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Notice that the ares under the rectangles is nearly the

area under the curve ¥y = log x fromx =3/2 to x = N + 1/2 ,

Thus we have

N +1/2
-log NI A2 f log x dx

3/2

N+ 1/2

N ox log x - x
3/2

~ A Cs1/2) ' 3 3,3

~ (N +1/2) 1og(N + 1/2) - (N + 1/2) - 5 log s+ 3

| N 3/2 .
(L) | 2 log(N + '1/2)N t1/2 + log( :_2_) -N +1

3

Taking the expénential of both sides of (4L) we get

. 1
N+ 3/2
B mz ey TN (2 o
o 1 1 1.
S N N + N + ,
Because = (N + %—)_ 2 = N 2 (1 + Tl\ll) 2 s (5) becomes
1 ’ 3 1
N + 3/2 N +
NIR ¥ 2 o (%) (1+54) 2 o,
x, ¥ x
Recall that in the calculus we learned that 1im (1 + -ﬁ-) = o7,
N>
1.¥ 1/2
and thus for large N J (1 + TN') e . Thus we have
Ne3 L 3/2 3 1,172
NI N e ( T ) e (1 + P
o 372 3/2
Now 3 ) e = 2.4395 ..., and thus




N
(6) Nt Rz (2.4395)4N ¥ &N

The correct constant in Stirling’s approximation 4s

Yo = 2.506628275 ...
and thuS our constant in (6) 1is off by only 2.7 % . Thus we
See that Stirling’s approximation can be suggested by comparing
the rectangles in ﬁigure 2 to the area under the logarithmic

curve,
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Review Problems for Chapter 7

1. (a) Pind an infinite product representation for cosh nz .,

o
(b) Evaluate the product T (1 + 8(2n+l)-2)
n=0

2. Express the most general entire function having zeros at the

points z2 =1 n3/h » Where n =0, 1, 2, ..., as an infinite
product,
3. Expand takh wz in partial fractions.
co
. Evaluate the integral: fe"St 133/'2 dt .

0

1 a=-1 3-a :
5. Evaluate the integral /. t (1=-t) dt , 0 <a <},

0
<~ ]

6. Test the integral 4[ T(x+1) x™® dx for convergence .
1

7+ BEvaluate : é#; I'(z) dz

[ o4 D
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Solutibns to Review Problems from Chapter 7
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C7.1
APPENDIX IT
. ANSWERS TO CONJECTURZS
Ghagterj[ | - @

1. The infinite product itselr ;; (1 - ) - gives no hint
: n=1 n

of having any Singularities. In fact, if this product converges,
it represents an entire function, The function g(z) is therefore,

iself an entire function.

2. The most géneral form for an entire function without zeros,

g(z), is o » Where h(z) is any entire function., Thus
W€ can replace g(z) in (5) by eh(z) and get
v : 0 ' m ’
(1) £(z) = oh(z) ] ] (1-2)"
n=0 n
where h(z) is an arbltrary entlre functlon. This formula (1) ‘

is the most general form for an entire function f(z) having

zeros at rn' of multiplicity m, , n=1, 2, .., ’ pfovided

the r tend to infinity fast énough to make (1) converge, In

Conjecture I we will modify (1) so that it always converges,

3. The nth term test for infinite products

A necessary ( but not sufficient) condition for the convergence

of the infinite product

7T(1+u)

n=0

is that

it
o
*

lim u,
n—><
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QJHWEiefstrass’ factor theorem o N : -~

.sﬁppose f(z) is a given entlre functlon having zeros at
rn of multip11c1ty mo, where" l, 2,3, e . Then f(z)
can be expressed 1n the form of the convergent product

Kve

f(z) = eh(z) Bl.- E-)bexp{?z‘-v, + %('EA )2 +,,;;——l+u5 )ké%mn
Tn Th n’ 'kn Tn
© ney v

where »V(z) is some entire function. The constants kn y K
n=1, 2 3, ..; s must be determined so as to make the infinite
product convefge. The factor smd reveals a zero of multipliecity
mé at the orlgln and is to be suppressed in case the orlgln is

not s zero of the given function f(z) ,

5_ Mitﬁag - Leffler s partlal fractions theorem
‘ Suppose f(z) is a glven meromorphic function having
'poles at the p01nts s = rﬁ for positive 1ntegral n, and

su@pose that the prlnCIpal part of f(z) at T is given as

Lomy '
Pf(z) = Z o elz = r) 7 .

Then f(z) can be expressed in the form

_ <@
£(z) = glz) + Z [Pi(z) + n(z) ]
n=1

where g(z) is some entire function and the functions h (z)
“are polynomials selected So as to make the infinite - series converge

for all z # ..



