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CHAPTER 2
ELEMENTARY FUNCTIOKNS

The reader has become familiar with many functions. They

include x2, 1/x, e~, sinx , 1log x, s&inh x, xP, and many

many more. In previous studies, the independent variable x was

always real. Now we replace x by 2z = x + iy and ask ourselves

how the old familiar functions behave now that 1y has been added

to x. In other worda, we previously only saw these functions on

LIM (&) /

that narrow subset of the - A amiliar region
complex plane called the . ‘r’ RS '
4 4 1‘/ B
real axis, We now wish to real axis,| (familiar region);z
enlarge our view of these | @-ﬁ@ Re(2)
o : 4 )
functions by examining oy r ‘ :
their behavior for all //: /"/ - unfami}iar region
— // { 2 ‘ i Vs // '// <
/7/ 4 - / , o ‘
points in the complex plane.” / S s S

There are, of course, many ways in which we can arbitrarily define
8 given function on the unfamiliar region of the complex plane.
For example, we could define sin z = sin ( x4+ iy ) to be
sin@% or s8in x + 1 sin y, or sin x + 1y , etc., for all of these
wculd become the familiar sine function when we return to the
real axls by setting y = 0. However, we are not interested in
letting our imaginations roam wildly. Definitions chosen arbitrarily
&re not likely to preserve many of the relations such as

8ln 2z = 2 8in z ccs z,

2

sin2z + cos"z =1,

etc., We seek NATURAL definitions. Natural definitions will .
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evolve by examining formulas and expressions which reason tells us are
probably correct. Only in this way will the new mathematics generated
be 1ikely to preserve features of the functions already familiar
to us, Perhapsé} the new mathematics will even lead to new and

undxpected insights into the calculus. In the following sections

we will explore ways in which natural definitions can be selected.

2,1 FPunctions and their graphs

In the study of the real calculus, we usually used the notation

Y = f(x), with the understanding that x is the independent variable
and y 1s the dependent variable. In our complex calculus, we shall

most often write W o= r(z), where 2z = x+iy 4is the independent

variable, and w = u+iv is the dependent variable.( x, ¥y, u and v
are all real variables.) Note that graphing w = f(z) involves

four real variables, and we shall discuss this difficulty momentarily.

As an example, let us examine the function w = 22 . It is

most natural to simply replace z by x+ly and square to get

W = (x+iy)2 = 12 - y2 + 2xyi . \
Since w = u + iv we have
2

It is sometimes useful to use polar coordinates., Writing
_ 16 |
Z=1re s &and w = Pei¢ we have for the function w = 22
pei¢ = p2 o126

and thus P= r2 and &g =206 ,

Problems:
. Let 2z = x+iy and w = u+iv, Find u and v as functions of
x gnd Y. (a) w=1/z , (b) w= 22 +2z, (c) w=2 ’

(d) W = 23 °
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2 Let | z=7re , and Ww pei¢. Find p and ¢ as functions

or ¢ snd 6. (8) w=1/z, (b) w=12 , (e)w=T1,

(d) w= |z] .
How can we visualize complex valued functions of a complex

—
-

' variable ? The four dimensional nature of the expression u+iv

£(x+iy) makes this difficult, but nevertheless, good techniques

are available,

One method is fo‘plot lines of constant u and constant v

directly over the complex 2z- plane. Then for each value of z, we

can estimate u and v and thereby approximate w = u+iv,

2

As an example, consider the function w = 2z~ . Previously

we showed that u = xz-y2 -and v = 2xy. Our previous experience
in analytic geometry reveals that the curves u = constant and

v = constant are hyperbolas. These "level lines" are shown in
Figure 2.1 . This "contour map" of the function w = z° shows
that at 2z = 1+1,” u=0, and v = 2; thus w =21 .

Problems:

3. Estimate the value of w = 22 from Figure 2.1 at the following
points: (a) z =2-4, (b) z = -1+21, (c) z = 1,5 -24,

(d) 2 = -1, (e) 2 =2,25 - 1,751,

L. Estimate the values of z associated with the following values
of w given by the function w = 22. Use Figure 2.1 .

(a) w=21, (b) w=-6-61, (c) w=-=1, () w= 2421 .

5. Using u = xz-yz and v = 2xy, sketch the graphs of u = -4
and v = 2, Check your results by compariﬁg them with Pigure 2,1.
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Figure 2.1 The level lines u = constant and v constant
for the function w = ' plotted over the complex 2z plene.

(w=u+1v, and z

X

+ 1y .)




can be given in which we

Another "contour map" for w = 2
draw lines of constant modulus of w ( /w/ =£ ) and lines of
constant argument of w ( arg(w) = ¢ ) directly over the complex
z-plane. We demonstrated previously that £ = r2 and ¢ = 26,

This contour map is shown in Figure 2.2,
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From Figure 2.2 we can also estimate the values of the function

w = 22 . As an example, examine the point 2z = -1 + 1.75 1 . Here

we see ﬁhat P=L and ¢ =L4n/3 . Thus w =1L eﬂm/3 = -2-2/3'1 .

Look closely at the values of ¢ along the mnegative regl axis.

