triangle. If a formula for the terms in Pascal’s triangle could be
obtained that did not depend on knowing pfevious coefficients,

that formula might be helpful. Newton discovered that the coefficient.

of z® in the expansion of (1+z)P for integral p is given by

(2) (P)= 2 -1%—3 o pomtl

For example, the coefficient of 22 in the expansion of (1+z)5

(5= §5% 0.

Newton did not know that the _expression (2) was valid for P # 1/2 ,

is

but it seemed reasonable to him that it should be. Therefore,

replacing p by 1/2 in (2) he obtained for (1+z).

(l-t-Z)l/2 = 1+ %-z + lég.llgz_;l 7° + 1{2.112 -1 1423 -2 z3

+ L ]

() @ 1ad.i120 13,

Now the series is infinite. Newton had no proof for this series,
but he did convince himself for its validity in a formal way.
He multiplied the series by itself and obtained 14z as follows:
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2 1

(1+z)1/2 1 + %-z - % z= o+ 2 z3 + eu.
" =1+%z-%22+%23+00
1+%z-%22+n}'23+.00
Faaplodd.
F L R
172:234-...
1 + 2 + o + 0 S

Returning now to the integral of (1 - 1:2)1/'2 wWe replace .

z by -x? in (3) and obtain

1
E' = Jr (1 - xz)l/édx
; 0
1
= Jr l - z-xa - % xh - T%-xé + ..., dx
0

Thus a series for /. 1is obtained. We See that formal manipulations
were used to advantage even though the precise foundation for them
was missing, The mathematicians of the Seventeenth and eighteenth
centuries used infinite series without having a rigorous theory

which stated when manipulations were valid and when they were

invalid, The concept of convergence itself was only understood
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intuitively.
It was not until the early years of the nineteenth century

that the Frenchman Augustin-Louis Cauchy gave the first significant
rigorous treatment of infinite series, In 1826 Niels Henrik Abel
gave the first mathematically rigorous discussion of the binomial
series (1). Abel showed that the series is valid for all complex P
when |z < 1. |
Example

-Obt&in & Maclaurin series for (a+z)P? ana determine the

region of convergence,

Solution

(a+z)P = gP ( 1 +2)P = P ZE: (p (z)n
n=0
When p 1is not a positive integer, (a+z)P has a singularity at
Z = =g, and thus the series converges for Iz] < ]a] . When p
is a positive integer, the series has only a finite number of
terms and thus it is valid for all gz ,

Problems

29, Expand (a+z)l/2 in a Taylor’s series about 2y &and determine
the circle of convergence,

30. Since
dx

l-x2

obtain a Maclaurin series for aresin X, and determine the region

of convergence,

31. Derive (1) using Taylor’s formula (H) of section L.2
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4.6 Laurent series

In the previous sections we studied series employing positive

integral powers of z-z

0
o .
%:d an(z-zo) = a, +.a1(z-zo) + aZ(Z'ZO) + ees

known as Taylor‘’s series. Now we study series having negative

integral or both negative and positive integral powers of z-z

0
@

2{: 'an(z-z

Nn==00 O

)n a-2 a-1

+
(z-zO;Z (z-2

= L +

+ ay + al(z-zo) +

O)
known as g Laurent series,

Ekamgle 1

Expand (1-z)~! 35 o Laurent series in powers of

z.
Solution
1 = 1 _ 1 1
1 s T -
l -2z Z(; - 1) 1-=

This last factopr [...] can be 6xpanded in the geometric series
(1-w)~1 = 1+w+ w4 *+« Dby replacing w with 1/z

(v0]
T > 2{:(1/2)

n=0

o
. E{: -1
= zn+1 .

n=0

Since the Beometric series converges

for [wf < 1, this Laurent Series

converges for Il/z‘ < 1 which is

fL///// Rﬁ(z)

1< |z].

71
7/ -

NN

p
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Example 2
Expand ez'(z-2)"3 in a Laurent series in powers of z=2 .
Solution
ez(z-Z)'3 = 92 tz 2(z-2) 3 . 32 e? (z=2) 3 .
® n
Since e = Z:- LA for lwl <@ , we can replace w by z=2
n=0 -
and get
o
n Z:j 2 n-3
ez(z-2)'3 = e (2-2) -3 E Z-Z = e (zr'l‘?)
n=0 n=
(0}

fl
o
N
ijn
+]1
n
-] =

The region of. convergence for

this Laurent series is the entire

z-plane with the point 2z=2 removed

(because of the negative powers of

z-2 ). The series converges for 0 < z-2l .

