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6.7 The evaluation cf real definite integrals

We will now apply our knowledge of contour integration to
the evaluation of certain real improper integrals of the form
co o
f(x) dx and f(x) ax .

-0 0

The methods used are best illustrated through examples,

Example 1 ©
EVgluate the integral .][;I—%E;Z— .
)
Solution

Sefore presenting a complex variable solution, we observe

that this example is easily solved by the methods of the elementary

calculus.,
o )
_d_]_{_z__ =tan-1x :g--(-g-):n .
1+ x
- - oo

We now replace x by the complex variable 2z and consider

integrating over the closed contour CR = —3>»— 4+ ([ \ as shown ..
AV’
-w-\.'..‘
~
dz
1l +2z KCR
CR SINGVLARITY
1
RTINS
o
-R R
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Our integral can be written as the sum of two integrals,
one over the portion of the real axis from -R to R, and the

other over the semi-circle of radius R « Thus

R
dz = dx . J/[- dz .
(1) 1+ z 1 + xZ 1 + z2
-R

Cr N\

The first integral on the right hand side has x rather than 2z
because the integral is over real variables. We can easily evaluate
the left hand side of (1) by means of the Residue Theorem. If we
let R tend to infinity, the first integral on the right hand

side becomes the integral we wish to evaluate. As R tends to
infinity, the second integral on the right will tend to zero
because the term 22 in the denominator grows large so fast. Let

us examine this more closely:

i l—szz_I < ll'—fz_iz, (Sec. 6.1, (5) ) |

)

On the semi-circle we have 2z = R 1P s Where 0 <8 < g, and
therefore dz = 1 R o'%6 Substituting these inte the right hand
side of the last inequality we get

n

dz < R do6
1+ 22| — ll + R 1< .
C

)
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stnce |1 +R% 6% > B2 _ 1 for a11 © amd B > 1 we
have
o
dz R de Rrr
——2- < = T_ .
_[; + 2 =/ R® -1 R™ -1

M 0
Since this last expression approaches zero as R grows large, we
see that the integradbver the semi-circle tends to vanish as the

radius grows larger and larger,

From (1) we now have

lo s}
(2) dz - dx
1 + 2z 1l +x
—co
‘R
= 2mi Res( ——— , i )
l + 2
1
= 2nil -5 S ]
= 7 .
oo
It is interesting to note that the original integralJ[ dx
Yool + X

Seems to have nothing to do . with 1 = —V:iﬂ . Yet the value

of this integral was determined from the residue of (1+22)-1

8t z =1 ., How is it that an integral of a function spread

over the real axis from negative to positive infinity can be
determined by a residue at a single point ? Recall from page

L.4LO that an analytic function is determined everywhere by its
values near a single point. This result resembles Gauss‘’s ‘heorem

in electrostatics,




VelyO

=
A
In the problems we shall Im(z) /
: r
consider, we will encounter / k)
integrals over the arc of a
circle of radius R from Z;\
8 R

8 =« to © =8 as shown. / .
by the arc I . The following / ,/-’//E;
theorem tells us when this integral — 3 % .
vanishes as R approaches infinity. Re(2)
Theorem 1

Let f(z) satisfy the inequality
(3) z2P*L f(z)l < c , p>o0,
where C 1is a constant (independent of R ) on all ares T of
sufficiently large radius R. Then

lim £f(z) dz =0 .
R=~>c0 r

Proof

Using the inequality for integrals and (3) we have
[ A | A
ff(Z) dz | < flr(z)] laz| = ]f(z)l Ras < [GRAS  _ C(B-x)
' - RP"']- Rp
T T « ”

Thus the 1limit follows,




Remark
The inequality (3)
that the function £(z)

2 approaches infinity on
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of the previocus theorem Simply says
approaches zero faster than 1/z as

the circular arec. Examples of such functions

are (1+z2 )'1 , 32 , ; +—%—-, etc. . An example
z7 + 4 Z7 + 2z
of a function which does NOT satisfy (3) 1is —2~£7:-— since
: z  +
for large 2z this function behaves like 1/z which is just

a bit too slow.

Examgle 2 0
Evaluate J/H I_%E;E- .
Cc
Solution

As in the previous
€Xample, we consider the
closed contour consisting
of a semicircular arc
and a straight line from
-R to R along the rea}l
axis., It is clear from

the Theorem 1 Just

. dz
considered that -————H-
1 + 2
Thus from
dz -
1l + zE
Q ——

we get

SINGVLARITIES
1

i+ Zq/ '—'K

<3m

e‘l

N
s 7

R

R approaches infinity,

approaches zero as




[ =
dz dx
1im ""'TT' = -————7: + 0 .
p>o |1 + Z 1 +x
é - 0o

The left hand side of this 1last expression 18 evaluated using

the Residue Theorem.yielding

co
ax _ 1 in/y
(u)\/m = 2171[ RBS( ;;E— » e ) + RBS( -h

The residue at e‘)m/l‘l is

z - eiv/h
1+Z&

lim
z—> o1/l

1

l1 + 2z
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61317/)4 )

and using L‘Hospital’s rule we differentiate both the numerator

and the denominator to get

1 _ o=idn/l
(5) '7:—j;— = B

2 z = oim/l

The residue at eiB"/’4 is obtained in the same way

-1
(6) Res( o137/Ly _ _1 _ e/l
uL I BT I

Substituting (5) and (6) into (L) we have

[« o)

| C_-13m/ “in/y
(7) dx = 2mi [ & . e
juxﬂ " v Ty
-~ Qo

]

