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Solutions to Review Problems from Chapter 6
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APPENDIX II

ANSWERS TO CONJECTURES

Chapter 6

6.1 The indefinite integral

Let f(z) be an analytic function defined on the open set R.

such that for each

ts an analytic function F(z)

Then there exis
We call F(z) an indofimite;integral of £(2)

z on R, F’(z) = f(z).

end denote the family of all functio
by Jff(z) dz. It can be shown that this family is

ns which when differentiated

yield fr(z)

_ff(z) dz = Flz) + ¢,

where ¢ is an arbltrary (complex) constant.

6.2 The Riemann integral

In real analysis we integrated over a segment of the x-axis
from x=a (the starting point) to x=b, (the final point ) to
form the definite integral j( f(x)dax . In the extension to

the complex plane, this directed segment of the x-axis is re-

placed by a directed curve starting at 2z=a and ending at z=b.
A

A directed curve (like the one Y b
in the figure) is called "nice"
if it is smooth at most points.
We do allow a few corners as shown G\corners
in the figure where the curve ‘(//
a

fails to be smooth. (An exact

definition of & nice curve would

Y

be one that is described by
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x = x(t) and y=_y(_t,) R t-.a_<_.1:_<_1:1 ’

parame‘cric equations
continuous derivatives. )

where x{(t) and ylt) have piecewise.

we will not, however, have occasion to WOrry about the precise

nature of a npice" curve in this book, as the curves we usually

encounter are composed of streight line segments and circular

arcs.
Now let f(z) Dbe a complex valued function defined for -

all z on the nicé directed curve C which starts at z2=a and

ends at 2z=b .

(i) Subdivide the curve ¢ into N small consecutive arcs

as shown in the figure.

Y
_ _(ii) On each small arc 4\ |
b
select a point z: and form
«
z
f(z:)Azk . "
(111) Form <
5
%
£(z, YAz . v
k=l k k
»
Z"‘ 3
(£v) Continue to subs: - i . X

divide the curve C into more and more arcs (N->9 ) and

si '
mul taneously let the length of each small arc approach zero

( Az, — 0 ). If the limit

N
lim Z tiz¥)az
az—0 ¥1 L

N—™c

exists an |
d gives but one value regardless of the manner in which
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tne subdivision of the curve C is made, then wd?c5¥1-this-f

1imit the Riemann integral of . #{Z) over the directed curve

(or contour) from z=a to z=b and denote it by

‘ . b b
J‘ £(z) dz = J; r(z) dz = j: £(z)dz .
C Cc

Remarks

1. Each of the three expressions above for the definite integral

over the curve C from a to b require that some description

be given of the contour C which joins a to b . Sometimes

other notations are also used which are often self-explanatory.

For example, the notation

fﬁ f£(z) dz | "

fzl =1
means that f£(z) is integrated over the closed curve which is the

circle of radius one centered at the origin in the counter--

clockwise sense,

2. Note that there is no need to require that f£(z) be

analytic on Fhe‘gpptonr of integration C in the above definition
of the Riemann 1n£egfa1. If f(z) is simply continuous on C,

then the Riemann integral always exists provided the length of

C 1is finite. h |




4.3 ' The Fundamefital Theorem of-the Integral
Let f(z) be an analytic figction for:sach .Z.
ed contour: from :z=a to z=b

.on “an -open

set- R and let  C denote a direct

inthe set R ._Then'thermexi-s'ts:-nhanaiyttc;functian F(z)

on R such that: FP’(z) =£(z) -and

b —
Ll

b :
{* £(2) az-.= Fto) - Fla) .
c

bl Lauran{"s Theo ren
' ~ Let £{z) be -analy$ic for all 2z in the.annulus
r < Ju-zg) <R, Then £(z)
can be exp‘auded in-a
conv:_erg'p;;t series , a't».:e'_?'a"éh -
,p_oir_x:t__. of this ;&;mulus

sivebf}l_;l;y

00

£(2) =?_ 1 4 £it)-dt.

n==0

where the simple closed curve C Eréles the hmulas ss shown

and does not extend Sutside the annufus,




