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TAYLOR’S SERIES GENERALIZED FOR FRACTIONAL
DERIVATIVES AND APPLICATIONS*

THOMAS J. OSLER*

Abstract. The familiar Taylor’s series expansion of the function f(z) has for its general term
D'f(zo)(z — zo)"/n!. A new generalization of Taylor’s series in which the general term is
D f(zo)(z — zo)™*"/T(an + y + 1), where a > O and y is an arbitrary complex number, is examined.
This new series is extended further to a form which includes the familiar Lagrange’s expansion as a
special case. The derivatives appearing in this series are of order an + y and are called “fractional
derivatives.”” Examples of the use of this new series for discovering generating functions are given.

1. Introduction. A fractional derivative D%, f(z) is an extension of the
familiar nth derivative Dj,, f(z) = d"f(z)/(dg(z))" of the function f(z) with respect
to g(z) to nonintegral values of n. The literature contains many examples of the
use of fractional derivatives in the solution of problems in ordinary differential
equations [8], partial differential equations [4], [13] and integral equations [3].

The study of the special functions of mathematical physics is also facilitated
by the introduction of fractional differential operators. Consider, for example,
the various representations of the Bessel function J (z) of order v. Power series
and definite integral representations are the most common; however, the less
familiar derivative representation

(1.1) JJ2) = n~M2(2z)vp o2 B2
z

warrants further attention. When —v — 1/2 is a natural number, (1.1) reveals that
D>~ '% is the usual elementary differential operator, and thus J,(z) is an elemen-
tary function. When —v — 1/2 is not a natural number, the operator D"~ !/2 still
behaves very much like the familiar differential operator from the elementary
calculus. The operation D’D® = D***, the Leibniz rule [9], [10], the chain rule [9],
[11]and other generalizations of the manipulations so familiar from the elementary
calculus are valid for nonintegral values of a and b. These manipulations permit us
to find easily many relations for the special functions from representations similar
to (1.1) which would not otherwise seem obvious [7], (8], [9], [10], [11]. Table 1
gives a short list of fractional derivative representations for the special functions.

In this paper the Taylor’s series is generalized to include fractional derivatives
and thus provides an additional tool which is particularly convenient for the
study of the special functions through their fractional derivative representations.
There are two equivalent forms of our general result :
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keK

(1.2)
o DI f(2)0(2)(z — zo)/0(2)])™ ]|, 2, Ol2) Y
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and

® anty p(zd) 9’ d
(1.2a) Y a o MO0 = ) ('Zz)m. L fe((i))an(f3+lé’

keK n=—aw

There are several restrictions which must be imposed on the functions and param-
eters in (1.2) and (1.2a), all of which are listed in the hypothesis of Theorem 4.1.
For the moment, it suffices to notice the following:
(i) The order of the derivatives in (1.2) is an + y, where n is the integral

index of summation, @ > 0, and y is an arbitrary complex number.

(ii) b is a fixed point in the z-plane and {z]|0(z)| = |0(b)|} defines a simple

closed curve C on which the series (1.2) and (1.2a) converge. 0(z) is an analytic

function inside and on C. 6(z) has only one zero inside C, located at z = z,,

and that zero is simple.

(ili) w = exp(2ni/a), and the finite set of integers K is defined by K = {klk

is integral, and arg 6(b) < arg 0(z) + 2nk/a < arg 0(b) + 2m}.

While the general formulas (1.2) and (1.2a) are new, several special cases are
familiar from the literature.