Notice that ;1 approaches the value -2 from below the axis,

and 2% from above the axis, This abrupt change in ¢ does not,

i
however cause an abrupt change in the value of w = fe $ since

o~2m _ 0™ - 1,

Problems: '
6. From Figure 2.2, estimate the values of the function w = z2
at the following points: (a) z =2, (b) z = =1,1 + 21, (e¢) z = ..
1.5 - 0.91 . |

7. From Figure 2,2, determine the values of z associated with
each of the following values of w governed by the equation w=z",
Notice that for each value of W , there are two values of

one in the range =27 < J < 0, and the other in 0 < ¢J < 2m.

(a) w=JT+1, () w=l "3 | (¢) w=-1,

8. Construct similar "contour maps" for the functions (a) w

3

= z°,
and (b) W = 1/z , which show level lines for the modulus and the
argument of w,

The level lines shown in Figure 2.2 can also be described by
means of a three dimensional "relief map " shown in Figure 2.3.
In this graphic visualization of the function w=22 s the complex
z-plane is the base piane, and the vertical altitudes are the
moduli P of w. The lines of constant argument fﬁ are then
drawn on this surface. While it is more difficult to use a relief
map to actually estimate values of the function, the relief map

provides a vivid picture of the behavior of the function. -
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Figure 2.3 Reélief map for the function w = z2 + The modulus

of w |1is grhphed vertically upward over the corresponding points
on the complex z-plane, Lines of constant argument ;é are also

shown.



Problem :
in which the

9. Sketch a relief map for the function W = 1/z
modulus of W is plotted vertically above the complex z-plane,
and the lines of constant argument of w are also drawn on this
surface. ( See Figure 2.4 for the final relief map.)

It is not surprising that the Relief map for the funétion
w = 1/z shown in Figure 2., goes off to infinity at the point
z=0, Such a point, where the entire relief map is urged to infinity
about a particular value of z, is called a "pole" . This is a

"gingular point" for the function. We will have much to say about

singular points latere.
We have yet another method for visualizing the behavior of

a complex valued function of a complex variable. In this method
we reveal certain "mapping properties"of the function w = f(z),.
That is, we shall determine pairs of regions, one region on the
z-plane, and the dorresponding region on the w-plane, such that
the function w = f(z) maps each point in the z - region onto

a point in the w-region. For example, consider the function w=z_.
Figure 2.1 reveals that the region in the z-plane bound by the
hyperbolas xz-yz =2, 12-y2= L, 2xy = 4 and 2xy = 6 , maps' onto

the region bound by the lines wu=2,u=, v=j,and v=6 in the w-plane.
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Figure 2., Relief map for the function w = 1/z showing the
modulus of w plotted vertically over the complex z-plane. Lines

of constant argument of w are also Plotted on this surface.




-Problems:

10. Determine the region in the w-plane obtained when the following
2
region” in the z-plane is mapped by the function w=z°<.

(a) 0 <y <x in the first quadrant.
(b) 1 < x° + y2 <i and w/h < arg(z) < n/2 .

A

(¢) 0 < arg(z) < n/y

(d) 0 < Re(z)
(e) 0 < xy <1 4in the first quadrant.
11. Determine the region in the z-plane which corresponds to the

following region invthe w-plane under the mapping w = z2.
(a) 0 < arg(w) < n/2, (b) 2<u<h, Lev<6 , (¢) -1 <u<1l, -1 <vy < 1.

Solving w = z2 for z as a function of w gives z =,f—".
Our experience from working problem 11 reveals that this is a
double valued function. That is, under the mapping z = [w,
two distinct values of 2 correspond to each given value of w
( with the eéxception of the point w = 0 ). Let us interchange the
variables z and w and consider a graphic visualization of the
function w =./2. Two distinct complex numbers must now‘be
Plotted above each point on the 2-plane | How can this be done
without much confusion ? We will return to this problem of
graphing the function w =3Z', and we will uncover a new device

n
called the "Riemann-surface" which will aid us‘our visualization.

=

2.10

-
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i

2.2 The exponential function

' z
How should we define the exponential function w = e ?

Previously, we obtained a definition for eiy called the Euler

formula

eiy =cos y +1siny.

It seems now most natural to write )

eZ = ex+iy = ¢ eiy

(1) e = e®( cos y+41isiny)f.

This last expression will be our definition of the exponential

function. We will also use the notation e? = exp(z) . The notation

exp(z) 1is particularly useful when z is replaced by a large expression.
Notice that since eiy 'has modulus one, the modulus of eZ% 1is
P=lel = Je* 17| = [oX|-[ol¥] = [oX] - o% .

Also note that the argument of eZ 1is simply ¢ = y. Figure 2.5
is & contour map of e? showing the lines of constant modulus
(P = constant ) and the lines of constant argument (¢ = constant ).
Figure 2.6 gives the corresponding relief map.