—
-

4
7

= Res( ei"/h) .

o-in/ly
L

J
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The sum of these last two exponentials

is obtained at once from the

vector diagram and we have

@)

dxl 21[-—5_/_2—’_1_]
1+xE " L

= n/N2,

Since (1 + xu )'l is an even function we have

o=z

o )
dx 1w
and thus h—h- S —— .
l + x 2 ‘72
0
Problems o >
dx dx
18. Evaluate - . 19. Evaluate
8 +x a’ + x
-y -_—
@ co
/ dx x° ax
20. Evaluate —— 2l1. Evaluate
(1+x") (1+xd)2
0 0
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The next example will require two contours of integration,

one in the upper half plane, and the other.in the lower half plane.

Example 3 @
Evaluate cos xz dx .
l + x
)
Solution

We cannot employ the contour 1::) used previously with

the integral ’
cos z dz
1 + z

JA

because the function cos Z tends to infinity with exponential
Speed as z approaches infinity in the direction of the imaginary
axis. To see this, look back at Figure 2.8 on page 2.22 . Because
COS z grows so rapidly along the semicircular part of the contour,
the integral will not tend to Zero along this circular arc “and
the method employed previously will fail,

However, if we write

cos 2z = ’

the integrand breaks up into the two integrands

iz - =iz
cos 2z 1 e 1 e
(8) —*?_ - — —*T_ -+ -
1+ 2z 2 1+ 2 2 1+ z2
. . iz ~iz
Let us investigate how e and e grow when we replace 2z

by X + iy and then 1let Y Bgrow large,.




. - "0 as y—>>» +

iz [ : Iei(x+iy) l - ,e-y+1x, = eV _{j

00 &8s y—>» @
and

O 8as y—>= + ©
’e-iz, _ e—i(x+iy), - 'ey-ix ’ . s

0 a8 y—» . @
Since eiz(1+22)-1 approaches:.zero on
/é\\ as R tends to infinity, £¥j+

we select C+ as the contour

for the first term on the right

of (). We select C_ as

the contour for the second

term because e-iz(1+22)’lrtends to

zero on (_4 as R tends

We have

(9) 1lim

R—>c0

L

f)g v
\}fl + x
—CO
/1+I
-~ co

o0

cOS X dx

1l +x
S
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-R

to infinity.

C-
)
1 e~1x dx
M-
l + x
@
dx
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Using (9) and the Residue Theorem we have

(we]
(10) 3‘51—"-2-‘?-’-‘ = 2mi [%Res(ifg——, i) -%ﬂes(g-jf—?-,-i)]
l + x 1+2z l + z
—co

Notice that a minus sign is used in front of the second residue

because the contour C_ 1is in the clockwise of negative sense.

Now
iz ‘ iz -1
Res( 'EL_‘1Z i) = e - e
1+ 2% z + i 21
2=1
and
-iz -1z -1
Res( —2—— , 1) =_0__ = -
l + 2 2 -1 . -23 .
= =i

Substituting these last two residues into (10) we have

el
cos x dx = /e .
1 +x
-
Problems
oo co
22, Evaluate | £08 xhdx . 23. Evaluate cos g gx
l + x (l+x )
Zeo 0
o
si 2 dx
2. Evaluate B xz .
1l +x

el Z 4




2n
We next consider integrals of the type./r F( sin 8, cos 8)
C

where F is g rational function. If we make the substitution

z = eif
we find that
(1) sin 8 = i — e = E—L s
' 21 21
i6 -i0 -1
(2) cos 8 = + e = 2tz , and
2 2
ie . .

dz = 1 e d® which implies that
(3) a4 = -1 371 g, .
As 9 varies from 0 to 2, 2z = eie will travel once over

the unit circle in the positive sense. Thus our original integral

is converted into

e
-1 -1
F( sin 6, cos 8) d8 = Dp( Z T, 52

dz
) 3T

3
lz| =1
and this last integral can be evaluated by means of the Residue

Theoren,
Examgle Q 2n
/ a0
0 2 + sin ©

Evaluate

Solution

Makin’ the substitutions (1), (2) and (3) above we get
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as ,
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2n
de 1 dz
1= 2+sin © B z - z7t iz
+sin =
0 \z‘=l 2+‘—2———‘i
- 2 dz
z- + liz -1
lz | =1

To locate the poles of the integrand we use the quadratic formula

W ory ek (-2 5 431 .