Example 3

Expand (z-l)l/2 2-1/2 in a Laurent series in powers of 3z .

Sclution
(2_1)1/2'2-1/2 - (1.4 ')1/2

Using the binomial series we get

(z-l)l/2 2"1/2 __Z:L<1/2> (-1)% 2™ for lz[ >1.,

n=0

The + signs have been used to indicate the two distinet values
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Im(z)
. A
of the square root. The function :;)5;//7/\/////
yarad
\

(2_1)1/22-1/2 has branch points
/

line Joining these two points ////

/

prevents us from obtaining a series

i

7
at z=0 and at z=1 . The branch // A BRANLH
7/ ﬁ_/_ﬂ-

in integral powers of 3 for fz] <1,

Problems

32. Expand (a + z)'l in a Laurent series in pbwers of z-zo
and determine the region of convergencs,
33. Expand zS el/h in a2 Laurent series in powérs of z angd
~ determine the region of convergences,
3L. Expand Log Eél in a Laurent series in powers of 2z and
determine the region of convergence. Where are the branch points
and whére is the branch line ¢
Example L .

| Expand (22 - 3z + 2)"1 in powers of z in as many ways as

&re possible,
Solution |
We first expand (22 -3z + 2)°1 4, "partial fractions",

1 - 1 = A, _B

z° -3z + 2 (2-1)(z-2) 2 -1 2 - 2

We can solve for B by multiplying by 3z-2 and obtaining

1 - A(z-2) + B
z -1 z -1

Now set z=2 gng get B =1, In g Similar way, we solve for A

/;
- 7/

Ea\i)
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by multiplying by 2-1 and getting

~  _ 4, B(zs1) .

2 =2 2 - 2

Set 2=1 and get A = -], Thus we have

1 = -1 + 1
2~ - 3z 4+ 2 z -1 2 - 2
: _ 1 1 1
: 3]
l - 2 1-2'_'

From our previous experience with the geometric series and from

éxample 1 we have two expansions for each of these terms :

o
(4) ——;—— = 2{: zB for Iz[ <1
l -z =0
ey
(B) —X_ - -‘25: 272"l [z[ > 1
l -2 =0
oo
(C) -—l—; = 2{: E; for ’z[ <2

m N
1 2n+1
(D) 1—7=-2 -z-n.*'—l for [z[>2
2 n=0
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(1) 4 and ¢ convergent for [z [< 1

(11) B and ¢ " " 1< |z] <2
(111) B and D " "2 < [z

Any other combination will have an empty region of convergence,

Using these series in (1) we get

(vo)
r;;) Zz: (1 - 2-n-l) z? ‘ for lz[ <1

n=0

co _ oo
(2° - 32 + 2)-1 ='J(ii) -2 gml -Z,E'?"lzn for 1 < [z] < 2
n=0 n=0

[v o)
n .
(1i1) QE:, g—f%— for 2 < lz’
\\ n=0 z"

The regions of convergence
for each of these series
are shown. Notice that the

boundaries are circles with

center at z=Q and circume

ference passing through a

Singularity of the original

function ( z° - 3z + 2 )°1,
The series (1) is a Taylor’s series, while both (i1) and (111) are
Laurent series,

Problems

35. Expand (z2 + 3z -6)"1 in both Taylor ang Laurent series in
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powers of 2z and determine the appropriate regions of convergence,
36. Expand the function considered in the previous problem in
both Taylor and Laurent series with cenver 2t 2z = 1, and deter-
mine the appropriate regions of convergence.

Conjecture li,6

Suppose f(z) is an analytic function having only an isolated
singularity at the point z, and branch points at 2z, and z3 as

shown. If f(z) is expanded in Several series of the form

. oo o
£(z) = E bn(z-zo)'n'1 + E an(z-zo)n ,
n=0 n=0 ,

sketch the regions in Which each of these series will converge. Is
there any region for which all the b =0 ? Can all the a_ =0

in some region ?