Case 1.1fa = 1,y = 0and 0(z) = z — zoin(1.2), we have the familiar Taylor’s
series

)= ¥, Doz = ofnt

Case 2. We obtain Lagrange’s expansion [16, p. 132] from (1.2) (after an
integration by parts) by takinga = 1,7 = 0 and 0(z) = 0,(z)(z — zo):

[o ¢l

fz) =Y, D" H{f(20)/01(z0)"} B(z)"/n!
n=0
Case 3. If we take a = 1 and y = 0 in (1.2a), we obtain Teixeira’s extended
form of Burmann’s theorem [16, p. 131]:
e ey [ SpQ)de
f@= L 55 eE T
Cuse 4. We obtain the least familiar special case of (1.2) which can be found in

the literature by takinga = 1,0(z) = z — Zo, and y arbitrary. It is called the Taylor—
Riemann series:

N ezl — n+y
(1.3) f(z) = :Z_ z bflff,)llz_}_ y(-:_ 1)Zo) .

This series was first considered formally by Riemann [12] in 1847, in a manuscript
probably never intended for publication. Riemann did not prove (1.3), but used
its structure to suggest a definition of fractional differentiation. The special cases
of (1.3) in which f(z) is e* and z” were studied by Heaviside [6, Chap. 7, 8] and
Watanabe [14]. The first critical discussion of (1.3) for arbitrary functions f(z)
was not given until 1945 when G. H. Hardy [5] considered (1.3) as an asymptotic
expansion of f(z) and as a series summable Borel to f(z). The first analysis of the




pointwise convergence of the series (1.3) to the function f(z) in the z-plane seems
to be [9, Chap. 3]. The nature of the pointwise convergence of (1.3) in the z-plane
is given as a special case of the more general formula (1.2) in Theorem 4.1 of this
paper.

If we restrict a to the interval 0 < a < 1, the left-hand side of (1.2) contains
only the term in which k = 0, and we obtain the particularly simple series

1 2 DEVIS(0@) (2 = 20)/6(z)] ], -, 002) Y
fl@a™t= ) Ian+y+ 1) '

n=—oo

To the best of the author’s knowledge, neither this series nor the more general
series (1.2) have appeared before in the literature.

Finally, a few examples of the generalized Taylor’s series are studied for
specific functions f(z). We find that (1.2) is particularly useful for obtaining
generating functions for the special functions of mathematical physics when these
special functions are represented by fractional derivatives.

2. Fractional derivatives and special functions. In this section we review the
definition of fractional differentiation and give_examples of common special
functions of mathematical physics represented by fractional derivatives of ele-
mentary functions.

The most common definition for the fractional derivative of f(z) of order o
found in the literature is the “‘Riemann—Liouville integral [2], [31, [4], [5], [7], [8],

9], [10], [11], [13], [14]):
D% f(z) = T(~a)"! f FO( - 07t dt

where Re(a) < 0. The concept of a fractional derivative Dy, f(z) with respect to
an arbitrary function g(z) was apparently introduced for the first time in the
author’s papers [9],[10], while the idea appeared earlier for certain specific
functions g(z) in [4]. The most convenient form of the definition for our purposes
is given through a generalization of Cauchy’s integral formula. A thorough
motivation for the following precise definition is found in [9], [10].

DEFINITION 2.1. Let f(z) be analytic in the simply connected region R. Let

g(z) be regular and univalent on R, and let g~ *(0) be an interior or boundary point

of R. Assume also that 4; f(z)dz =0 for any simple closed contour C in
C

RU{g™'(0)} through g~ !(0). Then if  is not a negative integer and z is in R, we
define the fractional derivative of order « of f(z) with respect to g(z) to be

@) ,
2.1) D, f(2) = o + l)f S(Q)g'©)dl

2mi ~1(0) (8(0) — g(2) wrl

For nonintegral «, the integrand has a branch line which begins at { = z and passes
through { = g7 !(0). The notation on this integral implies that the contour of
integration starts at g~ *(0), encloses z once in the positive sense, and returns to
g~ 1(0) without cutting the branch line or leaving RU{g~1(0)}. (See Fig. 1.)
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P Branch line for
(9(£)-g2))~F -1

Re({)

FiG. 1. Branch line and contour of integration for the Definition 2.1 of fractional differentiation

It is particularly interesting to set g(z) = z — q, for we find that

(z*)
22 D sy = [ s - e
o J,
While ordinary derivatives with respect to z and z — a are equal, (2.2) shows that
this is not the case for fractional derivatives, since the value of the contour integral
depends on the point { = a at which the contour crosses the branch line.