An important property of the exponential function is that it
is periodic. Recall from the study of trigonometry that the sine
function has period 2w, that is to say, sin(6+2y¢) = sin 6 . However,
our previous experience in calculus certainly did not reveal that
the exponential function was /\P
periodie, In raét, the graph P= ex
of the function/n = e* was

continually increasing. How

then can we say that —————"”’///21(/

— - 5 x
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(12

the complex exponential function is "periodic"? The answer to this

puzzle lies in the fact that eZ repeats itself in the direction

of the Imaginary axis of the complex z-plane, and not in the
direction of the Real axis. Since we never bothered to look up
into the imaginary axis before, it is not surprising that the

periodicity of the exponential function escaped us. The period of
242wl _ o2

the exponential fucntion is 2wi. That is to say, e

To see this, use (1) and get

ez+2ni - ex+1(y+2rr)

= e cos(y+2n) + 1 sin(y+2w) )

= e*( cos y + 1 sin y )

= ez, .
This periodicity property of the exponential function is also clear
in our two graphic representations. Once we know the values of
e? on any horrizontal strip of the complex z-plane of the form

a8 < Im(z) < a + 2r, then we can got all values of e?Z by simply

placing identical strips directly above and below the original

one,

Problems:

g + 1£. Show, using the defining relation

12, Let z=x+iy and
(1) that: (a) e2 o = gZ* ; (b) o2/ &% = 02+ ang (c¢) (e%)¥=

eNz, where N>= 1, 2, 3, 4, ... .

13. Using the function w = e?2 s and Figure 2.5, map the following
regions on the complex z-plane into the complex w=-plane:

(a) 0<y <m; (b) 0 <x, 0<y<q/2 s (e) =2 <x <2, 2¢ < Yy < 3nm.
4. Find the points on the Z-plane which map onto the first

quadrant of the W-plane under the mapping w = e? .
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2.3 The trigonometriec functions

We now seek natural definitions of the trigonometric functions
How can we do

sin z, cos z, tan z, etc., for complex values of 2 .

this ? We know how to compute ez, and from tuler’s formula we

can relate the exponential function to the cosine and the sine

(1) ol® - cos 6 + 1 sin © ,

Replacing € by -8, and recalling that cos(-8) = cos 8, and

sin(«6) = -« 8in © we have

-

(2) 61® _ cos 6 - 1 sin o .

~Adding (1) and (2) we get

(3) cos 6 = & __*+ e ,

and subtracting (2) from (1) we get

o180 _ 18

231 *

(L) sin 6 =

Formulas (3) and (4) are natural expressions because they have
evolved by standard manipulations from Euler’s formula. Why not

replace the real 8 in these two expressions by complex. z and

get
iz -iz
(5) cos z = & __* e and
2 »
iz -1z
(6) sinz = 2 _-©
21 ?
S iz -
ince we know how to compute e and o iz from the previous

section, (5) and (6) provide us with definitions for the sine
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g,

and the cosine Wwhich are meaningful for all values of z .

Example:

Compute cos 1 .

Solution:

From (5) we have .
ii 11 -1

2

cos 1 =

Values of the sin z can also bé found from the contour map
shown in Figure 2.7 . Here the modulus P = |sin z| and the
argument ¢f = arg( sin z ) are plotted over the complex z-plane.,
Figure 2.8 shows the corresponding relief map.
 As an‘éiamble of the use of Figure 2.7, let us find sin( 1 + 0.51)
At the point x =1, y = 0.5 we see that A 1s about 1 and
$ is about w/12 . Therefore

0
sin( 1+0.51) ™~ 1 ei"/12 = cos 15 + i sin 15o = 0.97 + 1 0.26 .

Problems:

15. Use equation (6) to compute 8in(1+4i). Check your result bﬁ

using Figure 2,7.

16. Using equations (5) and (6), write expressions for tan z,

csc z, sec 2, and cot z in terms of the exponential funection.
From (5) we can find the real and imaginary parts of cos z,

Recall that we seek realfunctions wu(x,y) and v(x,¥) such that

COS 2z =u + iv .,




eiz + e-iz
cos z =

2

_ e-y+ix + ey-ix
2
- oY
= —Zz ( cos x+ 1 sinx ) + 2— ( cos x - i sin x )
= y -y

=Mcosx _ie—;._e__sinx

2 2 d

Recall from the calculus that

o7 + o7

Cosh y = =—————, and
2
Yy -y
e’ - e
8inh y =
. 2 .
Therefore
(7) o8 2 = cos8 x coshy =4 sin x sinh y .

A similar relation for 8in z is

(8) 8in 2z = sin x coshy + i cos x sinh y .
\Problem:
17. Derive (8),

Since our definitions of the trigonometric functions arose in
& natural way, it is not unreasonable to expect that the many identities
that we learned in trigonometry for real variables remain true for

complex variables, This is indeed the case. A Sample of such identities

includes
(9) sinzz + cosaz =1
(10) sin(z+w) = sin z cos w + cos 2 sin w

(11) 8in 2z = 2 8in z cos z .




To demonstrate (9) 8imply use the defining relations (5) and (6)

to get
(eiz - e-iz)Z (eiz + e-iz)Z

sinaz + co08 z = +

e-212.) ]

Problem:

18, Derive (11).