¢_Jﬁﬂ(2)
< *s
e_?‘
© % 2
Z,
. @
2, Z,
-» Re(2)
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L.7 Isclated singularities revisited

In Chapter 3 we discussed isolated singularities of an analytic

function and divided them into two types:

(1) POLES: near which the modulus of the function
approaches infinity only

(1i) EBSENTIAL SINGULARITIES: near which the function
assumes every value except possibly one

Now that we have studied Laurent series, we can give-a simpler

characterization of these singularities:

The point Z, is an isolated singularity cf the analytic

function f(z) if and only if f(z) can be expanded in a Laurent
series in powers of z-zo‘ convergent for some annulus O < ]z-z0|< r.
(This annulus is the interior of the circle lz-zol = r with only

the center point removed.) If this Laurent series has only finitely
many teérms with negative powers of Z=2n4, 2 is called a pole,

If this Laurent series has infinitely many terms with negative

powers of z-z, we call Z, @an essential singularity.

Example 1
Determine the nature of the singularities of (z-2)'3 e?

in the finite z-plane.

Solution

In example 2 of section L.6 we saw that
. @
2 k
oy=3 .z _ e (z=2
)Pt ) Sy
k=-3

which has only three negative powers of z-2 and thus z= is

a pole of order three,
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Example 2
Determine the nature of the singularities of Jz sin vf:
in the extended 2-plane.

Solution
We might at first think that 2=0 is a branch point because

of 1/2' , but this is not the case, Since

5
HZ + X for |w|< oo ,
31
we can replace W by 5%7 and get

/\/?sin‘ri'f =1/?(VT—-}—--W 5—’;‘2—{-2_— coe

1

1
= l- + "——-2' - eoecoe fr Z >Oo
31z 51 z © , |

Thus we seé that 4z’ sin ;%:- has an essential singularity at
2=0, To determine the nature of the function at infinity we can
set 2z = 1/Z in this last series because the resulting series in
£ will converge near % = O, We see then that =z equal to
infinity is a regular point of the function.

Problem

37. Determine the singularities of the following functions in the

extended z-plane,

(a) BBE | (5) 2" sinnyT , (o) l-ogosz (g o521 |
z A
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L.8 A precise definition of analyticity

Up to this point, we have said that a function is analytic
if its definition evolved in some "natural” way. The analytic
function is singular at a point Zy 1if it behaves in a "peculiap"
way at this point, otherwise we say it is regular.

V These concepts, though vague, have been of service, As we
ETrow morse familiar with these functions, we discover properties
which could themselves be candidates for a more precise definition
of énalyticity « The Taylor’s series itself is such an item. Our
previous experience has shown that if Zg is a regular point

( analytic point) of the function f(z), then we can write

= _(n)
£(z) = 2 £ (z5) (2-2,)"
n=0 nl

where the series converges to f(z) 1inside some circle
]z-zol < r of non-zero radius, Why not use this fact as a
definition ?

Definition of analyticity

We say that the function £(z) 1is T"regular" op "analytic"
at the point 2y If f(z) can be expandéd in a Taylor}s series
abogt 2y Which converges to r£(z) inside some circle lz-zO{ <r
of non=zeroc radius., We say that f(z) is analytic on some given
open set S if it is analytic at each point of the set § « If a
point is not regular, we 8ay it is singular,

Thus the totality of a1l convergent Taylor’s series is the

collection of al] analytic functions, 4 rigorous‘mathematical
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L .9 Intuitive consequences of Taylor’s formula

We now know that if f(z) is analytic at the point 2z = Z5 »

then it can be expanded in a convergent Taylor’s series

O

"~ a(n)
(1) f£(z) = E £ (z5) (Z-Zo)n convergent for lz-zol <r,
nl

n=0

The series can be used to compute f(z) at each point 2z inside

the circle of convergence. We now explore some consequences of (1),

A, Comparison of analytic functions of a complex variable with

the functions studied in real analysis

In the real calculus we studied polynomials, rational functions,
trigonometric functions, exponential functions, etc. all of which
have been extended into the complex plane in Chapter 2, In addition

however, there are other functions such as

4 y=TU(X)
U(x) = fxl
X — X
Y
‘ 1l for 0<x 1 Y= V)
Vix) = ' .
O for x <0 ¢ 5 X
AY
.......................... Y=W(x)
1l for rational x
W(x) = S5 X
=1 for irrationer x ___ |

We did not try to extend the functions U(x), V(x), or W(x) into
the complex plane, even though such functions were studied in the

real calculus, We somehow 8ense that these functions are "unnatural®
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We note that

1, The function U(x) is continuous for all x, but not

differentiable at x = 0.