The equivalence of the two forms of the generalized Taylor’s series (1.2) and
(1.2a) is seen at once from (2.2).

Contour integrals of the type (2.1) occur often in the representations of special
functions. Table 1 gives a brief list of fractional derivative representations for a
few selected functions. These are particularly convenient for use with the general-
ized Taylor’s series (1.2). Fractional derivative representations of special functions
are also found in [8] and can be easily constructed from the tables in [2].

3. Motivation for the generalized Taylor’s theorem. The generalized Taylor’s
theorem features a “finite sum over k” on the left-hand side of (1.2). Why? An
intuitive answer to this question is provided in this section through a formal
examination of (1.2) in the special case in which a and y are integers and 0(z) = z.
The relationship between the generalized Taylor’s series and the Fourier series
is then suggested by the consideration of a second formal example in which




TABLE 1

Special functions expressed as fractional derivatives

Name Derivative Representation-
Hypergeometric T(c)z* ™ Ly b1 a
h ceiz) = —— Db 1 -z
function Fla,b;c;z) T(b) X )
Confluent ' T(c)z e e
hypergeometric Fila;c;2) = : ‘e’z
. I'(a)
function
cos z
Bessel function J(2) = n~Y32z) DR 2 —
i cosh z
Modl.ﬁed Bessel 1(z) = n~V2(2z) D2
function z
sin z
Struve function H,(z) = 7~ '%Q2z)""D;° " V? —
i - ) .,.8inh z
Modl.ﬁed Struve o Rg) = w ML) DL
function z

Legendre function

_ v _ L2y v
of the first kind P(z) = Di-s(1 = 2P/ + 1))

Associated Legendre
function of the Pi(z) = (1 — 222Dy _ (1 — 22\/(T(v + 1)2%)
first kind

r(a +v+ 1)2_” —a—-v~-1l,z_—v—1

Laguerre function L) = I + DI(=v) ° ot

Incomplete gamma

function Wa,z) =T(a)e D, ‘e

0 < a £ 1. Together, these two examples provide intuitive insight into the structure
of the generalized Taylor’s series and give preliminary assurance of its validity.
The complete proof is postponed until the next section.

Case 1. Let 6(z) = z and a and y be integers in (1.2). We then obtain

a—1 o}

(31) Z w—)’kf(zwk) =da Z fan+yzan+y’
k=0 n=0

where we have written f,,., for D*"'f(0)/(an + 7)!, and w = exp (2ni/a). The
examination of the special case in which a = 3 and y = 1 is sufficient to suggest
the manner in which the general case proceeds:

f(Z) = f() + fIZ + fzzz + f3Z3 + f4Z4 4 ...,
a)‘lf(za)) = a)“lfo + fiz + Q)fzzz + a)2f3z3 +f4Z4 4o
w—Zf(za)Z) = w_zfo + fiz + w2f222 + a)4f3z3 +f4z4 R

Summing these columns we see at once that the right-hand sideis 3 ©_ f3,1,2°"""
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as (3.1) predicts. Equation (3.1) is true for arbitrary integral a and y by an equivalent
calculation. This example shows that the finite sum over k in the generalized
Taylor’s theorem is natural and to be expected. (If we think of the way in which
cosh (z) is related to %, we see at once that this is the special case of (3.1) in which
a=27v=0,andf(z) = €°)

Case 2. Let 0 < a < 1in (1.2a). We then have

o (z0) o d
(32 001D = % 5| {%_(Q_?