Since cos z = sin(z + v/2), we can use Figure 2.7 to
compute cos z by simply adding /2 = 1.57... to z and then
reading off sin( z + n/2), fop eéxample, to find co0s(0.5 + G.S’i)
wWe look up sin(0.5 +0,5%+ 1.57) = sin(2.07+.51')a.nd get approximately

£ =1 and ¢'= - n/12 . Therefore

cos( 0.5 -?0.5:') >~ 1 ta"j""/l2
(=] (o]
A= cos 15 - 4 sin 15

2 0.97 - 1 0.26 |
Problem:
19. Estimate the value of tan(1) wusing Figure 2.7. Check your
result using the analytic formula

e1z e--1z

tan z = %
eiz . e-iz
A glance at Figure 2.8 reveals that all the values of z
for which s8in z = O are on the real axis., Thus we are hlready

familiar with all the zeros of the sine function, which are

all the integral multiples of n . In fact, all the zeros of




the trigonometric functions occur on the real axis.
Problem:
20, Use (8) to find all the zeros of the sipe function.

The trigonometric functions also retain their familiar
periodicity, However, some features familiar from the real
calculus do not carry over into the complex plane. Such is the
cagse for the boundedness of the sine and cosine. In the real

calculus we always could rely on the inequalities

Isin x{ <1 and |cos x| <1.

However, = glance at Figure 2.8 reveals that these functions grow
quite rapidly ( in fact, exponentially) as we proceed in either
direction élong the imaginary axis. In fact, we shall learn later,
that the only "natural"” functions w = f(z) of a complex variable
that are bounded for all z are the constant functions f(z) =
a constant ,

Finally, we must not fail to recognize a most unexpected

feature of our study. In the calculus, the exponential function

y = e* and the sine function Y = sin x seemed quite unrelated,
L SIN X
/\ \\_/ 2 X

/ v
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Their graphs showed no similarity whatsoever. Yet our investigations

in the complex Plane have revealed that they are intimately related,
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‘he remarkable formulsa iii

sin z =

shows this, and moreover, it has made possible the derivation

of certaln trigonometric identities without appeal to triangles
( as in problem 18 ),
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Figure 2,8: Relief map of the function w = sin z. The modulus

of the sin z is plotted vertically above the z-plane to form a
surface. Lines of constent argument are also plotted en this

surface'md appear as lines of greatest descent of the surface.
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2.4 The hyperbolic functions

In the real calculus, we encountered the definitions

coshx = & _*#© _ , and
2
X -X
sinhx = & -.°
2 . -

There is, of course, no difficulty here in replacing real x by

complex z since eZ and e have already besn defined. If

we write the definitions we encountered in the previous section

alongside of the definitions of the corresponding hyperbolic functions,

we notice much similar;ty:

iz -1z z -2
cosz=2_12%¢ , cosh z =2_*+¢©
2 2
iz -1z z -Z
sin z =8 _ - ¢ , sinh z = &_=¢©
21 2 .

Replacing 2 by 1z 4in cos z we get

-z z
cos(iz) =& __+ e

2
(1) cos(1z) = cosh z .
Since we already know how to compute the cosine function, (1)
permits us to easily compute the hyperbolic cosine. In s 8imilar

manner, replacing z by 1z in the sin 2 gives

-Z z 2 -
sin(iz) =& _ - _ 1 “_z

21 2




(2) sin(iz) = 1 sinh z .

Equation (2) allows us to compute sinh z when we know sin(iz) .

Examgle
Find cosh(ni).

Solution

From (1) we see that cosh(mi) = cos(=n) = =1 .,

Example
Provevthat coshzz - sinhzz = 1.
Solution
From (1) and (2) we have
cosh®z = cosz(iz)

- sinhez = ainz(iz) R

Adding these last two relations we have cosh2 z - sinh%z =
cosa(iz) + sinz(iz) = 1.

The previous example illustrates that not only do the hyperbolic
identities resemble the trigonometric identities, they are the
very same identities in a new notation { When we first studied the
hyperbolic functions in the real calculus, we were quite surprised
to find that functions defined in terms of the exponential could
have so many relations which resembled simijlar relations for the
seemingly unrelated trigonometric functions. These relations
included
(3) sinh 2z = 2 sinh z cosh 2
(L) 1— tank®z = sech®z
(5) cosh(z + w) = cosh gz cosh W + sinh z sinh w .
Our recent study or‘these functions in the complex plane has removed

211 elements of surprise, and shows that such relations are indeed

to be expected,
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Problems
21, Find (a) sinh(3mi), (b) cosh(3wi), (c) tanh(3wi), and

(d) sinh(l-i).
22, Write definitions of the remaining hyperbolic functions in

terms of the exponential function.
23. Using (1) and (2), and the appropriate trigonometric identities,

derive (3), (4) and (5).

2,5 The function w = JVz .

Let us now investigate the function w = Jz' . The analytic
investigation of this function is easy when we replace z by its
polar form 2z 18

= re .
W=\z =Jreie =(re:"e )l/‘2

(1) Jz = rl/2 g18/2 .

To comprehend the significance of (1), let us imagine that the z-
vector is like the hand of a rotating clock. Hold lz| fixed, and
let © vary continuously starting from 6 = 0, Simulta.neously, as
the z-vector rotates, we watch the corresponding w - vector given

by (1), w = z .See Figure 2,9 ,




FPigure 2,9 w =Vz (The z-vector must maks two full 2.26

revolutions before the w-vector makes one -
full revolution.) jLé;

Zz-plane w-plane
&=-o ‘_?* ¢:0

Notice here that
the z-vectors
}~ are identical, bu
the w-vectors are
¢ = 34;«11 distinct. The

wW- vectors are
180 degrees out
of phase,
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2.7
An examination of Figure 2.9 reveals the following important
features:
(1) The z-vector must negotiate two full revolutions before
the w-vector negotiates one full revolution.
(2) 'To each z-vector there corresponds two distinct w-vectors.