2, The function V(x) is not continuous at x = 0 and there-

fore not'differentiable at x=0,
3. The function W(x) is not continuous or differentiable for
any x.
The Maclaurin series expansion of a function requires that
we have every derivative of the function at the origin., We cannot
hope to find a Maclaurin series expansion forgggeoibove three
functions U, V, W since the derivatives of these functions do
not exist at x = 0,
If a function f£(z) is known to bs analytic at the point

2 =z then f(z) has derivatives of all orders at z = z,

0
because the Taylor’s series (1) requires them.

We might expect the converse of the above statement to be true .
"If every derivative of f(z) exists at the point z = 25 then
£(z) is analytic at zO? This might at first seem reasonable since
the existence of every derivative is all that is required to
write down the right hand side of the Taylor‘’s series (1). However,

Just because we can write out the Taylor’s series, there is no

guarantee that this series will converge to the original function !

Indeed, the existence of every derivative of f(z) at z, does
not quarantee that £(z) 1is analytic at z, . The following

eéxample illustrates this,
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Example 1 / AW
Determine if the function ‘
) U= &)
s =
P exp(-l{éﬁ) for 2 #0
G(x) = .
el 0 A for z =0 > X

is analytiec at 2z = 0,
Solution

To test G for analyticity at 2z = 0, we must perform two

steps: o)

(1) Compute the Maclaurin expansion .Z:% G(n)(o) z%/n1 .

. n=
(ii) Decide if the above Maclaurin expansion actually converges
to G(x) for some range of the variasble z s |z] < r.

We will not take the space here to actually compute every
derivative of G(2) at z =0, but leave that compufation to the
interested student; The result is that G(n)(o) = 0 for every

n=0,1 2, 3, ... . The Maclaurin series required above by (i)
is thus

QO
2{: G(n)(o) zn/h! =0+ 0z + Oz2 + Oz3 +* eee o

n=0
It is quite clear that this series converges to 0O for every
valué of 2z, Thus this Series cannot converge to the function
G(z) when 2 assumes évery value inside some circle }z} <r
where r £ 0. Thus G(z) is not analytié at z = 0,
Problem
38. Let f(z) = 3 exp(-(z-1)"2) 42 fop z2¥1, and let r(1) = 2,

Determine if fr(z) is analytic at 2z =3,
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B. Analytic continuation

To write down the

Suppose f(z) 1is analytic at z zy -

Taylor’s expansion of f(z) about Zz, We need only know the
values of the derivatives of f(z) at the point Zy « To compute
derivatives, one only needs to know how the function f£(z) behaves
in ﬁhe immediate vicinity of Zg o Points somewhat removed from

z, do not effect the computation of f(n)(zo). Yet the Taylor’s

0
series is valid for points away from Zq ! This means that san

analytic function

only values of f(z)

near zO are needed

to determine f(z) at
each point in the circlé

of convence

is a very restricted

type of function. Its

values at points far

removed from zo is

“~

circle of
convergence of
Taylor series

values of f(z)
known near zO

determined only by knowing

how f(z) behaves very
near z, .
Example 2

Suppose f(z) is known to be an analytic function for each
z , Supposé however that only the values of f(z) on the small
segment of the real axis given by 0 X < 0.1 are known. On
this small interval we know that f(x) = 1 + 2x . Find the values
of f(z) at all z .,
Sclution

Since f(z) is analytic for all 2z , its Maclaurin seriss
converges for all z., To write down this Maclaurin series, we
need only the values of the derivatives-6f £(%2) at 2z = 0. Since

on the interval 0 < x < 0,1 s T(x) =1+ 2x , we see at onee
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that f(0) =1, r‘(0) = 2, and all higher derivatives vanish at

2 =0 ., Thus the Maclaurin series expansion of f(z) is
£(z) =1 + 22

for all =z,

Problem
39. Does there exist an analytic function which assumes the

values f(x) = 12 for x on the interval 1 =x <2, and

- which assumes the value «1 at z =0 ¢

Consider now the Taylor’s series
a

(2) £(z) = 2> an(z-zo)n

n=0
convergent for all z inside the circle Co given by ‘z-zo[ <ry.

