Problem
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(il

2. Draw a simple closed curve on the complex z-plane. For each

function f(z) given, determine the value (or values) of 2

(either inside or on the curve) at which the modulus of the

function becomes = maximum. For each function considered, give

a statement as to where the maximum modulus is located Tor all

points 2z inside or on an arbitrarily given closed curve,

(a) th » (b) % ( 1ook at Figures 2.5 and 2.6
(¢) 1/z ( Figure 2.1), (d) sin 2 (Figure 2.7),
(Figure 3,1).

Conjecture 3.1

)s
(e) el/z

'Given & general function w = f(z), and a simple closed curve

C on the complex plane, After making suitable restrictions on the

function f(z), where will the maximum modulus of f£(z) occur,

when we cénsider all values of z inside or on ¢

for a discussion of the answer,)

3.3 The argument principle

? (See Appendix 2

In the previous S8ection we examined a theorem concerning the

modulus of an analytic function., In this section we will examine

The "Argument Principlé" that we wil} eventually discover

relates the following three éuantities:

2(r;C) = The number of zeros of the function fr(z

) inside the

simple closed curve C . Each zero is counted as often

as its order,
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P(f;C) = The number of poles of the function £(z) inside the
: curve - C. Each pole is counted as often as its order.

The net change in the argument of f(z) divided by 2w

A(f;C) =
as we traverse the curve C once in the positive sense,
Example

Let f(z) be the function w = 22. Let the curve C be
the circle of radius one centered at the origin in the z-plane.
Determine Z(f;C), P(f;C), and A(f;C).

Solution

Since f(z) = 22 has a zero of order two at z = 0, and no
other .zeros inside C, Z(f;C) = 2. Since £(z) ='22 has no poles
inside C, P(f;C) = 0. Look at Figure 2.2 and watch thé argument
&8s we traverse C once , starting and ending at z = -1. We
traverse 0. in the positive ( counterclockwise ) sense. We note that

¢ varies continuously from «2r to 2¢ . Thus

A(£;0) = net change in & = 2m ~(-2m) = bm = 2.

o 2 2w

We see that A(f;C) 1s the net number of (positive) revolutions
made by the vector w 8s we traverse the curve C once in the

positive sense,

Problems

3. ’Consider the function w = tan gz shown in Figure 3.2 .
Determine the values of Z(tan z; C), P(tan z; C), and A(tan z; ()
for each of the following curves. Note that tan z has simple poles
where z equals ,,,, -3n/2, -n/2, n/2, 3n/2, ..., and simple zeros

at z equals seey =W, Oy m, 2w, ... .
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(a) The rectangle having verticies at i, n/2 + 4, w/2 + 21, and 2i;

(b) [8] =2 ; (e) jz[ =3; (a) 2] =4 .

L. Consider the function w = z 2 - Determine Z(2™°; c), P(z :C)

and A(z'z;c) for (a) the curve [z = 1 and (b) the curve

‘z -1 -i’ =1,

Conjecturs 3,2
From the experience Juét gathered, conjecture a theorem relating

the three quantities 2(f;c), P(£3;C) and A(f;C). (See Appendix

2 for the result, )

3+l Rouché’s Theorem |
We now state a theorem which allows us to determine the number

of zeros of certain functions located inside a closed curve, It is
called "Rouchd’s Theorem". If we assume that the argument principle
studied in the previous section is true, then we can give a rigorous
mathematical proof for Rouch¢’s theorem without difficulty. Thus

the statement and proof of the theorem are given,

Rouché ‘s Theorem

Let C be a simple closed curve on the z-plane, Let f(z)
and h(z) be analytic functions at alil points inside and on the
curve C, Assume alsb that f(z) has no zeros on C, and that
’h(zﬂ<lr(zv ‘for each z on the curve C. Then the functions f(z)
and F(z) = £(z) + n(3z) have the same number or zeros inside C,
Proof: |

We know from the argument principle that £(z) and F(z) =
£(z) + n(z) have the same number of zeros inside C if the vector
I circles the origin the same number of times ags doés F when

Z traverses (, Think of the origin as g fire~hydrant, and think
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of the vector f(z) as glving the location of a man who walks around
the hydrant. The man holds a dog on a leash which is described by
the ivector h(z). It is clear that if the man holds the leash short
enough, then the dog circles the hydrant the same number of times
as does the man ( i.e. F(z) makes the same number of revolutions
as does f(z) ). How short must the leash be for this purpose *?
Short enough so that the dog cannot reach the hydrant. But the
hypothesis assures this situation since |[h(z)| < fr(z) (1ength
of the leash is less than the distance of the man from the hydrant).
Thus the theorem is proved.