Let 0(%) = |0(b)] exp (ido), 6(z) = |0(b) exp (i¢p), and 6(z)"'f(z) = F(¢) in (3.2) and
we obtain

O(z)™.

a argf(b)+2n

(3  F$) = Y F(o) exp (— ian o) ddpo exp (ian ¢).

n=—ow 27'[ arg 6(b)

The right-hand side of (3.3) is the Fourier series expansion of the function

F(¢) forargf(b) < ¢ < arg 6(b) + 2=,
Fyl9) = { s

0 otherwise

over the interval |¢ — arg 6(b) — m| < 7/a. Since we are only interested in ¢ such
that arg 0(b) < ¢ < arg (b) + 2, formula (3.3) is valid. This example reveals
that the generalized Taylor’s theorem for arbitrary nonintegral a is nothing more
than the Fourier series of a new function constructed from the function f(z).

A rigorous proof of the generalized Tayler’s theorem for arbitrary positive a
could be constructed from the Fourier series analysis just given. However, a
simpler method employing contour integration (not unlike the usual proof of
Laurent’s theorem) is given in the next section.

4. Proof of the generalized Taylor’s series. Having examined examples
which give motivation for the structure of the generalized Taylor’s series (1.2) and
(1.2a), we proceed to a rigorous derivation. '

TuEOREM 4.1. Let a be real and positive, and let w = exp (2ni/a). Let 6(z) be a
given function such that (i) the curves C(r) = {2]\6(z)| = r} are simple and closed for
each r such that 0 < r < p, (ii) 6(z) is analytic inside and on C(p), and (ii1) 0(z) has
only one zero inside C(p) and that zero is a simple one located at z = zy. Let b # z,
be a fixed point inside C(p). Let 0(z)* = exp (g In 8(z)) denote that branch of the
function which is continuous and single-valued on the region inside C(p) cut by the
branch line z = zy, + (b — zo)r, 0 < 1, such that In 6(z) is real where 6(z) > 0. Let
f(2) satisfy the conditions of Definition 2.1 for the existence of D}_,f(z) for {z|z
inside C(p); but z # b + rexp (i arg(b — zp)), 0 = r}. Let K = {klk integral, and
arg 8(b) < arg 0(z) + 2nk/a < arg 6(b) + 2n}. Then for arbitrary y and z on
{2z on the curve C(|0(b)), but 0(z)" # 0(b)’}, the generalized Taylor’s series (1.2)
and (1.2a) are valid. ‘

Proof. The maximum modulus theorem insures that the set of simple closed
curves C(r), 0 < r £ p, are such that C(s) is contained inside C(¢) for s < t. Let C,,
denote the contour consisting of a straight line segment from £ =10 to
E=b+ x(b — z,), the curve C(|0(b + x(b — zo))}) traversed once in the positive
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FIG. 2. Contours of integration used in the proof of Theorem 4.1

sense, and a straight line segment from b + x(b — z,) back to b. The contours C,
and C_; are shown in Figure 2.
Consider the integral

oy BEF 1000 () de
@D "= f 0o — ozr

The integrand in (4.1) contains poles at the points where 0(&)* = O(z)*. This means
that 6(¢) = 6(z) exp (2rki/a) for ke K. (The set of integers K is defined in the
hypothesis.) Thus there are poles at & = 6~ Y(G(z)w), ke K, while the integrand
of (4.1) is analytic for all other values of ¢ inside the closed contour C.— C_;.
Each of these poles is simple because the number of roots of the equation 6(¢) = ,
lcl < p,is given by the argument principle as

0(&)dé
C(p) 0(¢&) — ¢

2! = Y e e [ e@oe .
n=0 )

C(p

All terms in this last sum vanish but the first, which equals 1 since & = Zy IS a
simple root of 6. The residue at ¢ = 071(0(z)w" is given by
lim { (e 9‘1(9(2)60"))9(5)“”"9’(é)f(é)}
0(S)* — 0(z)°

2

§=0 1B(z)0k)
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and using 'Hospital’s rule this becomes

O (&)
af(&e !