How can we find the values of f(z) at points 2z which are
outside the circle CO‘ ? In AY .
other words, we wish to find iZ;///<;7‘\k}j;
the natural extension of f(z) io:::2

to points outside the circle (zﬂ/ ”

of convergence Co of the-Taylor’s

series, There are some cases > X
P Pl

in which it is impossible to

extend the function beyond the original circular«béundary.~However,

if 1t is possible to extend the domain of definition of f(z),

the following technique will achieve it,
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’ the
Let Zy be some point inside CO . We can compute all

differentiation
derivatives of f(z) at z1 by means of term by term

of (2). This yields
[ o]
f(o)(zl) = lif 8 (zl-zo)n

n=0 =

@

f(l)(zl) = Z n an(zl-zo)n-l
n=l
@

2 al-1) a_(z,-5,)72

n=2

r(z)(zl)

_ R .
From these values we can now construct the Taylor’s series about

zl a8 ao

(n) n
£z, ) (2-2,)

(3)  f(z) = 2 F— :
_ nl

n=

Suppose the series (3) converges in a circle Cl given by

fz-zlj < r which extends outside the original circle Coy

1
Using both (2) and (3) we AY
have f(z) defined in the
open set COUC1 . We say
that we have continued f(z)

analytically from ¢ to the

0
larger domain COUC1 « Now

wWe can select a point z5 —= X

in C1 and expand f(z) about % 1n yet another Taylor’s series,




'Suppose the circle of convergence 02 of this new series extends

outside COUC1 as shown, We have made now another analytic
J v

continuation of f(z). Doing FV

and

this again”again, we can (in
theory at least) extend the
domain of definition of the {

original function from. Co

to every point in the z plane

to whiech f(z) can be continued
analytically. Since this largest possible domain of definition

of f(z) 1is itself a union of open circles, it must be an open

set,

Example 3

Suppose an analytic fumction is defined for all 2z in
O < Re(z) . Is it possible to extend f(z) to some values of
z having negative real part ?

Solution.

The largest possible domain of definition of f(z) 1is always
an open set. More precisely, we can continue f(z) analytically
to some open set R which has the closed set 0 5_33(5) as
a proper subset, To achieve this continuation, we can imagine
f(z) being expanded in a convergent Taylor’s series eentered at .-
the point yoi which is on the imaginary axis. This Taylor’s
series must of necessity converge for some values of z which

extend into the left half plane. Constructing one Taylor’s series

L.y3

for each point on the y-axis we can achieve a desired continuation.




Problems

Lo.

must it be possible to continue

analytically ?

m L3
If7analytic function is defined on the region

r(z)

L.l

[z] =1,

outaiue this region

41. What is the analytic continuation of the function represented

(o)

by
n=1

Zij nz® 1 outside the unit circle ]z }< 172

u2.'What is the analytic continuation of the function defined by

co

E n(n-l)zn"'2 outside the unit circle ?

n=2

' C. Liouville’s Theorem

If an analytic function f(z)
finite plane, we call the function

its Maclaurin series converges for

three possible cases for an entire
(1) £f(z) = 8,

(i1) £(z) = a, + 8,2 + a5z +
(111) £f(z) = ay + 8.2 + a,z" +

In the case (i),
£(z)
as 2z approaches infinity,
singularity at infinity, and thus

possibly one) for 2z

In case (iii),
£(z)

in the exterior of any circle

has no singularities in the

"entire" ., If f(z) is entire,

all 2z . Consider now the
function:

for all z
cee +_aNzN for all z

(infinitely many non-
zero terms) for all z

r(z) is identically a constant. In the case (ii),
has a pole at infinity and thus | £(z)| approaches infinity

£f(z) has an essential
assumes every value ( except

r <)zl




is "bounded for all z". This means that

< M

Assume now that f(z)
there exists some positive constant M such that |f(z)}
for all z. Clearly this is not possible i~ ~ases (ii) and (iii).
Only case (i) remains, and therefore f(z) is identically a
constant, This fact is summarized in the following theorem.

Liouville’s Theorem

A bounded entire function is a constant.,
Example 3
~ The function f(z) = sin z is bounded for all real z. In
fact, we learned in a course in trigonometry that
-l < sinx <1 .,
Can sin z be bounded for all complex z ?

Solution

L.y§

The function sin z is an entire function, since its Maclaurin

series converges for all 2z , By Liouvilles Theorem we know that

a bounded entire function is a constant. Since sin 2z is surely

not a constant function, it must be unbounded. ( A glance at Figures

2.7 and 2,8 reveals that sin z grows Quite rapidly in modulus
as z approaches infinity on a line parallel to the imaginary

axis) .