(for example, the z-vectors at €= /2 and 6 = Sr/2 are identical,

while the w-vectors are out of phase by 180 degrees.) We say
that the function w =z 1is "double valued".
Example

Find all values of IEE‘.

Solution
write L4i = hai"/é and '4915"/2 . Now JEI1 = (uei"/2)1/2"=*“ o
Zeiﬁ/h’ and \fﬂ; - (heiEW/Z)l/? _ ZeiEﬂ/h - _aeiﬂ/h. Thus J41

equals\j? +J? 1 and -.\!_? -J? i .
Problems

" 4
2. Find all velues ofy 2 + 2J3 1 .

25, Consider the function \%/ z .
(a) Writing z = reie, determine a relation similar to (1) for «%/.z .

(b) Let the z-vector rotate and examine the corresponding w-vector

as in Figure 2,10.

(c) How many revolutions must the z-vector make basfore the w=vector
makes one full revolution ¢

(d) How many distinct w-vectors correspond to each z-vector ? If
you have one of these w-vectors, how can You immediately write down
the others ?

26. Consider the function .Q/F;ﬁ » where N 1is a positive integer,

Answer the corresponding questions raised in the previous problem,
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#
The function w =+/z is the first function we have encountered
which is by nature "multiple-valued". It is convenient to introduce
some artificial device which will remove this ambigulty. This idea

is not unfamiliar, In the study of trigonometry we encountered the
lx , Wwhich has infinitely many values for each x

12 the "principal value"

function s8in”
in the domain -1 < x < 1. We called Sin~
of the inverse sine function and restricted it to the rangs

-n/2 < sin~ix < w/2 thereby forcing an artificial restriction

1

on the values this function could assume. In this way Sin x

becomes single valued. We next introduce a means of removing

the ambiguity inherent in our function w = Jz'.

We saw in Figure 2,9 that the z-vector must sweep over the
z-plane twice berore.the w-vector can assume all its possible values,
Why not then use two z-planes ? Each z-plane'can be used to
correspond to "half" ‘of the possible values of w. To be specific,
let us assign to z = rel® values or @ in the range -wv <68 <y
on one plane ( called branch one ) and assign the values of 6 to
the range w < 6 < 37 on the second plane (called branch two).

Since z'. executes only one revolution on each of these sheets,

only one value of w will correspond to each z, w = rl/éeie/z.

In Figure 2.10 we plot lines of constant modulus and lines of

constant argumemtfor the function w = JE‘ directly over both
branches of the function. Notice that on each branch w = J; is

single valued. Let us arbitrarily define the "principal value" of

J-? to be the values obtained on branch one, For example, the.
Principal value of VFET is 201"/h = J§1 +-J§1 i . We have therefore,
by the introduction of the two "branches" effectively removed the

ambiguity in the nature of ,}z .
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1"
€

. -y < 8 <1 . n <0 <3nw
BRANCH ONE ' BRANCH TWO
Figure 2,10 : Branches for the function W =|2 . Lines of

constant modulus ( £ ) and lines of constant argument (@)

of w = JZ' are plotted over each of the branches of the z-plane.

_Notice that along the negative real axis of both of our

branches in ¥igure 2.10 , the ,[? is discontinucus. For example,

as we approach the point =1 = ei" on the first branch from above,

\)—z" approaches: ej'"/2 = i, but as we approach the ~same point

-1 = 61" from below, |z approaches a':“"/2 =-1.
FrRoM ABOVE 4\7,
Lo JE' = <
z—>-1
BrANCH
> X
cuT -1
FroM BELow

Qo (2 =4 | BrawvcH OwE
Z2->-1
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This 1line of discontinuities is called a "branch line" or"branch
cut" of the function. The two end points of the line are at z = 0
and z = @, and these points are called"branch points"

We also remark that the choice of the negative regl axis as
the branch cut was quite arbitrary. We‘could have choosen the
positive real axis, or the positive y-axis, or indeed, any line from
2=0 to z = ¢ as our branch cut. The resulting branches of A
would, of course be different, but the ambiguity in w = [z
would again have been removed. While the Branch line is arbitrary,
the branch points z = Q0 and 2z =® remain fized.
Problems:
27. Introduce new branches for w = J;' by taking the negative
y-axis as the branch cut, Make a diagram similar to Figure 2.10,.
28. Introduce appropriate br;Ehes for the function w =N;r§".
Select the negative real axis as the branch cut. Make a diagram similar
to Figure 2.10,
29. Discuss the problem of introducing branches for the function
W = «5f21, where N is a positive integer. How many branches are
necessary ¢

Besides the introduction of two branches for w = Jz to
remove the confusion caused by its naturaj double-valuedness,
we have yet another method. In this new me thod we replace the
Z-plane by a new surface which is called a "Riemann-surface".
The Riemann surface is best understood by actually constructing it,
Pages 2.31 and 2,32 show enlarged versions of braches one and
two of J?? originally described in Figure 2.10. Remove these
pages, and actually cut with scissors elong the branch line to
the branch point at z = 0. Lay branch two on top of branch one.