Thus we see from the residue theorem that

_ 107 (0z)e")

k B
E=0- YO(z2)wk) aw?’ H(Z)')

(4.2) I=3% a lo ™0 {0(z)w").

keK

Returning to (4.1) we see that

0(z) {J‘ _J‘ }

27i . C_s »

_ 0y {f 087" 10'(8) (&) dé& J’ 0710 f (&) df}
2ni (Je, 11— [6(2)/6(5)) ., 021 — [0(8)/6(2)1))

Expanding the denominators of both integrals in powers of [6(z)/0(¢)]° we obtain

I =

I= 9‘”{ S {100 & deoy
C

2ni ,Zo Je,

43 + ¥ [ aormr e e

n=-1vC-;

T R(N) + R—a(N)},

where
0O TTTOEYAE™N T0(E) f (&) de
RlN) = f ) 1 — [6(z)/6(8))°
and _
[0 T 0E)(E)f (&) de
R-oN) = f 1~ (000 |

We note that the regularity of @ and f permits us to deform the contours of integra-
tion C, and C_; in (4.3) provided the contours start and end at ¢ = b and do not
cross the branch line for (¢)* 7 (see Fig. 2). Comparison of (4.3) with the definition
of fractional derivative

DI YF(z)

I'lan + 7y + I)J‘“J) F(&de
1=z, 2mi

b (f — Zo)an+y+1

yields at once

§: DIV RN = 2007 e, O
n TN Ian +y + 1)
R(N) + R_4N)
2mi )

I =
4.9
+ 0(z)




R(N) is the sum of three integrals, two over short line segments of length ¢ and
one over the contour C(|6(b + &b — z,))|). Since the integrand contains the term
[0(z)/0(&)])" (which has modulus less than 1 if z is on C(|0(b)})) to the power N + 1,
it is easy to see that for sufficiently small ¢ and large N, R,(N) can be made arbi-
trarily small. A similar argument holds for R_4N). Comparing (4.2), (4.3) and (4.4)
we see that the theorem is proved.

If a is a natural number, the generalized Taylor’s series sometimes converges
in a region larger than that described in Theorem 4.1. This special case is examined
in the following corollary.

COROLLARY 4.1. Assume a is a natural number in the hypothesis of the previous
theorem and that f(z) = (z — b)’*Vg(z), where g(z) is analytic for z inside C(p) and
N is an integer. Then the generalized Taylor’s series (1.2) converges not only for z
on C(10(b)]), 6(z)* # 6(b)°, but also for all z in the ring-shaped region between C(p)
and C(|6(b))).

Proof. The integrand of I in (4.1) is

0~ YE — by eld)
08" — 0(z)° '

Since F(¢) is analytic for ¢ in the ring-shaped region between C(p) and C(j0(b))),
the two straight line segments of the contour C, cancel each other. Thus C, can
be replaced by any contour C(r) between C(|6(b)]) and C(p). Since z need no longer
be on C(|6(b))) for R(N) to tend to zero in the proof of the previous theorem, the
corollary is proved.

The generalized Taylor’s series (1.2) involves a sum from n = — o0 to co.
Certain special cases of the sum over n = 0 to oo have appeared before [1, vol. 3,
pp. 206-224]. In the following corollary we give a contour integral representation
of this general sum.

COROLLARY 4.2. With the hypothesis of Theorem 4.1, the formula

0(z)’ J 00 (©) de
2mi Jo O — 0(z)°

_ v DI f(2)0(2)(z ~ 20)/0(2)™" ]|, = ., O(2) 7
=0 Ian +y+ 1)

F(Q) =

(4.5)

is valid for all z inside the closed curve C(|0(b)|). The contour of integration C starts
at £ = b, encloses the curve C(|6(z)|) in the positive sense, and returns to £ = b.

Proof. The corollary follows at once from the observation that the series
(4.5) is generated by the integral (4.1) over the contour C, in the proof of Theorem
4.1.