We can sometimes use Rouché’s theorem to determine the numbe}

of zeros of a given function in a specific region.

: Examgle

wa‘many zeros does zI“L + 2z + 5 contain in the region

1 < lzl < 2.7

Solution
First let C be the circle lz| =2, 1let fr£(z) = 2 .and let
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h(z) = 2z + 5. On the curve C, [a(z)] = |22 + 5] < |2z + |5]

< L4+5 =9, But |[f(z2)] = - 16 on the curve |z| = 2, and thus

the hypothesis of Rouché’s Theorem is satisfied. Since f(z) = zh

has four zeros inside |z| = 2, Rouche’s Theorem tells us that

r£(z) + n(z) = zh + 2z + 5 also has four jeros inside-‘zl = 2,
Next let C be [z| =1, let f(z) =5 and let h(z) =

2+ 22 . om | =1, In(z)] = [z* + 2z| < [z)ﬂl + |2z] < 142 = 3,

But [r(z)l =5 on [z[ =1, and thus the hypothesis of Rouché ‘s

Theorem is satisfied. Since f(z) has no zeros inside (2| =1,

neither does zu + 2z + 5, Thus z"*L + 2z + 5§ heas four zeros in

the region 1 < |z| < 2,

Problems:

S. How many roots does z3 +2+5 =0 have between the circles

fz) =1 and |z) =2 ¢

6. How many roots does zl‘L + z3 + 30 = 0 have in the anulus

2 < jz) <3 9

Te Let a >e , Show that az™ + e? = o}

has n roots in ‘zl < 1.
8. Show that all roots of zh + 23 + 1 =0 are inside the
circle [z|[<3/2

9. Show that évery polynomial equation of degree n

S n-
a z" + an_lz 1 + .00 + a, = 0 has n complex roots.

(Fundamental Theorem of Algebra)




Review problems for Chapter 3

z
1. Classify the singularities of f(z) = Z2- -1 el/

2. Let C be the circle [z] = 1. Which of the following

functions satisfy the hypothesis of the Maximum Modulus Theorem ?

(a) sin z, (b) exp(zz) ; (e) exp(z'z), (d) esc z ,
(e)Vihz® =1, (£) (4z - 1)°1 .

3. Minimum Modulus Theorem:

If f{(z) is analytic inside and on the simple closed curve
and f(z) # 0 inside or on C, then |£(2)] assumes its

minimum value on C.

Let C be an arbltrary simple closed curve, and let £(z)
= e? , Locate the minimum modulus, and thereby verify the

Minimum Modulus Theorem for this function.

L. Prove the Minimum Modulus Theorem. (Hint: Consider the
function 1/f(z) and apply the Maximum Modulus Theorem. )

5. Determine a value for R -such that all the roots of

23 + iz + 4 = 0 are inside the circle |z| = R,

sec z ,

3.121:2;}



P 3.1

APPENDIX I @

SOLUTIONS TO PROBLEMS

Problems from Chapter 3
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Solutions to Review Problems from Chapter 3
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ANSWERS TO CONJECTURES

Chapter 3

3.1 The Maximum Modulus Theorem
Eet w = £(z) be analytic at all points inside and on the simple

closed curve C, Then the maximum modulus of £(z) ocecurs at some

point (or points) on the curve C. -

Discussion:
If f(z) 1s a constant , then at every value of z , either

inside or on the curve C, lf(z)[ is the same, If f(z) is not a
constant, then the maximum of |f(z)| occurs only on the curve C,
The case where f(z) has a singularity inside or on C is

excluded by the hypothesis since we cannot draw a general conclusion

unless f is regular inside and on c.

3.2 The Argument Principle
Let w = £(z) be regular at all points inside and on the simple

closed curve C, with the exception of a finte .number of poles inside
C. Then A(f;C) = 2(r;C) - P(r;c) .

Discussion:

Picture the point z traversing the curve C once in the positive
(countercldgkwise)sense.; As z traverses C, the vector £(z) (drawn .
in the w-plane) rotates. The Argument Principle says that the
number of positive rotations minus the number of negative rotations
of the vector w = r(z) equals the number of zeros minus the
number of poles of f(z) inside C.

We restrict the number of poles insidg C to be finite, otherwise

P(£;C) is infinite.