Notice that along the top part of the cut on branch one ¢ = nw/2,
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Honwdg




2.33

and ¢= n/2 also on the bottom part of the cut of branch two.
Thus g/ wants to continue from the lower sheet to the upper sheet
along this cut. Now actually tape the top edge of the branch cut

of the lower sheet to the bottom edge of the branch cut of the

upper sheet,

BRANCHONE

Aloﬁg the remaining two edges of the branch cuts we have ¢ = =-w/2
( branch one) and ¢ = 3n/2(branch two ). Since o™ = 3T e
see that the values of J;‘ also ‘join continuously across

these edges. We might imagine that these edges are also taped

together ( although this is physically impossible). This new

surface is our

"Riemamn-surface" for

the =,z function.

&
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The advantage of the Riemann surface over the two separate

branches considered previously is that the discontinuities previously

seen along the branch cuts are now removed.

Problems:

30. Starting at z = -1 on the lower sheet of the Riemann surface

for W =:J;?, use a pencil and trace the values of J?? encountered

as you move along the unit circle |z|] =1 in the counterclockwise

sense. After making two full revolutions, you should imagine that

the starting and ending points are joined together.
31. Make a Riemann surface for W =\3&:

32, Describe the Riemann surface for w = N z, where N is a positive

integer.
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2.6 The natural logarithum

The next function that we wish to explore in the complex plane

is the natural logarithum w = log z . How are we to define this

w
function ? The notation w = log 2 implies that 2z = e . I we

z =7 eie and w =u + iv we have

writé

w = 1log 2

w
2 = 6

ie = eu + iv

I'eie = eu eiv .

re

This last relation tells us that

(1) r =e' , and

(2) 8 =v.

From (1) we have u = Log r, (where we have introduced the notation
Log r to mean the familiar real logarithum defined for positive

real values of r ), Using (2) we get

w = log 2 = u +iv

(3) w=1Iogr + 16 ,

Relation (3) is our defining relation for the natural logarithum.
Since the angle " 8 " is not uniquely defined for each z, we see
that 1log z 18 indeed a multiple valued function.
Example -

Find all values of 1log i .
Solution

1(n/2 + 2m ), where

Write 1 1in polar formas 1 =1 e
n=0,+1, +2, ... . Thus r =1 and 6 = w/2 + 2wn, and (3) gives

log i =Logl + i(n/2 + 2m) = i(n/2 + 2mn).

Problem

33. Find all values of (a) 1log(-1), (b) log e , (c) 1log(l+i),
(d) 1log 0 .




2.36

Figure 2.11 Branches for the function w = log z . Only three of
the infinitely many branches are shown.

| v
T
V=g =A v= 77

3k

{,"""‘\‘(\\
apr b
V=3 ' an \ =am

Brawcy ot av M > X T <v<3nmc
cor ‘
Brawvcu
) -y < Vv < 1
Cor -

(Principal Branch, w = Log z )

-3n<v§-w
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Figure 2,11 shows one method of introducing branches for
W = log z . The negative real axis has been selected as the

branch cut. Notice that lines of constant u and v have been

plotted over each z - plane ( in contrast to lines of constant P

and ¢ used previously).,

We notice in particular that :
l. There are infinitely many distinct branches of w = log z, since
there are infinitely many values of log z for each z.

2. The branch points are 2z =0 and z = .
3. The branch line is,to a certain degree, arbitrary. We could have
selected the negative y-axis as the branch line, or any other
line from 2 =0 to z = ©®, (Review problem 27 )
3. The function w = 103 z 1is discontinuous at the branch linse,
because the values of v Jump by 2n as we cross the negative
x=-8xis,

We shall arbitrarily call the bransh for which -y <v < ¢
the "principal branch" of logarithum of z, and denote it by Log z .
Example |

Find (a) Log i and (b) Log(-e) .
Solution

(a) Since we want the "principal value" of the logari thum, we
take 1 = oi"/é. The value of © was selected as w/2 since this
value is in the correct range for the principal branch which is
( =m, #] . Prom (3) we have Log 1 = in/2 .

(b) We smelect -o = o ei", and get from (3) that Log (-e) =

loge +dig = 1 + ig .
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2.1§jji;
We recall the following rules for logarithums from study

in elementary courses:

(4) log zw = log z + 1log w
(5) log z/W = log 2 - log w
(6) log zP = P log z .

Are these three relations true for complex values of the variables ?
S8ince 1log z for complex 2z was defined in a natural way, we

at once anticipate that these relations should be valid. However,
when we reflect upon the fact that each of the logarithums in

these relations can assume infinitely many values for each fixed

2 and w , we do indeed anticipate some difficulty. What is true

is the following : " For appropriately selected branches of

each of the logarithums occuring, the relations (), (5) and (6)

are valid",

We can construct a Riemann surface for w = log z from the
various branches shown in Figure 2,11. The method is the same as
that used in the previous section for w = VE‘, only now we have
infinitely.many Ssheets for the surface,rather that two. Also,
wé never join the first and last sheets together ( since there is

no first or last sheet ) 1




We will now define zP , where both z and p are complex

numbers. Since by definition

= elog c

c ’

we replace c¢ by 2zP and get
P
zP - elog z

Using (6) this last relation becomes

(7) 2P = oP 208 Z

which we will use as our defining relation for

Example . _
Find all values of ii .