. =

z =

Thus we have

2dZ ¢
(2 +(2-93)1)( z+ (2+9Y3 )1)

|zl =1
Only the singularity at z = -(2 -¥3)i 1is inside the unit

cirecle and thus the Residue Theorem gives us

I = 2ni 2 Res|( 1 , =(2-73")1)
(2+(2- 937 )1) (z4(2+ 93 )i)

= Lwi 1 =

2n
[-2-43) + @293t 45
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Example § i
cos 26 46

Evaluate > I whers 32 <1,
o & -28 cos 8 + 1

Solution

8ince cos 8 is an even function ,

IR IA

With the substitution =z = eie s, Cos 20 = | 6129 + 6-1263/2 =

i
™}

5 -
[ 2° + 2z 2]/2 . Thus we have for our integral I

After a little manipulation we have

I = 1 zh + 1 dz
fz| =1 ‘
The quadratic z2 - (a+ a'l) 2 +1 is zero when 2z = a and a'l R
therefore
I = 1l zu + 1 dz
<Lai 2° (z - a)(z - a 1)
|z| =1

%We see that inside the unit circle there is a pole of order two

at the origin and a simple pole at z = a ( recall that a2 <1).

Using the Residue Theorem we have
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T = 23 [ Res(a) + Res( 0) ]
-hai
I Gl & )
ca az(a - a'l) dz z2 - (a + a'l)z +1), 0
L 2 2
b a’ + 1 a + 1 7 a
=-—[ + ] = S .
al @ 5 o
Problems
21 ‘ 21
25. Evaluate e . 26. Evaluate de
a +b sin 6 a +bcos 8 + ¢ sin ©
0] . )
Ez > b2 : ¢ a2 > b2 + c2
v
n
dae 2n
27. Evaluate 5 . 28, Evaluate sin“@ ae .,
(a + cos 6)
5 0 0

a > 1




6.8 Contour integrals about branch cuts

We will now evaluate certain real definite integrals by

complex contour integration whigh features multiple valued

. 2
integrands. When the integrand is multiple valued, such as zl/ ,

21/2(1 - 2)1/2, we must select an appropriate single

log 2z ,

valued branch of the function with a corresponding branch cut,
Because of this additional complexity, these techniques are
more difficult than those considered in the previous section.

AS before, the methods are best learned by examining exampies.

Examgle 1 @ y
=1/2
Evaluate x__dx = 1 |
x +1

Solution

The function z']‘/2 is a multiple-valued function. If we
set z = p olY and select 6 to cover the range O <9 <2¢ ,
we define the branch of the reciprocal square root such that
2~1/2 _ p-1/2 o-18/2 s where 0 <8 < 2y

(1)

and r 18 real and positive.
This branch of the function
has its branch line along
the positive real axis, BRANCH <oT
and branch points at the _?l_;:&_;r_——-o}o

origin and infinity. For

example, if we wish to

find z'l/a for 2z =i, we must select r = 1 and 6 = /2

by the restrictions in (1) and we get _1'1/2 = e-iw/h .
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/,/”””—« Contour of integratioc
e drawn.on the cut )
e plane for the function

/\ , B

"y
>
Y
@®
W
2
>
2
§

Examine now the contour of integration which is drawn on the

branch cut just described. We will examine

@a _E:EELEE = .J. + + +

zZ + 1
A->—3B B E—«D ' A
@ CGD FCE

We think of €, the radius of the small circle,as being
very small and we will ultimately let ¢ approach zero. Likewise
we think of R, the radius of the large circle, as being very
large and we will finally let R approach infinity. Both of‘
the integrals over the circles will tend to zero and will thus

contribute nothing to the evaluation. (More on this later.) The
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The integrals over AB and ED at first appear to cancel each

other because they are over the same line segment in opposite
-1/2

directions. However, they do not cancel because the factor =z

in the integrand assumes different values on the top line AB

than it does on the bottom line ED ., (Both AB and ED coincide, but

are on different ends of the branch cut.) The left side of
(2) can be evaluated by means of the residue theorem since there
is a simple pole at 2z = -1 . Thus (2) will become an equation
from which we will solve for the desired real integral I .
We will now examine each of the five integrals in (2) separately.

The entire contour integral

The left side of (2) has a simple pole at 2z = -1 and thus
the Residue Theorem gives its value as 2ni times z"l/2 with
zZ equal to -1 . Nowwhen z=-1, r=1 and 6 = 5 in (1)

-1/2 = e-iw/Z

so that 1z « Therefore

2-1/2 dz

zZ +1

= 2ni e°1"/%= 2ni/1 = 2% .

(s

The integral from A to B.

On this integral, z is the real variable r eio = r . Thus

our integral is Simply
R
Jr I"'l/2 dr
r + 1

€

and since we will ultimately let ¢ approach 0 and R approach

infinity this will tend to the desired integral I .

() f——ex

A—=>—B




