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APPENDIX II
ANSWERS TO CONJECTURES

Chapter 4

L.,1 The circle of convergence of a Taylor-s series

If f(z) 1is analytic at the point 2=2, , then f(z) can be
‘ =]

expanded in a Taylor’s series f(z) = > an(z-zo)n which
n=0

converges to f(z) for all z inside the largest open circle with
center at z = 3z, containing no singularities of f(z).

Discussion:

Let 2, be the singular point of f(z) that is nearest to
the point 25 o (There might be several points which have this
distinction, and in this case, zy is any ame:of them.) Then if
we call lzl - zO’ = R, our Taylor‘s series converges for
lz - zO’ < R, diverges for ’z - z0’> R, and might converge
at some points and diverge at others on the boundary ,z - zo’= R

of the circle itself,

ch.1

L.,2 Formal manipulations of addition subtraction and multiplication

Let
o

£(z) = .Z:: a (z-zo)n for lz-zol < r, and
n=0 n

(o o]

g(z) = }EES bn(g-zo)n for lz-zo, < R .

The formal addition, subtraction, and multiplication of these

series is valid inside the smaller of the two circles of convergence.




CL.2

L.3 The formal division of two Taylor’s series

The formal division yielding

2
£(z)_% * %%t 8%t 8 BPo " Py
= e ) ? - - es e
g(z) by + bz +byz" + ... b, b,

z _
is valid for all'’inside the largest circle centered at z = 0
containing no singularities of the function f(z)/g(z). We must
assume that by ¥ 0, since then f(z)/g(z) would have a pole at

2 =0 when a is-not zero, If both 84 and bo are zero,

0
them we can divide the series for f and for g by 2z and

then begin again.

L.t The composite function

©
If the power series £(z) = 2{: a8, z? converges for
' n=0
rz '< R, then we can replace 2z by h(z) proVided',h(z)l<vR-
Thus there is some region in the z-plane for which Ih(z)l < R, and
[¢9]
for these 2z we have f( h(z) ) = 12:: anh(z)n .

n=0

.5 Term by term differentiation and integration of series

We may differentiate a power series term by term ét each
point inside the circle of convergence of the original series,
We may integrate a power series term by term provided that the
path of integration is strictly ins%de the circls of convergence.,
Differentiating or integrating a power series does not alter the

size of the circle of convergence.




L.6 Laurent series expansions

The boundaries of the regions of convergence are circles with
centers at z, passing through the singular points Z, s Zp and

23 .

In region I all the bn = 0 for we have a Taylor’s series

expansion about the regular point 2y .

In region IT we have both positive and negative powers of

Z-2Z in the Laurent series expansion. In fact, there must be

0
infinitely many non-zero a ,or otherwise the series in positive
powers would be finite and thus would converge for all z, contradicting
the finite circle of convergence which passes through the point

25 o Similarly, there must be infinitely many non-zero bn « If

not, the series in negative powers of z-2, would be finite and

thus would converge right up to the point Z, itself,contradicting

the boundary which passes through Z) .

In region III no Laurent series is possible because of the

discontinuity at the branch line.
In region IV it might happen that all the a = o .

> Re(z)