Solution
From (7)

where n = 0, +1, +2, .., .

We see that zP has infinitely many values for each z and p.

We define the "principal value"of zP to be

(8) zP = oP Log z ( principal value ),

Problems:

34. Find (a) Log 1, (b) Log(-1),
2

35. Find all values of (a) 1, (b) (-1)2 , (¢) (-61)2,

(@) (1+1)1*

36. Find the "principal value" of (a) 12

() (1+41)1*1,

Log(-ei), (4)

(=1

Log(1+1)

» (c) ('51)2

2.39

we got 1l - o1 log i _ l(n/2 + 2m)i4 = g/2 - aﬂn’
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Review problems for Chapter 2

l, Find the values of each of the following expressions using only
the sppropriate analytic definitions, Express the results in
Cartesian form. (=) el * m/l » (b) s8in( w/3 +1 ),

(¢) cosh(im/3 ), (4) Log( =2 + 2y3'1), (e) (-2+42y3 1)} .

2, Find u and v for w = (z-l)3 s Where w = u+iv,

3. Map the region { z ]O < arg(z) < v/} , and jz] < 2:} onto the
w=-plane by (a) w = zz, (b) w=1/2, (¢) w=1Log z .

L. Map the region -{zl 1 < Re(z) <2, and #/2 < Im(z) < q}'

onto the w plane by w = o2 . _ '

5. (a) Describe the Riemann surface for w = Vz=1 . Where are the
branch points ? (b) How many sheets are needed to form the Riemann
surface for ei" ?

6. Find =211 values of z such that e? = l -1,
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SUPPLEMERTARY PROEBLEMS

Find u and v as functions

2,1.1 Let z=x+iy and w=u+1iv.
of x and Y.
(a) v=122°-3; (b) w=(z-1) (z + 3) ; -

(¢) w=23-322+32-1, (a Y% (z-13 -

2.1.2 Let z=r el® gang w =/C’e‘:"¢S . Find /° and ¢ as functions of

r and © . (a.)w=z%; (b) w=122 ; (¢) w=222-3

1

() w= (_;-_.-1—)3-

2.1.3 Use Figure 2.1 to estimate the value of z° &t the following
points: (&) z=2+24i, (b) z=-1-241, (¢) z=21i R

(d) z=-2+1.

2.1.4 Use Figure 2.1 to estimate the values of z associated with the

following velues of w given by the equation w = z2 : (a) w=-14,
(b) w=2+4i, (c) w=o-l+bi y (d) w=z+51.,
2.1.5 From Figure 2.2 , estimate the values of the function w = z2 at
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(a) z=241, (b) 2=1.75~1, (e¢) z=0.7T-~21.21.

2.1.6 From Figure 2.2 s determine the values of 2z associated with

=22.

each of the following values of w governed by the equation w

(For each value of w » there are two values of ¢ » one in the range

-2m< @ £ 0, and the other in 0 < < 2 7 .)

(&) w=1- 31, (b w=bed /3 (4 v=o.

2.1.7 Map the following regions onto the w - Plane under the inapping '

(a) x2+y2 ¢ i, o<&rg(z)<j7r—

() ©< x<y in the first quadrant
(e) Im(z) ¢ o
T

(a) T”'< arg (z)<T

(e) O < xy < 1 in the third quadrant

2.1.8 Determine the regions in the z - plane which corresponds to the

following regions in the w - plane under the mapping w = z2 ,

(a) 0O<u<l,o0¢v<l
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(b) 0K arg (w)< Tr () =-1¢u<l, L<vces

x2+y2-1 and v = ey .
(x +1)2 + y2 (x +1)2 +y2

Show that u=

Also show that the level lines u = constant are circles with center on
the real axis passing through (- 1, 0), and that the lines v = constant
are circles with center on x = - 1 and passing through (-1 , 0). Con-

struct a contour hap similar to Fiéufe 2.1 1illustrating these level

lines over the complex 2z - plane.

2.1.10 Construct a contour map for the function w = : = i similar

to Figure 2.2 in which lines of constant / and constant ¢ are sketched
over the complex 2z - plane. (The lines of constant /A a?e circles with
centers on the real axis. The lines of constant ¢> are circular arcs with
centgrs on the imaginery axis, and which begin and end at thé two points

(-1, 0) and (1, 0).)

2.1.11 Use the contour map constructed in problem 2.1.9 to demonstrate
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that any circle in the 2z - plane maps onto a circle in the w-plane

under the mapping w = Z : i * (In fact, the general bilinear function
z
w= 82*D is circular.)
cz+4d

2.2.1 Using the function w = eZ and Figure 2.5 , map the following

regions onto the complex w - plane :

.
-

(a) - <y<o; (b) x<o0, o0<Yy<

(¢) o< x<2, TMTW<Cyc2T.

2.2.2 Find the points on the z - plane which map onto the third quadrant

of the w - plane under the mapping w = eZ2.