L 46

Review Problems for Chapter L

l. An important Maclaurin series is

e /) B z2n
—Z— - 1-% 4 § (-1)?*t =»

(a) Determine theAthe region of convergence of this series.

(b) By actually dividing the Maclaurin series for 2 - 1 into
z, show that B, = 1/6, B, = 1/30 . (The numbers B, are
important in mathematical analysis and are called the "Bernoulli
numbers", Further Bernoulli numbers are B3 = 1/42 , Bu =-1/30,

By = 5/66, B, = 691/2730. )

2. The hypergeometric series (studied in problem 27), is usually

denoted by

@®
(a)_(b)_z°
oF (a,bse;2) = ? n__n , for |z] <1 .

(e), ni

n=0

Show that ,F,(a,1;1;2) = (1-2)"% ,

=2
3. Expand (1-2z) in a Maclaurin series and in a Laurent series
in powers of 2, In each case determine the region of convergence.
Le Locate and classify the simgularities of (sin 2)3/ z5 in the extended

z-planey.”
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APPENDIX II
ANSWERS TO CONJECTURES

Chapter 4

L.,1 The circle of convergence of a Taylor-s series

If f(z) 1is analytic at the point 2=2, , then f(z) can be
‘ =]

expanded in a Taylor’s series f(z) = > an(z-zo)n which
n=0

converges to f(z) for all z inside the largest open circle with
center at z = 3z, containing no singularities of f(z).

Discussion:

Let 2, be the singular point of f(z) that is nearest to
the point 25 o (There might be several points which have this
distinction, and in this case, zy is any ame:of them.) Then if
we call lzl - zO’ = R, our Taylor‘s series converges for
lz - zO’ < R, diverges for ’z - z0’> R, and might converge
at some points and diverge at others on the boundary ,z - zo’= R

of the circle itself,

ch.1

L.,2 Formal manipulations of addition subtraction and multiplication

Let
o

£(z) = .Z:: a (z-zo)n for lz-zol < r, and
n=0 n

(o o]

g(z) = }EES bn(g-zo)n for lz-zo, < R .

The formal addition, subtraction, and multiplication of these

series is valid inside the smaller of the two circles of convergence.




CL.2

L.3 The formal division of two Taylor’s series

The formal division yielding

2
£(z)_% * %%t 8%t 8 BPo " Py
= e ) ? - - es e
g(z) by + bz +byz" + ... b, b,

z _
is valid for all'’inside the largest circle centered at z = 0
containing no singularities of the function f(z)/g(z). We must
assume that by ¥ 0, since then f(z)/g(z) would have a pole at

2 =0 when a is-not zero, If both 84 and bo are zero,

0
them we can divide the series for f and for g by 2z and

then begin again.

L.t The composite function

©
If the power series £(z) = 2{: a8, z? converges for
' n=0
rz '< R, then we can replace 2z by h(z) proVided',h(z)l<vR-
Thus there is some region in the z-plane for which Ih(z)l < R, and
[¢9]
for these 2z we have f( h(z) ) = 12:: anh(z)n .

n=0

.5 Term by term differentiation and integration of series

We may differentiate a power series term by term ét each
point inside the circle of convergence of the original series,
We may integrate a power series term by term provided that the
path of integration is strictly ins%de the circls of convergence.,
Differentiating or integrating a power series does not alter the

size of the circle of convergence.




L.6 Laurent series expansions

The boundaries of the regions of convergence are circles with
centers at z, passing through the singular points Z, s Zp and

23 .

In region I all the bn = 0 for we have a Taylor’s series

expansion about the regular point 2y .

In region IT we have both positive and negative powers of

Z-2Z in the Laurent series expansion. In fact, there must be

0
infinitely many non-zero a ,or otherwise the series in positive
powers would be finite and thus would converge for all z, contradicting
the finite circle of convergence which passes through the point

25 o Similarly, there must be infinitely many non-zero bn « If

not, the series in negative powers of z-2, would be finite and

thus would converge right up to the point Z, itself,contradicting

the boundary which passes through Z) .

In region III no Laurent series is possible because of the

discontinuity at the branch line.
In region IV it might happen that all the a = o .

> Re(z)