We have seen that the contour integral definition of fractional differentiation
(Definition 2.1) provides a convenient tool from which a proof of the generalized
Taylor’s series is constructed. In the next section this series is applied to the study
of generating functions and other series expansions.

S. The discovery of generating functions and other examples. In this section
we examine several examples of series which can be obtained from the generalized
Taylor’s series (1.2) by choosing specific functions for f(z) and 6(z). A novel form
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of the binomial theorem is obtained as well as several generating functions for
the special functions of mathematical physics. In fact, these examples reveal that
the generalized Taylor’s series is a very powerful tool for the discovery of generating
functions when combined with the fractional derivative representations of the
special functions such as those listed in Table 1.

In the examples which follow, w and K are defined in the statement of Theorem
4.1, and the fractional derivatives encountered are computed with the aid of Table
1 and the extensive table in [2, vol. 2, pp. 185-200].

Example 1. Let f(z) =z, 0(z) =z — z,, and b =0 in the generalized
Taylor’s series (1.2). We then obtain

o p an+y
L (an + v)t
(5.1)

a Y1 + 1P for0 <a £ 1,
T lat Y oMl + to¥y forl Za
keK

for |¢| = 1, after making the substitution t = (z — z,)/z,. The special case in which
a = 1 and y = 0 is the familiar binomial expansion of (1 + t)*. The case in which
a = 1 and y is arbitrary is an unusual form of the binomial theorem first stated by
Riemann [12] and mentioned later by Heaviside [6, Chap. 7, 8], Watanabe [14]
and Hardy [5]. The general case in which 0 <t a £ 1 and y is arbitrary appears to
be new.

Example 2. Let f(z) = sin/z, 8(z) = z — zo, and b = 0 in (1.2). We then
obtain the generating function

< Ji2 —an—y(x)ta"+y

)

na—w Tan+y+1)

(5.2) a1 /2/(nx)sin \/x* + 2xt for0<asl,

a~1/2/(nx) Y o ™sin /x* + 2xtw* forl <a.

keK
We have set \/z, = x and (z — zo)/(2\/;(_)) = t. The series (5.2) converges for
2)t| = |x|. The special case of (5.2) in which a = 1 is well known [1, vol. 2, p. 100],
while the general form for which 0 < a appears to be new.
Example 3. Let f(z) = 2272404 o (J2), 0(z) =z — 2o, and b =0
in (1.2). We then have

tan+y

i J1/2—5—an(x)
e Llan +y + 1)

(5.3) a” N1 + 2t/x) 22T a(/XT 4 2tX) for0<a<l,
ALY 0 L+ kX)X 4 2ixal)
keK

forl < a.




This series converges for 2|¢| = |x|. We have set = (z — zo)/(2\/5),and Zg = X.
Equation (5.2) of the previous example is the special case of (5.3) in which § = y.
The special case of (5.3) in which a = 1 and y = 0 is known as Lommel’s formula
[15, p. 140]. The general formula in which 0 < a appears to be new.

Example 4. In this example we take 8(z) = (z — 1)¢%, so that we are using the
Lagrange’s expansion form of the generalized Taylor’s series (1.2). Let
f(z) = e“zP"! and b = 0. We then obtain

a—leczzp—l - d p F 1; _an_ + 1; C— _
nzZ_w an + o1 W+ 1;p Y Y — an)

. ((Z _ l)ez)an+y

forO0<a=1land|z - 1) = 1.

Example 5 (The discovery of generating functions). Examples 2, 3 and 4 above
show that generating functions for the special functions of mathematical physics
canreadily be obtained from the generalized Taylor’s series by a simple substitution
of the fractional derivative representations for these special functions. Using this
method, the author, who is not familiar with the clever manipulations of series
so often encountered in this subject, was able to derive every generating function
for the Bessel functions listed in the standard reference [1, vol. 3, Chap. 19]. These
were obtained in a few hours from the fractional derivative representations of the
Bessel functions.

Further examples of the use of the generalized Taylor’s series in finding
generating functions are given in [9].
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