2.2.3 Prove that |ez| = e* and ‘eiz| = eV .
2.2.4 Prove that there is no value of 2 such that e =¢ .
2.2.5 Find all values of z such that (a) eZ = 1, (b) e2%2 =4 .

ansvers (a) z= 27 ni, (b) z=—1r—+77'n, n=0,+1,

+ 2, ...
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2.3.1 Compute sin i and check the result with Figure 2.7 .

2.3.2 Prove that (a) sin(-2z)= -sginz , (b) cos (- z) = cos z .

2.3.3 Prove that 1 + tan2 z = sec2 z -

2.3.4  Find u(x, y) and v (x, y) such that w=u+ i v = sin 2 z

2.3.5 Prove that cos (z + w) = cos z cos w - sin z sin w .

2.k.1  Find (&) sinh (-7i), (b) coth (-7i), (ec) cosh (-1,

(d) cosh (1 + i)

2.L.2 Prove that (a) sinh (-~ z) = - sinh z > (b) cosh (- z) = cosh z ,

(c) tamh (- z) = = tanh z .
2.4.3 Find all values of 2z such that sinh z = o .

2.4b.b  Find ell velues of z such that tamh z = o .

2.5.1 Find all values of \/Z J3' - bi .
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2.5.2 Construct a Riemann surface for the function 4/z + 3 .

2.5.3 Comnstruct a Riemann surface for the function AE/FZ—:—g .

2.5.4 Construct & Riemann surface for the function 2z - 1" .

2.6.1 Find (a) Loge, (b) Logei , (c) Log (V3 + i),

(a) Log (-2 774i) .

answvers (a) 1, (b) 1+ 7721 » f(e) Log2 + 6" ,
(a) og2m™- L.

2.6.2 Find all values of (a) 22, (b) (-2)2, (c) (ei)?.

2.6.3 Find the principal value of (a) 22, (b) (-2)2, (c) (ei)2.

L]

2.6.4 Let w=sin~ < 5 . (a) Show that e2 1V _ o3 1V _,= 0 .

(b) Show that sin™l z = -1 log (i z + AJ1 - 22 )

2.6.5 Show that cos” * z = - i log (z + 22 -1 ) .

2.6.6 Show that tan™l z = } log 1+1 z],
21 1-14 2]




SP2.7

Show that sinh™t z = 1n (z+Jz2+1 ) .

in the following manipulations

2.6.7

2.6.8 There are several places

where the steps are questionable. Find them.

1 = /17

= J(-1)(-1) ]
- ST

= i. 1

= -1

Thus we have 1 = -1 ?
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APPENDIX I

SOLUTIONS TO PROBLEMS
Problems from Chapter 2:

1/ (2) w = 1. = Z_ - X<y %%w W= =X
2 2= XL'F??' ‘

X +y"
XS+t
(b)) w= 2 422 = X% +a2xypl +2xt2y<.
2o o) W = X = u T +2X amol ~x 29 (x+1),
z* Xyt 4axyld Xyt 2 Xy
XEgt— 2xy < X at - 2xy L
= ()( L‘?“)L—f‘ 4 x*u™ X‘I + 2 Xz._y'v_ +,y"1 ,
~ X = y*  —zxy
o//réh.a%o*uv w = anol - =
N 2\ - - 2L .
(<™ (x>+%*)

(L) w= 23= (x4+<3) = X2+ 3X" (P +3XECH +(Hy)

(1T Bt D famlian exprosiion Prom alyelon

Ca-+b)3= CLB-{-BQ_"}, -}—3a.,1>L+L,3) m%:)

w-= X3+3x*ypl —3xyT_yu>l
Z:Zu#eu U= x* 3xyr ad a~= BxTgp-—x7,
2/ (@) w=z2"'= /L'é__/:ﬁ) p:,ﬁ,"J P=-06.
(b) @ =23 = /z}e"se) pP=r>, ¢=3e
(¢) w=Z = /-ue—"l'g , f:/y} P =—6
() w-=|z2] = ~ , P=a ¢ = o




3/ (@) 3-4<, () —3-qs, () —1.5-5%£ @

Y a) 144 amsl —1=< 5 (D —1.4 +2.8< awl I 4—2.8<
(e) 0.7-0,7L andd ~0,74+0,74 , Cel) (L€ +0.(L and

— 1.6 - 0.6<

1S ,
_ 4
7@ 4, (b) w=5& = = -5 —5ViLl
2 2,

_ -

(@) w=3e"3 =43 - TV
7, ‘o ,
/ (a) W= \"3.*.,(_' —_ ZE‘L? / Ze‘—,(,Ls.”_

O~ .
s E =Y +04, awdl —lyY—0YHi

4"2‘77' ’
) w=get T kg il 4E T

I'd

6\' -
Ik E= |+ 1,75« %_,_/'754:
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/(b)) &= 2!, Tufre FP= 2 et Pz -6, @

/\IM (&)
¢=-T
¢=-3
//
L ¢=-7 [ . > Re (&)
-2 ¢=nm 1 2.
\\“- b -
$=2T -1 ¢=T
¢= .
* /
1o A -
A
@ ¥ A
j g! a’
B c> X ‘B' > u
s al -ﬂ q
1k
4
s,
_j\pl ' > U
-l
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Solutions to Review Problems from Chapter 2
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